Theoretical Computer Science 1031 (2025) 115072

Contents lists available at ScienceDirect o+ eoretical

mputer Science

Theoretical Computer Science

journal homepage: www.elsevier.com/locate/tcs

L))

Check for

On the optimal mixing problem of approximate Nash equilibria in [
bimatrix games *

Xiaotie Deng **, Dongchen Li°, Hanyu Li ®

2 CFCS, School of Computer Science, Peking University, No. 5 Yiheyuan Road, Haidian District, 100871, Beijing, China
b School of Computer Science, The University of Hong Kong, Pokfulam Road, Central and Western District, 999077, Hong Kong, China

ARTICLE INFO ABSTRACT
Keywords: This paper introduces the optimal mixing problem, a natural extension of the computation of
Approximate Nash equilibria approximate Nash Equilibria (NE) in bimatrix games. The problem focuses on determining the

Bimatrix games
Optimal mixing
Approximation algorithms
Computational complexity

optimal convex combination of given strategies that minimizes the approximation (i.e., regret)
in NE computation. We develop algorithms for the exact and approximate optimal mixing prob-
lems and present new complexity results that bridge both practical and theoretical aspects of NE
computation. Practically, our algorithms can be used to enhance and integrate arbitrary existing
constant-approximate NE algorithms, offering a powerful tool for the design of approximate NE
algorithms. Theoretically, these algorithms allow us to explore the implications of support restric-
tions on approximate NE and derive the upper-bound separations between approximate NE and
exact NE. Consequently, this work contributes to theoretical understandings of the computational
complexity of approximate NE under various constraints and practical improvements in multi-
agent reinforcement learning (MARL) and other fields where NE computation is involved.

1. Introduction

The problem of approximate Nash equilibrium (NE) computation is interesting and fundamental from both theoretical and pragmatic
perspectives. Theoretically, approximate NE builds bridges between several important complexity classes related to TENP [1], espe-
cially PPAD [2,3]. Practically, an approximate NE solver is a core component in multi-agent reinforcement learning (MARL) [4-71,
which has been successfully applied to train machine agents that can defeat the top human players in electronic games [8,9].

To define the approximate NE problem, consider a two-player bimatrix game with payoff matrices R € [0, 11" and C € [0, 1]™<".
For any strategies x, y of both players, respectively, we define

S(x,y) =max{ fr(x.y). fc(x.»)} 20

with fr(x,y) =max{Ry} — xTRy and fc(x,y) =max{C Tx} —xTCy. Intuitively, in the game given by payoff matrices R,C where
the two players select x, y respectively, f(x,y) is a measure of their willingness to unilaterally deviate from the current strategy.
Following [10,11], the goal of NE computation in bimatrix games can be written as:
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argmin f(x,y) s.t. x€A,,yEA,. (€]
Xy

In the literature [12], f(x,y) is called the approximation of (x,y). A strategy profile (x,y) is an NE if f(x,y) =0 and an e-NE if
f(x,y) <e. Since f >0 and NE always exists [13], the solution of (1) must be an NE.

1.1. The optimal mixing problem

We propose the optimal mixing problem of approximate NE, which is a natural extension of the approximate NE computation. Given

s,t strategies x,,...,x, and y,, ..., y, of the two players, the (s, ¢)-optimal mixing problem is:
argmin f(a;x; + - + X, f1y + -+ by) st a€A,fEA,. (2)
ap
Intuitively, the problem seeks the convex combination of xi,...,x; and y;,...,y, that has the minimum approximation. We also

define the e-optimal (s, t)-mixing problem by allowing an additive tolerance of ¢ in the objective, i.e., the output is required to have
approximation no more than f* + ¢, where f* is the optimal value of (2).

The approximate and exact optimal mixing problem is a nature extension of the NE computation: when the input of the approximate
and exact optimal mixing problemise,,...,e, and e, ...,e,, the standard basis of R” and R”, it is exactly the NE computation problem
.

The motivation of the optimal mixing problem is twofold.

+ Algorithm design and analysis.
To guarantee a certain approximation bound, current polynomial-time algorithms for approximate NE all follow a search-and-
mix method [12]. It can be divided into two polynomial-time phases. In the search phase, an algorithm computes a fixed number
of strategies of each player. In the mixing phase, the algorithm then makes specific convex combinations of the selected strategies
and outputs the one with the minimum f value. However, such a design paradigm has several limitations:

- Different approaches seldom integrate. The search phases of these algorithms follow very different and even incom-
parable approaches, e.g., gradient descent [10,11], linear programming [14], and zero-sum game [15,16]. However, it is
worth considering whether an algorithm with better approximation bounds can be designed by combining these differ-
ent approaches. The optimal mixing problem, which allows to mix any strategies, offers a unified framework for such a
combination.

- Overemphasis on worst cases. To guarantee an approximation bound, all mixing phase design in the literature only
focuses on the worst-case instances [12], which are rare compared to other instances [17,18,12,19]. However, such focuses
may hinder the practical usefulness of these algorithms. It is natural to directly find the optimal convex combination for
every instance, which is essentially an optimal mixing problem.

+ Computational complexity of approximate NE under support restrictions. It has been shown in [20,21] that adding certain
natural requirements increases the complexity of computing a Nash Equilibrium (NE) from PPAD-complete [2] to NP-complete.
However, this conclusion does not necessarily hold when considering approximate Nash Equilibria, which is a more computation-
ally appropriate notion that accounts for bounded rationality.! For example, deciding the existence of an exact NE with a specific
support is NP-complete [20]. In contrast, by slightly adjusting the probabilities in the strategy profile, we can demonstrate that
for any support, there always exists an ¢-NE on it.

From above observations, we know that the complexity of approximate NE computation could be very different from that of
exact NE computation if we put certain restrictions on the solution. The optimal mixing problem provides a unified framework
to reexamine the effect of such restriction over approximate NE, especially the support restriction.

1.2. Our contributions

Bearing these motivations, we develop algorithms for the approximate and exact optimal mixing problems. Informally, we have
that:

Theorem 1.1 (Main results). When s < 2,t <3 or s = 1,1t = poly(n), there exists an algorithm solving any optimal mixing problem in

s+t
poly(m, n) time. Moreover, there exists an algorithm solving any e-optimal (s, t)-mixing problem in time poly(m,n, s,t) (e + \/6/_2> and
€

space poly(m, n, s, 1).

This theorem provides various implications, as is described below.

1 According to [22], approximate NE is a more realistic solution concept as it involves bounded rationality.
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Table 1

This table shows the results of e-optimal (s,)-mixing problem with distinct pure-
strategy input. Without loss of generality, we assume m = n and s <t. The results are
presented in “lower bound; upper bound” pairs if the two bounds are not matched.
Our new results are in boldface.

e .t O(n)<n n
>1/3 ?; 20 poly(n) [10]
€le*,1/3] | 7200 ?; n0Uoen/e) [22]
< €*,const quasi-poly(n)? [25]; 20® quasi-poly(n)? [25]; nOUogn/e’) [92]
=1/nM PPAD-hard [2]; 20®len)  PPAD-complete [2]; 20" [26]
=1/20m PPAD-hard [2]; 20¢ PPAD-complete [2]; 20" [26]
=0 (exact) FNP-hard [20,21]; ? PPAD-complete [2]; 20" [26]

+ Algorithm design and analysis:

- Integration of different approaches: Our algorithms can be used to combine arbitrary strategies computed by different
approaches. Thus, the combined strategy fuses advantages from these different approaches.

- Instance-optimal mixing phases: With these algorithms, we propose general approximate and exact polynomial-time al-
gorithms for instance-optimal mixing phases. There is no need to design the mixing phase ad hoc in the future. Interestingly,
[23] shows that there is an automatic way to derive the approximation bound for any search-and-mix algorithm, even when
using our algorithms as the mixing phase. Thus, together with our algorithms, the mixing phase design is fully automated.?

+ Computational complexity of approximate NE under support restrictions:

- Restrictions enlarge the complexity: As is shown in Table 1, our algorithms establish upper bounds for finding the
best approximate NE over certain support. Table 1 shows the upper bound complexity of approximate NE with support
restrictions (the left column, where the support of their approximate NE must be over certain pure strategies) is significantly
larger than that of approximate NE without support restrictions (the right column). This is consistent with the cases in exact
NE computation [20,21].

- Approximate NE with restrictions could be more difficult than exact NE: The upper bound results reveal a counter-
intuitive separation between the complexities of approximate and exact Nash Equilibria (NE). Specifically, the complexity of
deciding the existence of a 1/n%-approximate NE under support restrictions is 201°¢" Surprisingly, this is even higher
than the complexity for finding an exact NE under the same support restrictions, which is 2™ by support enumeration [24].
While it is commonly believed that approximate NE are easier to compute than exact NE, this intuition does not always
hold when there is no guarantee of existence due to support restrictions. In such cases, demonstrating the non-existence of
a 1/n%D.approximate NE can be more challenging than showing the non-existence of an exact NE.

Remark 1.1. One may note that in Theorem 1.1, we stop at (2, 3) for exact optimal mixing problem. We discuss the reason in Section 6.

1.3. Related work

Complexity and Approximation of NE.

The computational complexity of approximate NE has been extensively studied. Initially, Papadimitriou [27] introduces a general
complexity class PPAD and shows that computing 1/2"-NE lies in PPAD. Later, computing 1/ poly(n)-NE is shown to be PPAD-
complete for k-player games with any fixed k > 2 [2,3]. Moreover, computing NE in two-player games is hard even in the smoothed
meaning [2], or restricting the rank of game to constant [28]. These results establish the hardness of approximate NE computing
with polynomial-small approximation. It is well-believed that computing NE could require exponential time (ETH for PPAD). See,
e.g. [29,25].

For constant approximation, it seems to be easier than polynomial-small approximation. For any given ¢ > 0, there is an algorithm
finding an e-NE [22] in n00ogn/e®) time (QPTAS). Assuming ETH for PPAD, Rubinstein [25] shows that there exists a constant ¢* > 0
such that computing an ¢*-NE in a two-player n X n game requires nlog' ™1 time. This matches the QPTAS result [22] up to o(1)
term.

The lower bound results on constant approximation lead to the study of the upper bound, i.e., seeking the minimum e such that
there exists a polynomial-time algorithm computing an e-NE. Most literature focuses on two-player (bimatrix) games in the literature.
A series of polynomial-time algorithm [15,2,14,30,10,31,11] have been proposed, with the approximation from the beginning of 3 /4
[31] to the state-of-the-art 1/3 + 6 [10]. For a more thorough introduction, see [12].

2 A perhaps surprising result given by [23] is that for each algorithm in the literature, the approximation bound with our algorithms as the mixing phase is the
same as original ad hoc ones!
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Notably, all the results above, including algorithms and hardness results, heavily rely on the existence of NE. In fact, if we want
to find NE with certain natural requirements, such as strong NE, NE over a certain support, or with certain social welfare, such NE
may not exist. Moreover, by using SAT to make reductions, [20,21] show that deciding the existence of such NE is NP-compete. The
FNP-hardness result in Table 1 is a direct corollary of this reduction. However, to the best of our knowledge, there is no literature at
all for similar discussions over approximate NE.

NE Computation in Practical Applications.

Emerging from game theory, NE computation has been widely applied in many fields, including Internet economics, computer
science, and machine learning. Most prominently, NE computing is a core component in many multi-agent reinforcement learning
(MARL) algorithms, including PSRO [7], Nash-Q [4], Nash-VI [6], and Nash-V learning [5]. MARL has been successfully applied to
train machine agents that can defeat the top human players in electronic games, including AlphaStar [9] in StarCraft II and OpenAl
Five [8] in Dota 2. With such fruitful applications, it is demanding to design efficient algorithms for NE.

1.4. Paper organization

This paper is organized as follows. In Section 2, we introduce the basic concepts and notations. In Section 3, we present the
polynomial-time algorithms for the optimal mixing problem. In Section 4, we present an algorithm for the approximate optimal
mixing problem. In Section 5, we show how to apply the optimal mixing problem to make an instance-optimal enhancement to the
search-and-mix method in the literature. In Section 6, we conclude the paper, discuss the limitations of our work, and propose future
directions.

2. Preliminaries

Asymptotic Notations.

We use the standard asymptotic notations O(-) and ©(-) to describe the asymptotic behavior of functions. For two positive functions
f and g, f = O(g) means that there exists a constant ¢ > 0 such that f(n) < c - g(n) for all sufficiently large n. f = ©(g) means that
f=0(g) and g = O()).
Vectors and Matrices.

Denote the n-dimensional Euclidean space by R”. The standard orthonormal basis of R” is e,...,e,. Notation [n] := {1,...,n}
represents an index set. For vector v € R", denote its ith item by v;. For vector u € R", define the following operators: max{u} :=
max{uy,...,u,}, min{u} :=minfu,,...,u,}. For two vectors v, w € R", notation v > w represents that v; > w; holds for every i € [n].

For an m X n matrix A, denote its ith row by A,, its jth column by A/, and its item at ith row ,jith column by A, ;- Its transpose is
denoted by AT.

Simplex and Convex Combinations.

A standard (n — 1)-simplex is the set A, :={a € R" : @ >0and Y)|_ ;= 1}. A simplex can be viewed as a probability space
and its elements are probability vectors. For given elements z,, ..., z,, from R”", the set of their convex combinations is defined to be
{oyz; + - +a,z, : « €A, }, where any vector « € A, determines a convex combination a;z; + -+ + @,,2,,.

Games, Mixed Strategies, and Best Responses.

We only focus on bimatrix games, in which there are two players. We refer to them as the row player and the column player. A
game can be defined by a pair of payoff matrices R and C in [0, 1]"*". When the row player chooses the ith row and the column
player chooses the jth column, their payoffs are denoted by R;; and C;;, respectively.

For each player, a (mixed) strategy of the row (column) player is a vector x € A,, (y € A,). In particular, pure strategies are specific
strategies that choose a row or a column with a probability of 1. A strategy profile (x, y) refers to a pair of mixed strategies x and y
from the row and column players, respectively. Given the strategy profile, the payoffs of the row player and the column player are
xT Ry and x"Cy, respectively. A best response against a strategy x () from the row (column) player is a mixed strategy of the column

(row) player that maximizes the expected payoff against x (y).
Approximate Nash Equilibria from the Optimization Viewpoint.
We follow [11] to define e-NE. First, define the regret of the row player and the column player as follows:

fr(x,y) :=max{Ry} —x"Ry and fc(x,y) :=max{C"x} —x"Cy.

Define f(x,y) :=max{fr(x,¥), fc(x,»)}. Then a strategy profile (x,y) is an e-NE if and only if f(x,y) <e. f(x,y) is called the
approximation of (x,y). Particularly, a strategy profile is an NE if it is a 0-NE. The minimum of f over A, X A, is always 0O by the
existence of NE [13].

3. Polynomial-time algorithms for optimal mixing problems
In this section, we propose polynomial-time algorithms for the optimal mixing problem. In Section 3.1, we summarize the results.

In Section 3.2, we sketch the main ideas of the algorithms. The detailed algorithms and proofs are given in Section 3.3.
Recall that the optimal mixing problem is defined as follows.
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Definition 3.1 (Optimal (s, t)-mixing problems). An optimal (s, t)-mixing problem has the following input and output.

+ Input: Bimatrix game (R, C), mixed strategies x, ..., x, of the row player and y, ..., y, of the column player.
* Output: Coefficients a* € A, f* € A, that minimize

Slayxy + - +agxg, fiyg+ -+ By
For convenience, we name an algorithm as an optimal (s, t)-mixing algorithm if it solves any optimal (s, f)-mixing problem.
3.1. Summary of results

A summary of the results in this section is presented in Theorem 3.1.

Theorem 3.1. The following statements hold.

1. For any t, there exists an optimal (1, t)-mixing algorithm in O(mnt + L(t, m)) time, where L(t, m) is the time complexity of solving a linear
program with t variables and m constraints.

2. There exists an optimal (2,2)-mixing algorithm in O(mn) time.

3. There exists an optimal (2,3)-mixing algorithm in O(m?*(n + log m) + nlog n) time.

3.2. Sketch of the ideas

We now sketch the main ideas of the algorithms. We begin by scrutinizing the form of the problem. The objective function in
Definition 3.1 can be expanded as follows:

max{ max{R(f;y; + -+ B,y)} — (a1 x) + - + aA,xA,)TR(ﬁ]yl + ot By, @)
max{CT((xlxl +ooetagx)} —(ogx + -+ asxs)TC(ﬂlyl + 4+ By}
A direct observation is that we can suppose without loss of generality that s <t. Otherwise, we simply exchange the positions of
the players.
We first consider the simplest situation where s = 1. In this case, A is degenerated to a single point. (3) is degenerated to the
following form:

max{ max{R(B,y; + -+ B,y)} — x| Ry, + -+ By,

T T (4)
max{C x;} —x, C(By; + -+ By)}.
This can further be expanded to:
max{fy (Ryy), + -+ B, (Ry,); = B (x[Ryy) == B, (x[Ry;) ,...
Br (Ryy),, + -+ B, (Ry,),, = By (x{Ry;) = = B, (x[Ry;) ®)
(CTxy) =By (x]Cy1) == B (x]Cyi) ).

Now, the objective function becomes the maximum of m + 1 functions being all linear in f, respectively. In addition, the constraint
p € A, is also linear in f. Using a standard transformation, we can transform the problem into a linear program with 7 + 1 variables
and m + t + 2 constraints. Since the linear program can be solved in polynomial time [32], we obtain a polynomial-time optimal
(1,7)-mixing algorithm.

Then, we consider the general optimal (s, #)-mixing problem. In this case, all terms in (3) are non-degenerated. There are three
major components in (3): inner maximum terms max{R(f;y; + -+ + f,¥,)} and max{CT(a]xl + - 4+ ayx,)}, bilinear terms (a;x; +
ot x ) R(By Yy + -+ By,) and () x; + -+ +a,x, ) C(Byy, + - + f,y,), and the outermost maximum operator (i.e., max{ fg, fc})-
Different terms present different difficulties:

. Inner maximum terms are piecewise-linear in § and «, respectively, thus convex but non-differentiable.
. Bilinear terms are bilinear in f and «, thus differentiable but nonconvex.
3. The outermost maximum operator is non-differentiable.

N =

Our solution is sketched below:

1. Since the inner maximum terms have a piecewise-linear structure, we can divide the problem into subproblems on each linear
piece.

» To determine the linear pieces, we resort to the famous half-plane intersection problem in computational geometry.
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+ This overcomes the first difficulty.

2. For each subproblem, we derive necessary conditions for the global optima. Thus, by scanning all points satisfying the conditions,
we can find a global optimum.

+ To give the necessary conditions, we combine discrete geometry (linear-algebraic characterizations of polytopes) and opti-
mization (KKT conditions).

+ To scan these points, we rewrite the conditions into several optimization problems (e.g., univariate quadratic programs and
linear programs) and solve them.

+ This overcomes the second and the third difficulty.

3. Finally, we show that there are polynomial number of linear pieces and in each linear piece a constant number of points to check.
Thus, we can find the global optimum in polynomial time.

To demonstrate the main idea of the algorithms, below we sketch the implementation of the optimal (2, 2)-mixing algorithm over
arbitrary strategies x;,x, and y;, y,.

Denote the set of all possible convex combinations as A := {(a; x| + ayXxy, f1 ¥, + foy») : a, f € A, }. Observe that the form of the
function fy over the mixing region A is:

Frayx; + ayxy, By + Fry2)
=max{R(f;y; + Fry)} — (a;x; + azxz)TR(ﬂ1y1 + B y)-

Note that f, =1 — f;, thus the max term can be written as max{f; R(y; — y,) + Ry, }. It has the form of the maximum of m linear
functions about g, which is piecewise linear in f,.

Now, we want to compute the exact form of the piecewise linear function, given by a sequence of breakpoints 0 =b; <--- <b, =1
(t <m+1) so that f is linear in f on each [b;,b,,;]. We need to compute the exact form of this problem, that is to compute the value
of R(y; —y,) and Ry, with time O(mn). Then, this becomes a famous problem in computational geometry called the envelope problem,
which can be solved in time O(mlogm).

Similarly, we can compute the linear pieces given by breakpoints 0 = a; <--- <a, =1 (s <n+1) in time O(nlogn). Therefore, on
each grid [a;,a;,1] % [bj,ij],i €[s],j €[t], both f and f are linear in @ and f, respectively.

Then, we minimize the objective function over each grid and compare the results to take the one with minimal f value. By doing
so, we obtain the global minimum of f on region A.

On each grid, the objective function is in the form of the maximum of two bilinear functions g; and g,. However, it is still non-
differentiable. We apply the KKT condition from continuous optimization to obtain the necessary optimal conditions for this problem.
We can show that the minimum must be attained at the following three kinds of points:

1. Points where the partial derivative of g, or g, with respect to a or f is zero.
2. The four vertices of the grid.
3. Points where g; = g;.

Now we show that the number of points to be checked of each kind is bounded by a constant. For the first kind, since the partial
derivatives of bilinear functions g, and g, are linear, the problem finally reduces to a univariate linear program, which can be solved
in constant time. For the second kind, there are only four points. Finally, for the third kind, we can solve the relation between « and
p from g; = g, and substitute it into the objective function. Then, we obtain a univariate quadratic program, which can be easily
minimized by checking at most six points.

In words, on each grid, we only need constant time to compute the minimum f. Thus, by scanning over all grids in O(mn) time,
we can compute the global minimum of f on .A. The total complexity is given by O(mn + mlogm + nlogn) = O(mn).

3.3. Optimal mixing algorithms

In this section, we present the detailed algorithms for the optimal mixing problems. First, we present several auxiliary results to
address the two basic difficulties mentioned in Section 3. Then, we present the optimal mixing algorithms for the optimal (1, )-mixing
problem, the optimal (2,2)-mixing problem, and the optimal (2, 3)-mixing problem.

3.3.1. Linear piece partitioning

In this part, we provide the solution for the first difficulty concerning the non-differentiability of the inner maximum terms by
linear piece partitioning. The idea is to partition the domain into regions where both f and f are linear in a and S, respectively.
To make a concise description, for a function F : X — R, we say a linear piece of F is the maximal region Q C X such that F is linear
in each variable on Q.
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max term

0.2
04 g6
B

Fig. 1. Illustration of linear pieces when ¢ = 2. The function figure of max{R(f,y, + B,¥,)} is in green color. Each different color represents a different linear piece.

Consider function max{R(f,y; + --- + f,y,)}. We have:

max{ Ry + - + By}
=max{f, Ry, + - + f;Ry,} 6)
= max {f1(Ry,); + - + f(Ry,);}.
It is the maximum of m linear functions in f. Therefore, we can partition the domain into several linear pieces, as illustrated in Fig. 1.

An important observation is that the linear pieces can be expressed by linear inequalities. When the ith linear function attains the
maximum, we have

Vj€lml,j#i,p1(Ryp); + -+ B(Ry); 2 Bi(Ryy); + - + B (Ryy);.

Namely,

Vj € [ml.j # i, By [(Ryy); = (Ry); 1+ = + BL(Ry,); = (Ry,);1 2 0.

Thus, each linear piece of the max{ Ry} term can be determined by m — 1 inequalities, and forming a (possibly empty) polytope (see
Appendix C for the formal definition). There are m such polytopes, denoted by PIC yeens Prf, where notation C means that they are
collections of the column player’s strategies.

Similarly, the linear pieces of max{CTx} term can be determined by n — 1 inequalities. We denote the polytopes by PR, ... ,PnR.

Our solution is to divide the problem into each polytope Pl.R X P}.C (i,j € [n] X [m]), which we call the separated polytope. In this
way, we can eliminate the inner max term of (3) and obtain the following problem:

min - max{f;(Ry;); + -+ + B, (Ry,);
ae(AsnPiR),ﬂe(A,nch)

—(@yxp + o+ ax ) TR yy + o+ By P
@ (CTx)); + -+ +a,(CTx);
~(ayxy + o+ ax ) CPyy + o+ By))
To meet further needs, we also care about solving and expressing the separated polytopes efficiently. Formally, we want to solve
the following problem:
Definition 3.2 ((t, m)-separation algorithm).

+ Input: dimension m, t vectors xi,...,x, in R".
* Output: a clockwise enumeration of vertices of P, ..., P, such that P, is the polytope {f € A, : f;[(x}); — (x1);]1+ - + B [(x,); —
(x);120,Y) € [m]}.

When ¢ < 3, we represent the polytopes with a clockwise enumeration of its vertices. In this case, the separation problem can be
restated as a famous problem in computational geometry called the half-plane intersection problem [33]. Benefiting from geometric
intuitions, we obtain polynomial-time algorithms for ¢ < 3, as stated below.

Theorem 3.2. There exists a (2, m)-separation algorithm in time O(mlogm).

Theorem 3.3. There exists a (3, m)-separation algorithm in time O(m?> log m).
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While these algorithms are standard in computational geometry, for completeness, we still provide the detailed algorithms and
complexity analysis in Appendix A.4 and Appendix A.5.

We also note that if we only require the “appropriate” expression in Definition 3.2 to be a vertex enumeration of the polytope,
then in general cases, it can be stated in the famous vertex enumeration problem.

Suppose we are given a polytope in R’ determined by m inequalities, then McMullen’s upper bound theorem [34] gives a close
upper bound .A(m'/2) on the number of its vertices |V|.

Several algorithms are proposed for the vertex enumeration problem. Using the pivoting method, Dyer [35] proposed an
O(mt?|V |)-time algorithm. Then, Avis and Fukuda [36] proposed an O(mt|V |)-time algorithm, which has remained state-of-the-art
since then. For a brief summary of this subject, see [37] as a reference.

We note that our algorithms (Algorithm 2 and Algorithm 3) are faster than these algorithms in the corresponding cases. Indeed,
when ¢ =2, the time complexity of vertex enumeration is O(m?). For t = 3, the time complexity is om33).

It is also worth mentioning the complexity results regarding this problem. For the unbounded case (polyhedra), vertex enumeration
has been proven to be NP-hard [38]. However, for the bounded case (the case of our problem, which is bounded in A)), it is still an
open problem. There is a strong indication of NP-hardness, though, as [39] proved that uniformly sampling the vertices is NP-hard.

3.3.2. Optimization over polytopes

Using linear piece separation, we have transferred the form of the problem into solving the subproblem (7). To solve this sub-
problem, we first derive optimal conditions for a slightly generalized problem. We present the results used for algorithms in this part.
Since the proof of these results is either standard or technical, we defer them to the appendix.

For differentiable functions g,, g, and polytope .S, consider the following optimization problem:

minimize max{g(x), g (x)}
(8)
st. x€S.

We begin our preparation by a direct application of the KKT condition (see theorem 12.1 in [40] for details).

Lemma 3.1. Consider any U € R¥",V € R¥, R € R, T € R/ such that every row of U, R is not zero. Define a convex polytope S =
{xeR":Ux<V,Rx=T}. Suppose g, and g, are two real-valued differentiable functions defined on S. Set g = max{g,, g, }. If the ranges
of g1, & on S are [m|, M] and [m,, M,], respectively, then we have:

1. If m; > M,, ming g(x) = m,. The minimum is attained precisely on set gl_l(ml).
2. If my > My, ming g(x) = m,. The minimum is attained precisely on set g l(mz).
3. Otherwise, ming g(x) = ming: g(x), where S* is the union of following sets:

{xeS§: g ()=},

XE€S : g(x)> gy(x),

U

34> 0 such that Vg (x) + AT ( R

) =0,Vielk], ;;(Ux-V;)=0

X €S 1 g(x)> g (x),

31> 0 such that Vg,(x) + AT (Z) =0,Vi € [k], 4,({Ux—=V,)=0

And the minimum must be attained on S*.

The proof is presented in Appendix A.1.

Now we turn to polytopes. For concepts in polytopes, see Appendix C and textbook [41]. The following proposition captures the
relationship of geometric properties and constraint expressions, which helps in the further analysis of the minimization problem on
a certain polytope.

Proposition 3.1. Consider the polytope S = {x eR": alTx <b,Vie [k]}, where a; € R" \ {0}, b; € R. Suppose the dimension of S,
denoted by dim(S), is m < n. Then we have

1. There exists vectors uy, ... ,u,_,, € R" and real numbers vy, ..., v,_,, € R such that the affine hull aff(S) of S’ can be written in the form
{x eR”: u;rx =v,Vie[n— m]}.
2. Vector d is parallel to S (denoted by d || .S) if and only if for every i € [n — m], u,.Td =0.

The representations of geometric concepts about S can be presented in the following order.
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3. (Representation of .S) There exists a set W C [k] of indices such that:
S={xeR" : u?x:vi,Vie[n—m]}n{xeR" : al.Tbe,-,VieW}.

4. (Representation of boundary 05 and interior S°) Moreover:
0S={xeS:3ieW,ax=b},5"={xeS:VieW,a x<b,}.

5. (Representation of facets of S) For every je W, S j’ i= {x eS: a;x =b; } is a distinct facet of S, and every facet of S coincides with

exactly one S’.
6. (Representation of faces of S) For any face T of S, dim(T') <m — 1, and T can be expressed as the intersection of facets of S.

The proof is presented in Appendix A.2.
Now we combine discrete geometry and optimization. We derive three corollaries from Lemma 3.1 to deal with simpler cases.

Corollary 3.1. For any convex polytope S € R" such that dim(.S) = n, suppose without loss of generality that it has a form that S = {x €
R" : Ux <V}, where U € R™" ¥V € R™ and no rows of U are zero. We have the following statements.

1. The minimum of g on S must be obtained on
ST=0SU{xe€S:Vg(x)=0}U{x€eES: Vgix)=0}
9)
U{xe S : g(x) =g ()}
2. Letey,...,e, be the standard orthonormal basis. For any e;, we can divide the facets of S into two collections: P, and N; according to
whether they are parallel to e;. Define 0Sp = Jr¢ p T and 0Sy = Ure N, T- 0SpU0dSy =0S. For any index i, statement 1 still holds if
we substitute 0.5 with

(aSP ﬂkgz{xe S %(x)zO}) Josw-

3. If the polytope S has the form [my, M ] X [my, M5] X - X [m,, M,,] with m; < M, then the minimum must be obtained on

St={xeR":Vi,x € {m,M}}|

0
U <{xeS:£(x)=O}>U (10)
i€[n],ke{1,2} !

{x €S g(x) =g2(x)} .

The proof is presented in Appendix A.3.

Statement 1 can be used to compute the minimum of g on any polytope S with recursion. Since all components of S* have at
most (n— 1) dimensions (0.5 can be split into many facets), we can compress certain dimensions and recursively compute the (n — 1)-
dimensional case. Statement 3 is a special case of statement 2, where the polytope is a hyperrectangle. Although we only present
algorithms to solve cases where ¢ < 3, we present statements 2 and 3 in a very general form. They are useful for further investigation
of cases with 7 > 3.

3.4. Detailed algorithms

With all above preparations, we are now able to derive our algorithms for the optimal mixing problem.

We first consider the optimal (1, #)-mixing problem. Note that this problem can be directly transformed into a linear program given
by Algorithm 1. We denote the complexity of solving a standard-form linear program with ¢ variables and m inequalities by L(t,m),
which is polynomial in 7 and m. See, e.g. [42]. Then, the complexity of our optimal (1,7)-mixing algorithm is O(mnt + L(t, m)).

To avoid overwhelming the paper with detailed case-by-case discussions, we only give sketches of the optimal (2,2) and (2, 3)-
mixing algorithms here in Algorithm 2 and Algorithm 3. The full process, correctness, and time-complexity analysis are presented in
Appendix A.6 and Appendix A.7.

4. An algorithm for approximate optimal mixing problems

In this section, we present an algorithm solving any e-optimal (s, #)-mixing problem. Recall that the e-optimal (s, #)-mixing problem
is defined as follows.

Definition 4.1 (e-Optimal (s, t)-mixing problem). Given e > 0, the e-optimal (s, f)-mixing problem has the following input and output:

+ Input: Bimatrix game (R, C), mixed strategies x, ..., x, of the row player and y,, ..., y, of the column player, and an ¢ > 0.
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Algorithm 1 Optimal (1, ¢)-mixing algorithm.

Input: An m X n bimatrix game (R, C), mixed strategies x, for the row player and y,, y,, ..., y, for the column player.
Output: f € A, that minimizes f(x,,y, + -+ f,y,).
1: Calculate and store the m-dimensional vectors Ry, ..., Ry, and the values xTRy, ...x:'Ry,. // This can be done by matrix multiplication within
O(mnt +mt) time.
2: Solve the optimal « of the following linear program and output it.

min h
a
s.t. h> maX(CTxl)— a](x]TCy])— = nt,(xITCyI),
for every i € [m], t>a(Ry)); + -+ a,(Ry,);—
a](xlTRyl) -t a,(xtTRy,),
forevery j€[r], a;20,
a ++a, =1

// The problem is to solving a non-negative linear programming problem with m+1 constraints and t+1 variables.

Algorithm 2 Optimal (2,2)-mixing algorithm.

Input: A size m X n bimatrix game (R, C), mixed strategies x, x, for the row player and y,, y, for the column player.

Output: «a,f € A, that minimizes f(a;x; + ayx,, ¥, + > ¥,).

1: Apply the (2, n)-separation algorithm (see Appendix A.4) for a that outputs separated polytopes P,.K, where i € [n] (actually intervalsof a;). // Time complexity
O(nlogn)

2: Apply the (2, m)-separation algorithm (see Appendix A.4) for f that outputs separated polytopes PjC, where j € [m] (actually intervals of §,). // Time com-
plexity O(mlogm)

3: Compute the exact form of F(a, f) = f;(ax; + (1 —a)x,,fy, + (1 — p)y,), where i € {R,C}. // Time complexity O(mn)

fori=1:nj=1:mdo

5: Minimize f in each grid P‘.R X Pf. Apply statement 3 in Corollary 3.1. It suffices to scan the following regions:

N

1. Points with dF, (a, f)/0a =0 or dF,(a,f)/0p =0, where k= R,C.
2. The four vertices of its domain.
3. Points with Fyp(a, f) = Fc(a, ).

// For details, see Appendix 3.
6: end for
// We can show that each case can be done in constant time over m,n. Thus, the time complexity is O(mn).
7: Finally, compare the f-values of the minimum on the mn grids and obtain the global minimum of f on A, X A,. // Time complexity O(mn)

Algorithm 3 Optimal (2, 3)-mixing algorithm.

Input: A size m X n bimatrix game (R, C), mixed strategies x, x, for the row player and y,, y,, y; for the column player.
Output: a € A,, f € A; that minimizes f(a;x; + ayxy, 8y, + by, + f33).
1: Apply the (2, n)-separation algorithm (Appendix A.4) for a that outputs separated polytopes PlR,i € [n] (Actually are intervals for ;). // Time complexity
O(nlogn)
2: Apply the (3, m)-separation algorithm (Appendix A.5) for f that outputs separated polytopes PJC, j€lml. // Time complexity O(m?logm)
3: Compute the exact form of Fi(a,f,7) = fi(ax; + (1 —a)x,, fy; + 7y, + (1 = f—7)y3),i € R,C. // Time complexity O(mn)
4: fori=1:n,j=1:mdo
5: Minimize f in each grid P"‘ X PJC. Apply statement 2 in Corollary 3.1, it suffices to scan the following regions:

1. (a,p) belongs to side surfaces of S and

(a) either there exists k € R, C such that 0F, /dy =0, or
(b) (a, p) is in the intersection of side surfaces and top/bottom surfaces.

2. (a, p) belongs to top/bottom surfaces of S and

(a) there exists k € R, C such that either dF, /da =0 or 0F,/0f =0, or
(b) (a, p) is in the intersection of side surfaces and top/bottom surfaces.

3. Fp(a,p)= Fc(a,p).
4. VFy(a,f)=0or VFq(a,f)=0.

// For details, see Appendix 4
6: end for
// We can show that each case can be done in O(m) time. Thus, the time complexity is O(m*n).
7: Finally, compare the f-values of the minimum on the mn grids, and obtain the global minimum of f on A, X A;. // Time complexity O(mn)

10
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« Output: Coefficients & € A, f§ € A, such that for any a € A, f € A,, the following inequality holds:
F@x) + o+ @xg, By + -+ By) < flagxy + = +axg, By + -+ By +e

The main result in this section is the following theorem.

s+t
Theorem 4.1. There exists an algorithm solving any e-optimal (s,t)-mixing problem in time poly(m,n,s,t) <e+ ﬁ) and space

poly(m,n, s,1).

Corollary 4.1. For e-optimal (s, t)-mixing problem, when s,t are constant, there exists an FPTAS; when s,t = O(log n), there exists a PTAS.

s+t

We note that term | e + \/% is unlikely to be improved to poly(m,n,s,t,1/¢). Otherwise, by taking all pure strategies as
input, we can obtain an FPTAS for e-NE, which is proved by Theorem 1.3 in [2] to be impossible unless PPAD C P.

As is observed in Section 3, the objective function f contains the maximum terms and bilinear terms. The bilinear terms cause
non-convexity, which makes it very hard to find the global minimum.

Based on such observations, our method adopts the following idea. First, we use small grids to cover the whole domain. Next, on
each grid, we use linear functions to approximate the bilinear terms. After the linear approximation, the objective function becomes
piecewise linear, which can be solved by linear programming. By a delicate selection of grid, we can ensure that the optimal solution
of the linear approximation is close to the optimal solution of the original problem, thus giving a close enough approximation. Finally,
we output the best solution among all grids.

The algorithm is described in Algorithm 4.

Algorithm 4 Algorithm for e-Optimal (s, )-Mixing Problem.
Input: An m X n bimatrix game (R, C), mixed strategies x,, ..., x, of the row player and y,, ..., y, of the column player, and a precision parameter ¢ > 0.
Output: & € A, ff € A, that solves the e-optimal (s, 7)-mixing problem.
1: Let X :=(x,....,x)and Y :=(y,...,y).
2: gr(@,f) = fr(Xa,YB)=max{RY S} —a" XTRYp,
gc(@.B) = fe(Xa,Y ) =max{C" Xa} —a"XTCY,
g(a, p) :=max{gg(a, p),gc(a. p)}.
Lg(a,p;a,,B,) :=max{RYp} —a] X"RYB—a" X"RY B, +a] X" RY,,
Le(a,pia,,B,) :=max{C" Xa} —a X"CYf—a" X" CYp,+a] X"CYp,,
L(a, B; @y, B,) := max{Lg(a, B ,, B,), Lc(a, B @y, B,)}-

3: Letp:= [s/\/e/Z] and q := [t/\/e/21.

4: Form the following points:

(0’(,1 ..... i Py j,)):=(il/p""'is/pvjl/q!"'!jt/q)!

where iy, ...,i; €[pl, Xi_, ix =Ps s d €Lq), and X, i =4q.

// There are ("“_])(“1_[

o i ) points in total.

5: foriy,....i, € [pl, Xo_, iy =P jis-erdi €L4], Xy Jy =q do
6: Define the region

Uiy, eigajisend) i={(a,f) ta €A, fEA,,
for every k € [s], a, € [T“ T*‘] for every I € [1], 5, € [% ’VT“]A}
7 Solve the optimal a(*; i) ﬂ(n _____ » of the following optimization problem.

an
st (@B ET(y, oesigsfisensd))-

// Note that this can be formulated in a linear program with m+n+3s+3f+2 constraints and s+¢+1 variables. The problem
is reduced to solving a non-negative linear programming.
8: end for

. * N ; * " . . .
9: Output the a(’.‘mi\),ﬁm _____ W with the smallest g (a(i‘ _____ m’ﬁ(i. vvvvv /,)) among all iy,....,igji, ..., J.

Now we verify the correctness of Algorithm 4 and analyze its time complexity. We first show that the linear approximation is
close to the original function.
We need the following lemma.

11
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Lemma 4.1. Consider two functions f, f, defined on the same set X, if | f(x)— f>(x)| < € for all x € X, then | min, f;(x)—min, f,(x)| <€
and | max,, f;(x) — max, fo(x)| <e.

Proof. Let x; be a global minimum point of f; and x, be a global minimum point of f,. Then we have
f2(x3) > f1(x,) —€ (by assumption)
> f1(x;) —e. (since x| is the minimizer of f})
Symmetrically, we have f;(x;) > f,(x;) — €. Thus we have

[f10x1) = fo(x0)| L€,

as desired.
The proof of the maximum is similar. []

Then we have the following lemma, which shows that the linear approximation is good enough for the original problem on each
grid.

Lemma 4.2. Oneach I'(iy,...,i,, ji,...,J;), the following inequalities hold:

. lga,p) — L(a, fsaq;,,...,
o | min(a,p) gla,p)— min(a’ﬂ) L(a, p; o,

1By S €/2,
fx)’ﬂ(jl,m,j,)” <e/2.

Proof. To simplify the notation, we denote a; _ ; by a, and §; ;) by B,. We further denote I'(iy, ..., i, ji, ..., Jj;) by T,
We first show that |[L, — gr| <€/2 onT,. For any (a, p) € I'(a,, f,), by definition, we have:

|Lg(a, By, B,) — gr(a. B
=|(a— )" XTRY(B - B,

N t
<D 2l =l 1B = By IXTRY) |

@

Iy LRyl e —ep
& & pq 04T s/ [e21)\Je)2

<1

=1 j=1

Similarly, we have |L — g¢| <e/2 onT,. Since L =max{Lg, Lo} and g = max{gg,gc}, taking X = {R,C}, by Lemma 4.1, we
have |L — g| =|max, cy L, —max, cy g.| <€/2 onT,, which is the first part of the lemma.
Then, taking X =I",, by Lemma 4.1, we have

min g(a,f)— min L(a,f;a,, <e/2,
(a,ﬂ)exg( B (min, (a,f500,8,)| <€/

which is the second part of the lemma. []
Next we show that all grids cover the whole domain A X A,.
Lemma 4.3. For any (@, f) € Ay X A,, there exists iy, ...,ig, ji,...,Jj; such that (&, ) €Ly, ... .05 j1s- s i)

Proof. For any (a,f) € A; X A, take (i, ...,i, jj, ..., Jj;) by the following procedure:

Algorithm 5 Selection of iy, ..., i,.
Input: a €A, fEA,.

Output: iy, ....i.j1,...,J-

1: for k from 1 to s do

2 if Y (e, - 2)>0 then

1=1

3 Set i, = [pay]
4 else

5: Set iy = |pa ]
6 end if

7: end for

The selection of j, ..., j, is similar. Now we show that the procedure is correct.

12
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First, we show i + - +i, =p,ij,...,i; € [p]. Since a € A, it is clear that iy, ..., i, € [p]. Then we show that the sum is equal to p.
For this purpose, we show |Zf:1 (a, - %)‘ < % for any k € [s] by induction over k.

» For k=1, we have ‘al - i—l‘ < l, since a; € [0, 1].

« For k > 1, suppose we have

Z, | <a, )' < = by induction hypothesis. If Z ( %) > 0, then by i, = [pa,], we have
-1 <ak— + <0, thus
p p
k-1

k . . .
; ll) < ll) < lk) ; ;
——<E a— = :E ag-=)+|ag-—=)<=-0==
P ,=1<’ p) &S\ »p “p) o P

as desired. Another case is similar.

Z/ 1 (“1 - _>
Note that Y7)_, a; =1, we have )1 - X %‘ < %. Thus, [p—Y,_, i;| < 1. Since i, ...,i; € [p], we have },}_, i, € Z. Thus, we must
have ij + .- +i;=p.
Finally, we show that (@, f) € I'(iy,....i . j;,...,Jj;). It simply follows by the construction of i;’s and j,’s and the definition of
r. O

Thus, we have <!

p’

We summarize the above two lemmas in the following proposition.
Proposition 4.1 (Correctness). Algorithm 4 is an e-optimal (s, t)-mixing algorithm.

Proof. Suppose the exact solution of the optimal (s, #)-mixing problem is (¢*, f*). By Lemma 4.3, there exists iy, ..., i, j;,...,j; such
that (a*, p*) €I'(iy, ..., i, ji, ..., J;). For simplicity, we denote L(a,ﬂ;a(,-l """" is)’ﬁ(jlv---vjr)) by L(a, p).
Consider the solution (o, f’) = (oz(ll iy ﬂ(*jl i )) in (11). It suffices to prove that
s/ Ulseeo t
|g(a*, p) — g, p)| <e.

By Lemma 4.2 part 1, we have |g(a*, *) — L(o’, )| = | min, 4 g(a, ) — min, 5 L(a, f)| < €/2. By Lemma 4.2 part 2, we have
le(a’, p") = L(’, )| < €/2. Thus, by triangular inequality, we have |g(a*, f*) — g(a’, p')| <, as desired. []

Finally, we analyze the time complexity of Algorithm 4, which completes the proof of Theorem 4.1.

Proof of Theorem 4.1. First, we need to compute RY, X' RY,CTX,XTCY for further use. This can be done in O(poly(m, n, s,1))
time.
Then, the algorithm enters a loop that repeats ("""~ 1) (q”_l

o i ) times. By Stirling’s approximation, we have

<p+s—1> < (p+s=D1 (p+s=-1D""s

s—1 s=D! ~ 5!

(p+s=10"1/s
Gy

((1/\/6/_2+1)S \/E]
<0

(A1)

s+t
Similarly, we have (q:ﬂ:l) <0 <\/' ( m) ) Thus, the total number of iterations is O <\/§ ( \/e/_2> )
— € €,

In each iteration, we need to solve (11). By a standard transformation, it is equivalent to the following linear program:

min ¢,
a,pit

st. t>(RY),f—a "X RYB, i€[m],
t2(C"X)a—a"XTCYB, jE[n]

13
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Perform specific mixing operations on
§ these strategies and obtain the strat-
+—>| egy profiles (X, 7,),...,(X,.7,). Next,
compute i* = argmin, ;. f(%;,¥;) and
output the strategy profile (X;., y;.).

Find several strategies x,, -+, X
of the row player and y,,--,y,
of the column player in polyno-
mial time.

Fig. 2. Procedure of the search-and-mix method in the literature.

Find several strategies Calculate mixing coefficients a* €

Xj, -+, X, for the row A,,p* € A, in polynomial time that
player and y,,--,y, for ~ |—>{minimize f(a;x; + - +a;x;,fy + -+
the column player in poly- B,¥,) as a function in « and g. Output
nomial time. (afxy + -+ agx,, fyy + -+ B y).

Fig. 3. The new procedure for the search-and-mix method.

a€A,PEA,

i =1 ip+l
(Xke[kT,kT], k€ [s],

J=1 i+l
e[4—,21=1], I[le].
el i [7]

It is a linear program with m + n + 3s + 37 + 2 constraints and s + 7 + 1 variables, which can be solved in poly(m,n, s,1) time [32].
In total, the time complexity of the whole algorithm is given by

s+ S+
poly(m,n, s,t) + poly(m,n, s,t) < j/2> =vpoly(m, n, s,t) ( §/2> . O

5. Applications to the search-and-mix methods

In this section, we show how to apply the optimal mixing problem to make an instance-optimal enhancement to the search-and-
mix methods in the literature. For another use case, we can also use the optimal mixing problem to assemble the different outputs of
various algorithms for approximate NE in the literature. See Appendix B for some illustrative empirical results.

As is summarized by [12], in the literature, polynomial-time algorithms for approximate NE follow a search-and-mix method. Such
methods can be divided into two phases. In the search phase, an algorithm computes several strategies of each player in polynomial
time. In the mixing phase, the algorithm then makes convex combinations of the selected strategies into several strategy profiles and
outputs the profile with the minimum f value. An illustration is presented in Fig. 2.

However, the mixing phases in the literature are ad hoc, since the mixing coefficients are selected specifically for corresponding
search phase with certain properties. A typical example is as follows.

Example 5.1 (BBM algorithm [15]).

« Search phase: Compute an NE (x*, y*) of the zero-sum game (R—C,C — R).% Let g, = fr(x*,y*) and g, = fc(x*,¥*). By symmetry,
assume without loss of generality that g; > g,. Then compute r; € brz(y*) and b, € bro(ry).

+ Mixing phase: Mix strategies in the search phase and obtain strategy profiles (x*,y*) and (r{,(1 — 6,)y* + 6,b,), where 6, =
(1 —g1)/(2— g;). Output the one with the smaller f value.

Note that the mixing coefficient 6, is chosen specifically for this search phase to produce an optimal approximation bound of 0.38. If
we choose 8, to be other values, for example, 1/2, then it is not hard to show that the approximation guarantee will only be 0.5.

Now, we relate the optimal mixing problem to the search-and-mix methods in the literature. The traditional ad hoc designed
mixing phases focus too much on the worst case and not useful in practice. However, from the perspective of our work, the mixing
phase is essentially an optimal mixing problem. We can use the approximate and exact optimal mixing problem to design new mixing
phases for the search-and-mix methods, which computes the instance-optimal mixing coefficients. The new procedure is presented in
Fig. 3.

Our exact algorithm for the optimal mixing problem can cover the need of all mixing phases in the literature. Moreover, our
approximation algorithm can be used for most future mixing phases. For any constant number of strategies in the search phase,
our approximation algorithm is an FPTAS. Beyond that, when s, = O(logn), our approximation algorithm is a PTAS and when
s,t = poly(log n), our approximation algorithm is a QPTAS. They can all be used in the new polynomial-time procedure of the search-
and-mix methods.

3 Computing NE in zero-sum games can be modeled by a linear program and thus can be solved in polynomial time. See, e.g., [24].

14
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To conclude this section, as an example, we show how to design a new mixing phase for Example 5.1 using the optimal mixing
problem.

Example 5.2 (New mixing phase for the BBM algorithm). Recall that in the search phase we obtain x*, r| for the row player and y*, b, for
the column player. Then, the new mixing phase is to input payoff matrices R, C, row player’s mixed strategies x*, r|, column player’s
mixed strategies y*, b,, solve the optimal (2, 2)-mixing problem to obtain a*, f* and then output (a*x* + (1 — a™)r, f*y* + (1 — p*)b,).

6. Conclusion and discussion

In this paper, we study the optimal mixing problem of approximate Nash equilibrium computation in bimatrix games. We develop
algorithms for the exact and approximate optimal mixing problems. These algorithms can be used to enhance and integrate arbitrary
existing constant approximate NE algorithms, offering a powerful tool for the design of approximating NE algorithms. Moreover,
these algorithms allow us to explore the implications of support restrictions on approximate NE, and provide the first upper bound
on this problem.

6.1. Difficulties in studying exact optimal mixing algorithms

In Theorem 1.1, we stop at (2,3) for the exact optimal mixing problem. However, there is a fair reason for this. In general, the
optimal mixing problem takes the form of a quadratically constrained quadratic program (QCQP). Recall that the objective function
in Definition 3.1 can be expanded as follows:

max{ max{R(B1yy + -+ +fy)} = (@ x) + -+ ax) Ry + -+ fyy),
max{CT(a]xl +oeetagx)} — (o x) + e + anS)TC(ﬂlyl +-+4y)}

By rewriting the maximum operators as constraints, we can see that the optimal mixing problem is indeed a QCQP:

min w
a.f.21,2p,w

t
st. Y a=1, 20, Y p=1 f20
j=1

s t
X=Za,-xi, y=2ﬂ,—y,-,
i=1 j=1

zy > R,.Ty for all i,
Zy > xTCj for all j,
w>z)— x"Ry, w> Zy — x'Cy.

As a QCQP, the optimal mixing problem is an optimization problem. By using the KKT conditions, the optimization problem can
be reduced to a system of polynomial equations and inequalities:

fixps e X0y, y) =0, i=1,...,

&i(Xps s X ¥1ss ¥) <0, j=1,00,

where f; and g; are polynomials. The exact optimal mixing problem is to find a solution to this system of polynomial equations and
inequalities. Such a system is called an algebraic variety in the context of algebraic geometry. Thus, the exact solution is an element
belonging to an algebraic variety.

For the case of (2, 3), this paper shows that the solution can be reduced to a solution of a univariate quintic equation, which can
be solved radically. However, for the case of (3,3), it is not even clear how to reduce the problem to a univariate equation. This
phenomenon is not unique in NE computation. For example, the exact NE of a 3-player game is also an algebraic variety, and it is
still not clear how to solve it using a Turing machine [43].

The difficulties in studying the exact optimal mixing problem or NE lie essentially in the real algebraic nature of the problem. In
computability theory, the Blum-Shub-Smale machine [44], or BSS machine, is a model of computation intended to describe compu-
tations over the real numbers. Indeed, using the BSS machine, it is possible to solve the optimal mixing problem. However, the BSS
machine surpasses the computability of the Turing machine, as it can represent uncountable sets, while the Turing machine can only
represent countable sets. Thus, the exact optimal mixing problem is probably not computable by a Turing machine.

6.2. Future directions

This work also brings up several open questions:
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How does the existence of NE benefit the computation of NE? In Table 1, the upper bound of approximate NE under restrictions
is far greater than the upper bound of approximate NE without restrictions. This suggests that the existence of NE is crucial for
the computation of approximate NE. The optimal mixing problem provides a new methodology to study the computational
complexity of approximate NE without the existence guarantee. We hope it can be used to understand the benefit of the NE
existence to approximate NE computation.

How to distinguish the optimization problem, function problem, and the decision problem of approximate NE? Note that
the literature of approximate and exact NE is composed of three parts: the optimization problem, the function problem, and the
decision problem. Their relations are very intricate but important in understanding the underlying structure of NE computation.
However, such differences are often ignored in the literature. Thus, it is important to distinguish them and understand their
relations.

What is the relationship between approximate NE and QCQP? In our optimization perspective, the approximate NE com-
putation problem is a special case of the quadratically constrained quadratic program (QCQP) problem. We utilize the QCQP
structure to develop algorithms for the optimal mixing problem. On the other hand, QCQP is known to be NP-hard [45] and has
no constant approximation algorithm unless NP = P [46], while the constant approximate NE computation has quasi-polynomial
time algorithms. It suggests that there is some interesting connection between the approximate NE computation and a subclass
of QCQP problem.

How to extend our approach to compute approximate NE with other restrictions? Note that the core component of our
approach is the utilization of the bilinear structure of f and grid covering. Thus, by writing other approximate NE restrictions,
like maximum social welfare, as optimization problems with bilinear term, we can extend our approach to compute approximate
NE with other restrictions.
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Appendix A. Missing proofs and algorithms
A.1. Proof of Lemma 3.1

In case 1, take any x € S. Then g,(x) < M, < m; < g{(x). Therefore, ming g(x) = ming g, (x) = m;. The minimum is obtained
exactly in {x € § : g;(x) =m, }, namely g]‘l(ml).

Case 2 is symmetric to case 1, so we omit it.

For case 3, we consider which set function g reaches the minimum. Suppose that x is a minimum, and g, (x) # g,(x), then suppose
without loss of generality that g;(x) > g,(x). By the continuity of g,,g,, g > g, in some neighborhood of x. Therefore, g = g; in this
neighborhood, so x must be a local minimum for g;. The problem becomes solving the first-order condition for optimization with
linear constraints. Thus x must also be a KKT point of g; and satisfy the KKT condition given in the statement.

A.2. Proof of Proposition 3.1

We prove the statement in the order of 1, 2, 3, 5, 4, and 6.

Proof of Statement 1 and 2. For statement 1, we note that notation dim(S) = m means that the smallest affine space containing it
has dimension m. Therefore, the space can be expressed by the solution of (n —m) linear equations, say u,.Tx =v,,i € [n—m]. Moreover,
the remaining constraints cannot contain any equation like " x = v; otherwise, dim(.S) < m — 1, which violates the definition of the
affine hull.

For statement 2, by the definition of parallel, d || .S if and only if there exists a line segment defined by x(,x; € S such that
X1 = Xy + 6d, where § is a nonzero constant. Since x,,x; € S, we have for every i € [n — m], u,.TxO =v; and u,.T(xO +6d) =v;, so
uld=0. O
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To prove statements 3, 5 and 4, we need the representation theorem for polytopes. We say a halfspace (inequality) a'x < b is
facet-defining (for polytope P) if PN {x € R" : a'x > b} defines a facet of P.

Theorem A.1 (Representation theorem for polytopes, Theorem 2.15 in [41]). A subset P C R" is a polytope if and only if it can be described
as a bounded intersection of facet-defining halfspaces, one for each facet, and of the affine hull of P. Moreover, the facet-defining inequalities
are uniquely determined (if we write them as aiTx < 1), and none of them can be deleted.

Proof of Statement 3 and 5. By Theorem A.1, we can write .S in the form

aff(S$)n () {xeR":a/x<1}.
iew
Here, inequalities diTx <1 are facet-defining. Since they are unique and cannot be deleted, each inequality &iTx <1 corresponds to
a constraint aij <b; with a; = b;a;. For each i € W, pick such a j. Then we have already selected an index subset W of [k]. By
statement 1, aff(.S) can be written in the form of {x eR": ul.Tx =v,Vi€[n- m]}. Now we have proved statement 3.
For statement 5, since constraint aJTx <b;, jEW is fact-defining, again by Theorem A.1, S;- = aff(S) N {x eR": a}T.x <b j}
exactly represents a facet and vice versa. []

Now we prove statement 4.

Proof of statement 4. We first prove that

S;:={xeS:VkeW, ajx<b}CS"

Pick x € S,. By the continuity of azx, there exists a small neighborhood U of x such that U NS C .S. Therefore, x is an interior point
of S. Since x is arbitrary, S| € .S° holds.
Second, we show that

Sy :={xeS:3IkeW.a[x=b}Cas.

Note that by the construction of statement 3, all constraints indexed in W in .S can not be deleted. It then guarantees that for every
k € W, there exists x, € R" \ .S such that aZxO > b, and aijO < b; holds for each j € W \ {k}. Suppose x; € S,. Then ale =b;

for some k € W. Consider the direction d = x; — x;. Notice that the set {x eR”: aIx >b,andVje W \ {k},a}Tx <b; } is convex.
Since x, x( are both in it, the line segment defined by x;, x,, also lies in it. Therefore, for arbitrarily small ¢ > 0,

a-kr (x1+e(x0—xl))=(1—e) a;'(—xl +e a}'{—xo > by.
—— =
=by >by

Hence x| + e(xg — x;) ¢ S and thus x; €9S. Since x, is arbitrary, S, C 0.5 holds.
Now we combine these two results. Clearly S; NS, =@ and §; US, =5 =05 U S°. So we must have S; =S5° and S, =0S5. [

Finally, statement 6 is the direct corollary of a result on face lattice.

Definition A.1. A graded lattice is a finite partially ordered set (.S, <) if it shares all the following properties.

+ It has a unique minimal element 0 and a unique maximal element 1.

+ Every maximal chain has the same length.

« Every two elements x, y € S have a unique minimal upper bound in .S, called the join x Vv y, and every two elements x, y € S have
a unique maximal lower bound in .S, called the meet x A y.

For a graded lattice, the minimal elements of .S \ 0 are called atoms, and the maximal elements of .S \ 1 are called coatoms.
A lattice is atomic if every element is a join x = a; V -+ V g;, of k > 0 of atoms. Similarly, a lattice is coatomic if every element is a
meet of coatoms.

Theorem A.2 (Proposition 2.3 and Theorem 2.7 in [41]). Let P be a convex polytope. Consider the set of all faces L(P), partially ordered
by inclusion.

1. Set L(P) is a graded lattice of length dim(P) + 1. The meet operation is exactly the intersection of sets.
2. The face lattice L(P) is both atomic and coatomic.

3. The faces of F are exactly the faces of P that are contained in F.
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Proof of statement 6. By Theorem A.2, L(S) is a graded lattice. Suppose F is a face in L(.S). Then since L(.S) is coatomic, F is the
meet (i.e., intersection) of coatoms, i.e., facets. []

A.3. Proof of Corollary 3.1

We prove the corollary by discussing all possible cases that achieve the minimum. Since g(x) = max{g;(x), g,(x)}, we partition
the domain into three parts according to whether g (x) is greater than, smaller than or equal to g,(x).

Proof of Statement 1. By symmetry, we only need to consider the case of

S i={x€S:g(x)>g(x),34>0,Vg (x)+ A"U =0 and Vi € [m], ,(U;x — ;) =0}.

It suffices to show that for every x € .5, either Vg,(x) =0 or x €9S.

For a given x € S, if Vg(x) =0, then 4 =0 is a solution for the KKT conditions given in Theorem 12.1 in [40]. Otherwise,
since Vg (x) = —ATU #0, there must exist i such that 4; #0. Therefore, we must have U;x = V;. By definition, every x € S satisfies
U;x < V;. By our assumption on U, U; # 0. So there is a vector d € R" such that U;d > 0. For any e > 0, U;(x + ed) > V;. Hence
x+ed ¢ S,ie,x€dS. [

To prove the rest statements, we need the following claim.

Claim A.1. For any face T of S, if T is parallel to e;, we have: for any x € T N S}, if the minimum of f can be obtained at x, then either x
is contained in a facet not parallel to e; or dg;(x)/dx; = 0.

Proof. Since x € S|, by the KKT condition given in 5|, there exists A such that Vg,(x) = —ATU. Thus 0g(x)/0x; = Vg (x)Te,» =
—ATUe,-. Note that by the definition of parallel, there exists a line / such that / C aff(T) and / || e;. Therefore, for any x € T, there
exists a line /, C aff(T) such that x €/, and /, || e;. Define I, :=1,NT.

If x is not an endpoint of the line segment [, then =+e; are both feasible directions for x, namely for any sufficiently small ¢ > 0,
x + ee; € T. We show that in this case, x must satisfy dg;(x)/0x; = 0. The KKT condition implies that for any j € [n], we either have
A;=0or ({Jx =V, IfU;x=V),since x+ee; €S, U;j(xxee;)) <V; =Ujx, which means Uje; =0. Therefore, either A;=0o0rUje; =0,
we have A Ue;, = ZJ /ljUjel 0. Thus 0g1(x)/0x; = —ATUe; =0 as desired.

To finish our proof, it suffices to show that if x € S; N T is an endpoint of I, then either x is contained in a facet N of S not
parallel to e; or dg;(x)/0x; = 0. We prove it by induction on dim(T).

Suppose dim(T") = 1. By the definition of polytopes, T must be a one-dimensional bounded and closed convex set, i.e., a line
segment. In this case, ¢; || T, so for any x, € T, I, xo 1 exactly T'. Thus, x is the endpoint of l if and only if {x,} is a face of T.
By Theorem A.2, {x,} is a face of S. Then by statement 6 in Proposition 3.1, {x,} is the 1ntersection of several facets of .S. Since
S = {x eR": Ul.Tx <V,ie [m]}, by statement 5 in Proposition 3.1, the facets of .S can be expressed as S,.’ = {x eS: UTx = V}
i € W for some index subset W. Thus there exists a nonempty subset of W, denoted by I, such that {x,} = (;c; S/ and
Xo & Sj’, for every j € W \ I. Note that by assumption dim(S) = n, we have aff(S) = R”. By statement 3 in Proposmon 3.1,

S = {x eR": UI.Tx <V,Vie W} Then we have

=ﬂsl_’

iel
=ﬂ(Sn{xeR" (UTx=V})
iel
=Smﬂ ({xeR" : U’.Tx=Vl-})
el

={xeR":UlTx=I/,-,ieI,Uij<Vj,jeW\1}.

Now we show that there exists a facet Sl.’ , i € I not parallel to e;. Suppose on the contrary that for any i € I, S; is parallel to e;,
then we have UiTel- =0 by the definition of parallel. Thus for any k € R, we have UiT(xO + ke;) = V; for every i € I. Note that by
continuity there exists a sufficiently small e > 0 such that for every j € W\ I, U/.T(x + €e;) < V;. Thus x, + ee; is also contained in

the set {x eR”: U'.Tx =V,iel, U].Tx <V,jew \ I} = {xg}, a contradiction. So we finish the proof of the case dim(T) = 1.

Now we suppose that the result holds on every h-dimensional face with h=m — 1 <n— 1, and let dim(7T") = m. Note that for any
x € T®, there exists € > 0 such that every d || aff(T) satisfies x + ed € T. So x must be an interior point of 7x and thus not be an
endpoint of 7 We have assumed that x is the endpoint of | +» 5o this is not the case. We must have x € 0T . By statement 4 and 5 in
Proposition 3.1, x must be contained in a face 7’/ C 9T of T with dim(T”) =m — 1. By Theorem A.2, T’ is also a face of S. If T’ || ¢;,
then line /, C aff(T”’) with x € /,. Let l =1,NT'. By the same argument, [/ I' is a line segment. If x is not an endpoint of this segment,
then we have proved that dg;(x)/dx; =0 as desired. If x is an endpoint, then by the induction hypothesis either x is contained in
a facet N of S not parallel to e; or dg;(x)/0x; = 0. Thus the induction holds. If face T’ is not parallel to e;, then we show that T’
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is contained in some facet N of .S not parallel to e;. Note that since face T’ is not parallel to ¢;, /, N T’ = {x}. If all facets S” of §
containing T’ are parallel to e;, by the same argument on the case of dim(T") = 1, for sufficiently small € > 0, x + e¢; € T'. However,
clearly x + ee; €/, and thus x + ee¢; € [, N T’, which leads to a contradiction. []

Now we can continue the main proof.

Proof of Statement 2. For statement 2, it suffices to show that for every x € 5 N S|, either x € dSy or both x € dSp and
0g1(x)/0x; = 0 hold. Equivalently, we show that for every x € P n S|, where P is a facet parallel to e;, either there exists a facet N
which is not parallel to e; such that x € N, or dg;(x)/dx; = 0. This immediately follows by taking m =n — 1 in Claim A.1. []

Proof of Statement 3. We first show that any face T' of .S must have the form

Ty 1, i= H S;.
i€[n]
Here, S; = {m;} for every i € I, S; = {M,} for every i € I, and S; = [m;, M;] for every i € [n] \ (I; U I,), where I,,I, C [n] and
IInl,=@.
By applying statement 3 in Proposition 3.1, .S’ can be written into {x € R" : x; < M;, —x; < —m;,Vi € [n]}. Therefore, by statement
5 in Proposition 3.1, the facets of .S are given by SN {x € R" : x; =m;} or SN {x € R" : x; = M;}. By statement 6 in Proposition 3.1,
any face T of .S can be expressed as the intersection of several facets. Thus there exist index subsets I, I, such that

T=Sn ﬂ{xeR" ix;=min ﬂ{xeR" DX, =M,
il iel,
If I) NI, = @, then exactly T = T; ; ; otherwise, if i € I} N I, by m; # M;, T = @. Now, it suffices to show that any T  is a
face of S. For any Ty, consider a=—3,c; ¢, + Xy, €0 ==Xy m; + Yiey, M;. On the one hand, for any x € S, we have
m<xTe,=x; <M, s0a" x= Zier,(=x) + Xiep, Xi £ = Xiey, Mi + Xier, M; = b. On the other hand, we can see that the equality
holds if and only if x; = m;, for every i € 1) and x; = M; for every i € I,. This set is exactly given by T}, 7., so Ty, ;, is the face of S
determined by a, b, and we finish our proof.

With the clear description of all the faces of S by Ty, j,, we can easily see that a face T ;, is a single point if and only if
1, U I, = [n]. Also, for any face T that is not a single point, there exists i € [n] such that i ¢ I; U I,. So, for any y = (¥;,...,¥,)
in T, [];4{y;} x [m;, M;] C T, which defines a line from (yy, ..., yi_1 M, Vis1s -, V) 10 (U150, Vi1 My, Vigys oo V) parallel to e;.
Therefore, by the definition of parallel, ¢; || T. So every face T of S is parallel to some e;.

Suppose x € 0S. We show that either x is a single point face, or x belongs to the interior of some face T parallel to some e;. Note
that x must belong to some face T of .S. We prove it by induction on the dimension of 7. When dim(7') =0, T' = {x} is a single point
face. For dim(T") = n, we only need to consider the case that x ¢ T°. Immediately, x € 0T, so by Proposition 3.1 and Theorem A.2, x
belongs to some face of .S with lower dimension. The result then follows by the induction hypothesis.

Thus, either x is a single point face given by {x € R" : Vi, x; € {m;, M, } }, or x belongs to the interior of a face T parallel to some
e;. We now apply the result in Claim A.1. Suppose x is not a single point face that attains the minimum of f. If g;(x) > g,(x), then
0g,(x)/0x; =0; if g;(x) < g5(x), then dg,(x)/dx; = 0. So, x must be contained in the set S* given in this statement. []

A.4. The (2, m)-separation algorithm

This problem can be restated as a famous problem in computational geometry called envelope problem, which is a special case of
half-plane intersection problem. The half-plane intersection problem can be solved with the plane sweep method in time O(nlogn) with
n breakpoints, see, e.g., Section 4.2 of [33]. For completeness, we restate the full algorithm here.

Specifically, suppose we are given two series {a; }f_‘: v {b; }f.‘: - We want to compute the breakpoints of function h(x) =
max;e{@;x + b;} in the interval [0,1] and the value of & on these points. We present a method based on ideas from computa-
tional geometry.

First, we turn the case into a; < a, < ... < a;. To do so, reorder functions {a;x + b;}, so that a; < a, < ... <a;. Then we check all
contiguous pairs (g;,a;,1). If a; = a;,{, then we delete the function with smaller b;, since it is strictly smaller than the other one. By
this procedure, we obtain a; < a, < ... < g, in time O(klogk).

Let us use a list w to memorize the breakpoints and a list # to memorize the value of i(x) on these points. Define h (x) =
max;e[{a;x + b;}. We use a recursion method to find the breakpoints by gradually updating the set of breakpoints from 7,(x) to
hy(x) = h(x). For the beginning, since h;(x) = a;x + b;, we can initialize list w with w(0) =0, w(1) =1 and list ¢ with #(0) = b;,#(1) =
a; + b;. Then we consider how to update from A (x) to h ;(x).

By assumption a; < a, < ... < a; < ag, |, function Ah(x) = hy(x) —a,, x — by, is continuous on [0, 1] and decreasing on every
linear piece. So Ah; is decreasing on [0, 1] and has at most one zero point. Therefore, 4 (x) has at most one intersection point with
ag.1x + by, If such point exists, say x*, then we have h (x) < a,,x + b, if and only if x > x*. So, we only need to add x* into
list w and delete all the points in list w which belong to [x*,1). Similarly, we add a,, ;x* + b, into the list ¢, update the value
corresponding to 1 with a.,; + b, ; and delete all values between them. The geometric illustration of such a procedure is given in
Fig. A.4.
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Fig. A.4. Tllustration of the update procedure from h; (orange line on the left) to h, (orange line on the right). We try to add term a;x + b; (dashed line on the left)
into the max operator in h;. a,x + b, intersects h; at a,x +b,. Thus x* (yellow dot) is calculated and the breakpoints larger than x* are deleted. Equivalently, a;x + b,
is removed (dashed line on the right).

20) 1(1)

775

Fig. A.5. Illustration of the procedure computing ordered vertices (vertical line cases). On the left, the lower semi-boundary and the upper one is colored with green
and orange, respectively. The vertices are labeled clockwise on each semi-boundary. On the right, we try to add vertical lines. The black dashed line does not change
the structure at all, so it is omitted. The black solid line will change the structure, and the new labels of vertices are computed (and in the bracket is the original
labels).

To find such x*, we use a binary search on index ¢ to locate the proper line a,x + b, forming the intersection point x*. Such a
search costs only logarithm time of the number of lines.
Now we analyze the time complexity of this algorithm. There are in total k rounds of binary searches, with the ith round using time

O(log ). In total, the time complexity is O (Z;;l log i) = O(klog k). We collect the above arguments into the following proposition.

Proposition A.1. There exists an algorithm that outputs all the breakpoints of h(x) and their corresponding function values in time O(k log k).
A.5. The (3, m)-separation algorithm

Note that since ¢ = 3, f can be represented by two free variables, i.e., f = (x,y,1 — x — y). Then the polytope P, in Definition 3.2
is actually a polygon on the plane. The (3, m)-separation algorithm needs to find a clockwise enumeration of vertices of P;. This
problem, again, can be stated by the half-plane intersection. For completeness, we present the algorithm here.

In fact, a proper application of the (2, m)-separation algorithm will give us the desired algorithm. A key observation is that the
boundary of a polygon can be expressed as a union of four parts: left boundary, right boundary, upper semi-boundary and lower
semi-boundary. If we write all constraints of P, in the form /; :=a;x + b ;¥ +¢; 20, €[k], then each constraint belongs to exactly
one part of the boundary:

1. When b ;= 0, I; =0 is a candidate of the left (right) boundary if a > 0(<0).
2. When b ; #0, ;=0 is a candidate of the upper (lower) semi-boundary if b ;<0 (>0).

In the second case, we write the boundary into the form y = dx + b. Then we can apply Proposition A.1 on the upper (lower) semi-
boundary to obtain ordered vertices in time O(k log k). Next, we combine the two semi-boundaries to obtain the leftmost and rightmost
vertices.

Now we determine the vertical boundaries. The left (right) boundary, if exists, has the maximum (minimum) —¢é f /a s which can
be found in O(k) time. If the left (right) boundary does not rule out the leftmost (rightmost) vertex, then there is no left (right)
boundary. Otherwise, by a binary search on vertices of the two semi-boundaries, we can find two segments adjacent to the left (right)
boundary in O(log k) time. An illustration of this procedure is presented in Fig. A.5.

We collect the above arguments into the following proposition.

Proposition A.2. There exists an algorithm that outputs all vertices in a clockwise order of the polygon P, in time O(klogk).
A.6. The optimal (2,2)-mixing algorithm

We first give some notations Let Fyp(a, f) = fr(ax; + (1 — a)x,, fy; + (1 — f)y,). Define F-(a, f) similarly. Then let F(a,f) =
max{ Fg(a, p), F-(a, f)}. The goal of the optimal (2,2)-mixing algorithm is to calculate the minimum of F on square .A = [0, 1] X [0, 1].

Now we state the algorithm.
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Applying the (2,m)-separation algorithm in Appendix A.4, we can construct a mesh grid of (a, f) so that on each grid, both Fp
and F¢ are linear in a and f respectively. Then both Fp and F have the form x| + x,a + x3f + x,af, where x,’s are constants
determined by Fy or F values on four vertices of the grid. Our next step is then to give a method computing the minimum point of
F(a, p) on each grid.

On each grid, by statement 3 in Corollary 3.1, it suffices to minimize F = max{ Fg, F} over:

1. points with 0F;(a, f)/da =0 or 0F,(a,p)/0f =0, k€ {R,C},
2. the four vertices of the grid, and
3. points with Fp = Fc.

(Case 1) Equations dF,(a,)/da =0 and dF,(a, #)/df = 0 have the form that « or f takes a fixed value.* Hence the problem
becomes computing the minimum of two univariate linear functions, which is easy to solve.

(Case 2) We just need to enumerate the value of F on the four vertices.

(Case 3) By solving the equation Fy(a, f) = Fc(a, ), we obtain an expression of f given by a linear fraction of a. If the denominator
linear function of « is zero, then we can solve it just like in case 1. Otherwise, by substituting the expression of f into the expression
of F = Fy, we convert this problem into finding the minimum of a function g(a) with the form (a2a2 +aja+ag)/(bya+ by). This
can be done by calculating its values at two boundary points and points with zero derivatives. Note that g’(«) =0 is equivalent to
a quadratic equation in a, which has at most two solutions. So in this case we can test at most four points to find the minimum.

We collect the above arguments into the following proposition:
Proposition A.3. There exists an algorithm finding the minimum point of F(a, ) on any grid in O(1) time.

With these results above, we can efficiently calculate the minimum point of f on each grid where both Fy and F are linear in «
and f respectively. Note that the numbers of breakpoints of « and f are at most m and n respectively, so there are at most mn grids.
On each grid the minimization procedure takes O(1) time, implying a total O(mn) time on A. Thus time complexity of calculating
the minimum of f on A is O(max{m,n}logmax{m,n}) + O(mn) = O(mn). We summarize it as the following theorem.

Theorem A.3. Give any strategies x,,x, € A, and y,,y, € A, let

F(a,p)= f(ax; + (1 - a)xy, fyy + (1 = Pyy),  a, f€[0,1].

Then there exists an algorithm finding the minimum point of F(a, ) in time O(mn).
A.7. The optimal (2, 3)-mixing algorithm
We begin by some notations. Let

Fgla,p,y)=max{R(yy; + (1 —y)y)}-

(ax; +Bxy + (1 —a = B)x3) ' RGry; + (1 = 1)y),
Fe(a, B, y) =max {CT(ax| + fx, + (1 —a — f)x3)} —

(@x; + Bxy + (1 —a = B)x3) Clry; + (1= )yy).

Define F(a, f,y) = max{ Fg(a,f,y), Fc(a,f,7)}. Then the algorithm in this part minimizes F on the prism A = {(a, f,7) € [0, 1P :
a+p<1}.

Using (2, m)-separation algorithm in Appendix A.4 and (2, m)-separation algorithm in Appendix A.7, we can obtain the linear
region® of function F. Our next step is then to minimize F on each linear region, in which both Fy and F have form ayay + a, fy +
ayy + aza + a4 f + as. Note that every linear region .S is given by the Cartesian product of a polygon P and an interval I. Thus by
statement 2 in Corollary 3.1, the minimum of F must be obtained when:

1. (a,p) belongs to side surfaces of .S and

(a) either there exists k € { R, C} such that 0F, /dy =0, or
(b) (a,p) is in the intersection of side surfaces and top/bottom surfaces.

4 When the coefficient of  (or f) is zero, all or none of a (or f) solve the equation.
5 To shorten statements, we say region X is a linear region of function F if F is linear in every variable on X.
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2. (a, p) belongs to top/bottom surfaces of .S and

(a) there exists k € { R, C'} such that either 0F; /da =0 or 0F, /0f =0, or
(b) (a,p) is in the intersection of side surfaces and top/bottom surfaces.

3. Fg(a,p)=Fq(a,p).
4. VFg(a,f)=0o0r VFe(a,p)=0.

For case 1b and 2b, note that the boundary is formed by O(m) line segments. Furthermore, Fr and F are linear on each segment.
Thus it suffices to check their intersection and two endpoints on each segment.

For case 2a and case 4, the equation of zero derivative gives a linear equation on y. Then y takes a fixed value. Now we have to
minimize F over the polygon P of (a, f). We can use statement 2 in Corollary 3.1 again, and minimize F at points on the boundary
of P, with Fp = F, and with zero partial derivative in & or f. The case of the boundary is similar to case 1b and 2b, consuming time
O(m). The rest cases are similar to discussions in Proposition A.3: We can turn the problem into minimizing a univariate function
g. The only difference here is the domain J of g. By the same calculation in the proof of Proposition A.3, it can be shown that J is
a segment (or line) J parallel or perpendicular to @ = 0 when we ignore the restriction of P. Domain J then can be determined by
searching the intersection points of J and the boundary of P in O(m) time.

For case 1a, the equation of zero derivative gives a linear equation on (a, ). Then the equation produces a line / on («, ). Now,
the feasible set of (@, ) is a segment L determined by the intersection of / and P. Similar to J, we can compute two endpoints of L
in O(m) time. Note that by a suitable linear transformation from (a, #) to (a’, #’), the equation of / becomes ¢’ = 0. Then on L X I,
F becomes a function of (f’,y) being linear in #’ and y, respectively. Now we can apply Proposition A.3 to minimize F on L X I in
O(1) time.

For case 3, by Fp = F, we obtain an expression of y given by the fraction of linear functions in a and f. A special case is that
the denominator equals zero. We can deal with this case in the same way as case 1a. Otherwise, by substituting this expression into
Fp, it suffices to minimize a function h(a, §) with the form (c; + c¢;a + ¢, 8 + c30% + csaf + c5$*)/(dy + d,a + d, §) on a given linear
region.

When d| = d, =0, this is to solve quadratic programming on a polygon with O(m) sides. The minimum is taken either on the
sides or at interior points with zero derivatives. Since it has only two variables, we can cancel one of the variables via the linear
equation of a side. Then the minimization on the side is equivalent to minimizing a univariate quadratic function on a segment. On
the other hand, the zero-derivative condition is exactly two linear equations with two variables. In both situations, the calculation
can be completed within O(m) time.

Otherwise, we substitute the denominator with 6, and the expression is transformed into
) + e\ + 6202

0

First, we consider the minimum about 6. By the property of hyperbolic function, the minimum can only be obtained at the boundary

G(a,0) := +e3+eqa+esb.

points or at 0 = i\/(éo +eja+ ezaz) /es (if exists). Since 0 is linear in (a, f) and the domain of (a, §) is a polygon P, the domain
of 6 is a interval given by [M; (@), M, ()], where M . M, . are piecewise linear functions with O(m) pieces. By considering

vertices of P in order, we can calculate linear pieces of M, ;, and M, in O(m) time, denoted by II."““ and [ ;“a", respectively. So

we only need to consider O(m) cases that 6 takes M (a) on a € I;“i“, M, (@) on @ € Ij'.““x, or i\/(eo +eja+eya?) /es when

(eg+eja+eya®) es > 0. In each case, it suffices to find the minimum of either

€o +ela+eza2

t(ar)

e3+eqa+24/es (eg+eja+eya?),

where a belongs to a certain interval. Each case can be solved by calculating points on the boundary and points with zero derivatives
in O(m) time.
We conclude the discussion above with the following proposition.

+ey+eqa+est(a),t € (M, M.} or

Proposition A.4. There exists an algorithm finding the minimum point of F(a, f,y) on linear region S = P X I in O(m) time, where P is a
polygon of (a, ) formed by O(m) linear constraints and [ is a closed interval of y.

Now we come back to function F(a,f,y). Using Proposition A.1 and Proposition A.2, we can split the domain of F into O(mn)
linear regions in time O(nlogn + m?logm). Then on each region, we can use Proposition A.4 to compute the minimum value of F in
time O(m). The total time complexity is then O (mz(n +logm) + nlog n). We summarize it into the following theorem.

Theorem A.4. Give any x,x,,x3 €A, and y;,y, €A, let

Fa,p,y) = f (ax; + Bxy + (1 —a = B)xz,yy; + (1 = 7)y,) .
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Table B.2

Trial results for different input strategies and optimal mixing f-values.

Theoretical Computer Science 1031 (2025) 115072

Trial Strategy 1 f-value

Strategy 2 f-value

Strategy 3 f-value

Optimal Mixing f-value

0.127
0.187
0.118
0.256
0.139
0.120
0.126
0.183
0.204
0.302

= O 0N O U~ WN =

(=]

0.095
0.198
0.144
0.121
0.174
0.197
0.258
0.112
0.232
0.175

0.284
0.213
0.205
0.220
0.136
0.258
0.139
0.141
0.202
0.125

0.095
0.086
0.087
0.085
0.111
0.076
0.087
0.092
0.086
0.109

where a, f,y,a + f§ € [0, 1]. Then there exists an algorithm finding the minimum point of F(a, f,y) in time O (m?(n+logm) + nlogn).

A.8. The approximate optimal algorithms and proof of Theorem 4.1

In this part, we present the full algorithm for the e-optimal (s, 7)-mixing problem and prove Theorem 4.1. The algorithm is shown

in Algorithm 4.

Appendix B. Using optimal mixing algorithms as an assembling tool for approximate NE

Suppose we have a finite set of algorithms A = {A;, ..., A, } for computing approximate Nash equilibria in bimatrix games. Then,
we can use (approximate) optimal mixing algorithms to assemble the outputs of these algorithms to obtain a new algorithm as

Algorithm 6.

Algorithm 6 Assembled Approximate NE Algorithm.

Input: A bimatrix game (R, C).
Output: An approximate Nash equilibrium (x*, y*).

1: Run each algorithm A; € A on (R, C) to obtain an approximate NE (x;, ;).
2: Solve the optimal mixing problem with the set of strategies {x,,...,x,} and {y,,...

3: return (x*, y*).

, ¥}, resulting in an strategy profile (x*, y*).

To illustrate the effectiveness of this assembling tool in practice, we conduct some small experiments.

1. Payoff Matrices: We generated two random 3 X 3 matrices, R and C, where each entry is drawn from a uniform distribution

over the interval [0, 1].

2. Strategies: For each experiment, we randomly generated three pure strategy vectors x;, x,,x3 and y,, y,, y; for the two players,

each of dimension 3.

3. Optimization Method: We used the Sequential Least Squares Programming (SLSQP) algorithm to solve the constrained optimiza-
tion problem. An initial guess was set to a uniform distribution, ; = §; = % for all i. The solution provides nearly optimal weights

a* and f*, which are used to compute the mixed strategies.

The experimental results are presented in Table B.2. We highlight the ones where the optimal mixing f-value is smaller than the

f-values of all the strategies.

As is shown in Table B.2, the optimal mixing f-value is smaller than the f-values of all the strategies in most of the trials. Although
these experiments are only for illustrative purposes, it shows that the using of optimal mixing algorithms can indeed improve the
approximation in practice. Further comprehensive experiments are needed to investigate the performance of the assembled algorithm

in more practical scenarios.

Appendix C. Definitions in discrete geometry

Below are the definitions of several concepts in discrete geometry. The concepts below are either from [47] or basic concepts in

linear algebra. We append the location of the concepts from [47] for further interests.

1. (Affine Space, P1, Section 1.1) An affine space is a displacement of a vector space. It has the form of v+ V ={v+x : x €V},
where v is a vector and V is a vector space. Equivalently, an affine space can be expressed as {x eR": uiTx =v;,i € [m]} for some
u; € R"\ {0} and v; € R, i € [m]. The dimension of an affine space V' + v is defined to be the dimension of V.

2. (Affine Hull, P1, Section 1.1) The affine hull of a set .S € R", denoted by aff(.S), is the minimal affine space containing it.

3. (Dimension, P83, Section 5.2) The dimension of a set .S € R", denoted by dim(.S), is given by the dimension of its affine hull.
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4. (Hyperplane, P3, Section 1.1) In any linear space H, a hyperplane is an affine subspace whose dimension is one less than that of
H.

5. (Half-space, P3, Section 1.1) In R”, a half-space is the set {x € R” : a"x < b} or {x € R” : a"x < b}, where a is a nonzero vector
in R" and b € R.

6. (Polytope, P82, Section 5.2) A convex polytope .S is defined as a bounded set that is the intersection of finitely many half-spaces,
namely S = {x € R" : Ax < b}, where A € R has no zero rows and b € R,

7. (Face, P86, Section 5.3) A face of a polytope .S is defined by the set {x € S : Vy € S,a'x <a'y} for a certain a € R". Note that
by setting a = 0, we have S itself as a face. By definition, every face of a polytope is also a polytope.

8. (Facet, P87, Section 5.3) A facet of polytope S is a face of dimension exactly dim(S) — 1.

9. (Boundary) The boundary of a face S is defined as the set of points x € .S such that for any € > 0, there exists y € aff(S) \ S
satisfying ||y — x|| < e. We denote the boundary of .S as d.S. The interior of .S, denoted as S°, is defined as S\ 9.

10. (Line and segment) In R”, a line (segment) is a set of the form {y € R" : y=1td + b,t € I}, where d € R" is a nonzero vector,
beR", and I =R (I =[u,v]). It represents a one-dimensional affine space. The vector d is called the direction of the line.

11. (Parallel lines) Two lines (segments) are said to be parallel if their directions d; and d, satisfy d; = kd, for some nonzero real
number k. The relation of being parallel is an equivalence class, and two lines are equivalent if and only if they share a proportional
direction. Hence, we can also represent a line (segment) using its direction vector, which we will use directly in reference to a line
below.

12. (Parallel between lines and polytopes) For an affine space A C R", we say that a vector d is parallel to A if A contains a line
parallel to d. Equivalently, if A = {x eR": uiTx =0, i € [m]}, then d || A if and only if ude =0 holds for each i € [m]. For a vector
d and a polytope P C R", we say that d is parallel to P if d || aff(P).
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No data was used for the research described in the article.

References

[1] N. Megiddo, C.H. Papadimitriou, On total functions, existence theorems and computational complexity, Theor. Comput. Sci. 81 (2) (1991) 317-324, https://
doi.org/10.1016,/0304-3975(91)90200-L.

[2] X. Chen, X. Deng, S.-H. Teng, Settling the complexity of computing two-player Nash equilibria, J. ACM 56 (3) (2009) 14:1-14:57, https://doi.org/10.1145/
1516512.1516516.

[3] C. Daskalakis, P.W. Goldberg, C.H. Papadimitriou, The complexity of computing a Nash equilibrium, SIAM J. Comput. 39 (1) (2009) 195-259, https://doi.org/
10.1137/070699652.

[4] J. Hu, M.P. Wellman, Nash Q-learning for general-sum stochastic games, J. Mach. Learn. Res. 4 (2003) 1039-1069.

[5] C.Jin, Q. Liu, Y. Wang, T. Yu, V-learning-a simple, efficient, decentralized algorithm for multiagent RL, in: ICLR 2022 Workshop on Gamification and Multiagent
Solutions, 2022.

[6] Q. Liu, T. Yu, Y. Bai, C. Jin, A sharp analysis of model-based reinforcement learning with self-play, in: International Conference on Machine Learning, PMLR,
2021, pp. 7001-7010.

[7] P. Muller, S. Omidshafiei, M. Rowland, K. Tuyls, J. Pérolat, S. Liu, D. Hennes, L. Marris, M. Lanctot, E. Hughes, A generalized training approach for multiagent
learning, in: ICLR, 2020, pp. 1-35.

[8] OpenAl, C. Berner, G. Brockman, B. Chan, V. Cheung, P. Débiak, C. Dennison, D. Farhi, Q. Fischer, S. Hashme, C. Hesse, R. J6zefowicz, S. Gray, C. Olsson, J.
Pachocki, M. Petrov, H.P.d.O. Pinto, J. Raiman, T. Salimans, et al., Dota 2 with large scale deep reinforcement learning, arXiv:1912.06680, Dec. 2019.

[9] O. Vinyals, I. Babuschkin, W.M. Czarnecki, M. Mathieu, A. Dudzik, J. Chung, D.H. Choi, R. Powell, T. Ewalds, P. Georgiev, J. Oh, D. Horgan, M. Kroiss, L.
Danihelka, A. Huang, L. Sifre, T. Cai, J.P. Agapiou, M. Jaderberg, et al., Grandmaster level in StarCraft II using multi-agent reinforcement learning, Nature
575 (7782) (2019) 350-354, https://doi.org/10.1038/541586-019-1724-z.

[10] A. Deligkas, M. Fasoulakis, E. Markakis, A polynomial-time algorithm for 1/3-approximate Nash equilibria in bimatrix games, in: S. Chechik, G. Navarro, E.
Rotenberg, G. Herman (Eds.), 30th Annual European Symposium on Algorithms, ESA 2022, September 5-9, in: LIPIcs, vol. 244, Schloss Dagstuhl - Leibniz-
Zentrum fiir Informatik, Berlin/Potsdam, Germany, 2022, pp. 41:1-41:14.

[11] H. Tsaknakis, P.G. Spirakis, An optimization approach for approximate Nash equilibria, in: X. Deng, F.C. Graham (Eds.), Internet and Network Economics, Third
International Workshop, WINE 2007, December 12-14, Proceedings, in: Lecture Notes in Computer Science, vol. 4858, Springer, San Diego, CA, USA, 2007,
pp. 42-56.

[12] H. Li, W. Huang, Z. Duan, D.H. Mguni, K. Shao, J. Wang, X. Deng, A survey on algorithms for Nash equilibria in finite normal-form games, Comput. Sci. Rev. 51
(2024) 100613, https://doi.org/10.1016/j.cosrev.2023.100613.

[13] J. Nash, Non-cooperative games, Ann. Math. 54 (2) (1951) 286-295.

[14] C. Daskalakis, A. Mehta, C. Papadimitriou, Progress in approximate Nash equilibria, in: Proceedings of the 8th ACM Conference on Electronic Commerce, ACM,
San Diego California USA, 2007, pp. 355-358.

[15] H. Bosse, J. Byrka, E. Markakis, New algorithms for approximate Nash equilibria in bimatrix games, in: X. Deng, F.C. Graham (Eds.), Internet and Network
Economics, Third International Workshop, WINE 2007, December 12-14, Proceedings, in: Lecture Notes in Computer Science, vol. 4858, Springer, San Diego,
CA, USA, 2007, pp. 17-29.

[16] A. Czumaj, A. Deligkas, M. Fasoulakis, J. Fearnley, M. Jurdzinski, R. Savani, Distributed methods for computing approximate equilibria, in: Y. Cai, A. Vetta (Eds.),
Web and Internet Economics - 12th International Conference, WINE 2016, December 11-14, Proceedings, in: Lecture Notes in Computer Science, vol. 10123,
Springer, Montreal, Canada, 2016, pp. 15-28.

[17] Z. Chen, X. Deng, W. Huang, H. Li, Y. Li, On tightness of the Tsaknakis-Spirakis algorithm for approximate Nash equilibrium, in: Algorithmic Game Theory: 14th
International Symposium, SAGT 2021, in: Proceedings 14, Aarhus, Denmark, September 2021, pp. 21-24, Springer, 2021, pp. 97-111.

[18] J. Fearnley, T.P. Igwe, R. Savani, An empirical study of finding approximate equilibria in bimatrix games, in: E. Bampis (Ed.), Experimental Algorithms, vol. 9125,
Springer International Publishing, Cham, 2015, pp. 339-351.

[19] H. Tsaknakis, P.G. Spirakis, D. Kanoulas, Performance evaluation of a descent algorithm for bi-matrix games, in: C. Papadimitriou, S. Zhang (Eds.), Internet and
Network Economics, vol. 5385, Springer Berlin Heidelberg, Berlin, Heidelberg, 2008, pp. 222-230.

[20] V. Conitzer, T. Sandholm, New complexity results about Nash equilibria, Games Econ. Behav. 63 (2) (2008) 621-641, https://doi.org/10.1016/j.geb.2008.02.015.

24


https://doi.org/10.1016/0304-3975(91)90200-L
https://doi.org/10.1016/0304-3975(91)90200-L
https://doi.org/10.1145/1516512.1516516
https://doi.org/10.1145/1516512.1516516
https://doi.org/10.1137/070699652
https://doi.org/10.1137/070699652
http://refhub.elsevier.com/S0304-3975(25)00010-6/bib18F5C62E8FA8F2E35CE6B783E5462A8Ds1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bib4FDF9F2003CFAEC1864046A161387B4Fs1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bib4FDF9F2003CFAEC1864046A161387B4Fs1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bibC6B6C1006D7886D2E04BEC78E1730CDCs1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bibC6B6C1006D7886D2E04BEC78E1730CDCs1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bibB79B9187502FE9ABA73E3089FAE44EAEs1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bibB79B9187502FE9ABA73E3089FAE44EAEs1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bib7745D15B458B36A486D9A0C56D2A710Es1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bib7745D15B458B36A486D9A0C56D2A710Es1
https://doi.org/10.1038/s41586-019-1724-z
http://refhub.elsevier.com/S0304-3975(25)00010-6/bib10E064428E47D0FF8835CEF7FD00BA75s1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bib10E064428E47D0FF8835CEF7FD00BA75s1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bib10E064428E47D0FF8835CEF7FD00BA75s1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bib6EA03E73298D784318D4BBACA059AB5Cs1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bib6EA03E73298D784318D4BBACA059AB5Cs1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bib6EA03E73298D784318D4BBACA059AB5Cs1
https://doi.org/10.1016/j.cosrev.2023.100613
http://refhub.elsevier.com/S0304-3975(25)00010-6/bibEC5DBC2F02AFD9C5A48ECD71B4C08389s1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bib0C502376798E2398251A919DB8F97A50s1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bib0C502376798E2398251A919DB8F97A50s1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bib6C0477239D79858B8F17ADF710B40CCAs1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bib6C0477239D79858B8F17ADF710B40CCAs1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bib6C0477239D79858B8F17ADF710B40CCAs1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bib3F05531C7C2098E7232899E626529BB5s1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bib3F05531C7C2098E7232899E626529BB5s1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bib3F05531C7C2098E7232899E626529BB5s1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bib977549650661B6AF3FDEFF1DD6A00F03s1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bib977549650661B6AF3FDEFF1DD6A00F03s1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bibE2DF65A296CFDE51D73C459D7291A1DDs1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bibE2DF65A296CFDE51D73C459D7291A1DDs1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bibC95013D6DDD582DB9E6DF772137EDE03s1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bibC95013D6DDD582DB9E6DF772137EDE03s1
https://doi.org/10.1016/j.geb.2008.02.015

X. Deng, D. Li and H. Li Theoretical Computer Science 1031 (2025) 115072

[21] I Gilboa, E. Zemel, Nash and correlated equilibria: some complexity considerations, Games Econ. Behav. 1 (1) (1989) 80-93, https://doi.org/10.1016/0899-
8256(89)90006-7.

[22] R.J. Lipton, E. Markakis, A. Mehta, Playing large games using simple strategies, in: Proceedings of the 4th ACM Conference on Electronic Commerce, 2003,
pp. 36-41.

[23] X. Deng, D. Li, H. Li, The search-and-mix paradigm in approximate Nash equilibrium algorithms, arXiv:2310.08066, https://doi.org/10.48550/arXiv.2310.08066,
Oct. 2023.

[24] N. Nisan, T. Roughgarden, E. Tardos, V.V. Vazirani, Algorithmic Game Theory, Cambridge University Press, 2007.

[25] A. Rubinstein, Settling the complexity of computing approximate two-player Nash equilibria, in: 2016 IEEE 57th Annual Symposium on Foundations of Computer
Science (FOCS), 2016, pp. 258-265.

[26] C.E. Lemke, J.T. Howson Jr., Equilibrium points of bimatrix games, J. Soc. Ind. Appl. Math. 12 (2) (1964) 413-423, https://doi.org/10.1137,/0112033.

[27] C.H. Papadimitriou, On the complexity of the parity argument and other inefficient proofs of existence, J. Comput. Syst. Sci. 48 (3) (1994) 498-532, https://
doi.org/10.1016,/50022-0000(05)80063-7.

[28] R. Mehta, Constant rank bimatrix games are PPAD-hard, in: Proceedings of the Forty-Sixth Annual ACM Symposium on Theory of Computing, ACM, New York
New York, 2014, pp. 545-554.

[29] P.K. Kothari, R. Mehta, Sum-of-squares meets Nash: lower bounds for finding any equilibrium, in: Proceedings of the 50th Annual ACM SIGACT Symposium on
Theory of Computing, ACM, Los Angeles CA USA, 2018, pp. 1241-1248.

[30] C. Daskalakis, A. Mehta, C.H. Papadimitriou, A note on approximate Nash equilibria, in: P.G. Spirakis, M. Mavronicolas, S.C. Kontogiannis (Eds.), Internet and
Network Economics, Second International Workshop, WINE 2006, December 15-17, Proceedings, in: Lecture Notes in Computer Science, vol. 4286, Springer,
Patras, Greece, 2006, pp. 297-306.

[31] S.C. Kontogiannis, P.N. Panagopoulou, P.G. Spirakis, Polynomial algorithms for approximating Nash equilibria of bimatrix games, in: P.G. Spirakis, M. Mavron-
icolas, S.C. Kontogiannis (Eds.), Internet and Network Economics, Second International Workshop, WINE 2006, December 15-17, Proceedings, in: Lecture Notes
in Computer Science, vol. 4286, Springer, Patras, Greece, 2006, pp. 286-296.

[32] L.G. Khachiyan, Polynomial algorithms in linear programming, USSR Comput. Math. Math. Phys. 20 (1) (1980) 53-72, https://doi.org/10.1016,/0041-5553(80)
90061-0.

[33] d.B. Mark, C. Otfried, v.K. Marc, O. Mark, Computational Geometry Algorithms and Applications, Spinger, 2008.

[34] P. McMullen, The maximum numbers of faces of a convex polytope, Mathematika 17 (2) (1970) 179-184, https://doi.org/10.1112/50025579300002850.

[35] M.E. Dyer, The complexity of vertex enumeration methods, Math. Oper. Res. 8 (3) (1983) 381-402, https://doi.org/10.1287/moor.8.3.381.

[36] D. Avis, K. Fukuda, A pivoting algorithm for convex hulls and vertex enumeration of arrangements and polyhedra, in: Proceedings of the Seventh Annual
Symposium on Computational Geometry, 1991, pp. 98-104.

[37] C.L. Assad, G. Morales, J. Arica, Vertex enumeration of polyhedra, Pesqui. Oper. 42 (2022), https://doi.org/10.1590/0101-7438.2022.042.00254570.

[38] L. Khachiyan, E. Boros, K. Borys, V. Gurvich, K. Elbassioni, Generating all vertices of a polyhedron is hard, in: Twentieth Anniversary Volume: Discrete &
Computational Geometry, 2009, pp. 1-17.

[39] L. Khachiyan, Transversal hypergraphs and families of polyhedral cones, in: Advances in Convex Analysis and Global Optimization: Honoring the Memory of C.
Caratheodory (1873-1950), 2001, pp. 105-118.

[40] J. Nocedal, S.J. Wright, Numerical Optimization, Springer, New York, NY, USA, 1999.

[41] G.M. Ziegler, Lectures on Polytopes, Springer, New York, New York, NY, 1995.

[42] M.B. Cohen, Y.T. Lee, Z. Song, Solving linear programs in the current matrix multiplication time, J. ACM 68 (1) (2021) 1-39.

[43] K. Etessami, M. Yannakakis, On the complexity of Nash equilibria and other fixed points, SIAM J. Comput. 39 (6) (2010) 2531-2597, https://doi.org/10.1137/
080720826.

[44] L. Blum, M. Shub, S. Smale, On a theory of computation and complexity over the real numbers: N P- completeness, recursive functions and universal machines,
Bull. Am. Math. Soc. 21 (1) (1989) 1-46, https://doi.org/10.1090/50273-0979-1989-15750-9.

[45] S. Sahni, Computationally related problems, SIAM J. Comput. 3 (4) (1974) 262-279, https://doi.org/10.1137,/0203021.

[46] M. Bellare, P. Rogaway, The complexity of approximating a nonlinear program, Math. Program. 69 (1-3) (1995) 429-441, https://doi.org/10.1007/BF01585569.

[47] J. Matousek, Lectures on Discrete Geometry, vol. 212, Springer Science and Business Media, New York, NY, 2013.

25


https://doi.org/10.1016/0899-8256(89)90006-7
https://doi.org/10.1016/0899-8256(89)90006-7
http://refhub.elsevier.com/S0304-3975(25)00010-6/bib8BEFC12C7282E33A405BA98883EB0FD4s1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bib8BEFC12C7282E33A405BA98883EB0FD4s1
https://doi.org/10.48550/arXiv.2310.08066
http://refhub.elsevier.com/S0304-3975(25)00010-6/bib89B1C26C602827EB91C046227ECE6731s1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bib3079CB1F944149DD43C775FF1B2D9FADs1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bib3079CB1F944149DD43C775FF1B2D9FADs1
https://doi.org/10.1137/0112033
https://doi.org/10.1016/S0022-0000(05)80063-7
https://doi.org/10.1016/S0022-0000(05)80063-7
http://refhub.elsevier.com/S0304-3975(25)00010-6/bibE03043063CA8B6EEDFCD08A0D4882400s1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bibE03043063CA8B6EEDFCD08A0D4882400s1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bib1D646269468DF03048C9A001D62EEF32s1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bib1D646269468DF03048C9A001D62EEF32s1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bib45C495124562A123CDB0E0574BD9E344s1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bib45C495124562A123CDB0E0574BD9E344s1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bib45C495124562A123CDB0E0574BD9E344s1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bibAC7FFCBE88696250B698C40EB5E120C2s1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bibAC7FFCBE88696250B698C40EB5E120C2s1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bibAC7FFCBE88696250B698C40EB5E120C2s1
https://doi.org/10.1016/0041-5553(80)90061-0
https://doi.org/10.1016/0041-5553(80)90061-0
http://refhub.elsevier.com/S0304-3975(25)00010-6/bib0D70B79320FFEB6A21A5C6B97A3FCB0Ds1
https://doi.org/10.1112/S0025579300002850
https://doi.org/10.1287/moor.8.3.381
http://refhub.elsevier.com/S0304-3975(25)00010-6/bib49569BEE5092BDE9BD72C76F98E88B72s1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bib49569BEE5092BDE9BD72C76F98E88B72s1
https://doi.org/10.1590/0101-7438.2022.042.00254570
http://refhub.elsevier.com/S0304-3975(25)00010-6/bib73B4DCE9D81B86F62F922CC3DE0BEC12s1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bib73B4DCE9D81B86F62F922CC3DE0BEC12s1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bibB53502331B7471B93C3E1224D546E5CAs1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bibB53502331B7471B93C3E1224D546E5CAs1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bib8B456FF6CC868013FCEC3FECAB9C9F4Bs1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bib1AE7A0A2C6E3FB12FF5F1B03C412FC5Cs1
http://refhub.elsevier.com/S0304-3975(25)00010-6/bib3378456F7382D625F6282789E9676C0Ds1
https://doi.org/10.1137/080720826
https://doi.org/10.1137/080720826
https://doi.org/10.1090/S0273-0979-1989-15750-9
https://doi.org/10.1137/0203021
https://doi.org/10.1007/BF01585569
http://refhub.elsevier.com/S0304-3975(25)00010-6/bib8AEA7AB6E30954845D42E140436FC876s1

	On the optimal mixing problem of approximate Nash equilibria in bimatrix games
	1 Introduction
	1.1 The optimal mixing problem
	1.2 Our contributions
	1.3 Related work
	1.4 Paper organization

	2 Preliminaries
	3 Polynomial-time algorithms for optimal mixing problems
	3.1 Summary of results
	3.2 Sketch of the ideas
	3.3 Optimal mixing algorithms
	3.3.1 Linear piece partitioning
	3.3.2 Optimization over polytopes

	3.4 Detailed algorithms

	4 An algorithm for approximate optimal mixing problems
	5 Applications to the search-and-mix methods
	6 Conclusion and discussion
	6.1 Difficulties in studying exact optimal mixing algorithms
	6.2 Future directions

	CRediT authorship contribution statement
	Declaration of competing interest
	Acknowledgements
	Appendix A Missing proofs and algorithms
	A.1 Proof of Lemma 3.1
	A.2 Proof of Proposition 3.1
	A.3 Proof of Corollary 3.1
	A.4 The (2,m)-separation algorithm
	A.5 The (3,m)-separation algorithm
	A.6 The optimal (2,2)-mixing algorithm
	A.7 The optimal (2,3)-mixing algorithm
	A.8 The approximate optimal algorithms and proof of Theorem 4.1

	Appendix B Using optimal mixing algorithms as an assembling tool for approximate NE
	Appendix C Definitions in discrete geometry
	Data availability
	References


