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Abstract

Al in Math deals with mathematics in a constructive manner so that reasoning becomes
automated, less laborious, and less error-prone. For algorithms, the question becomes how to
automate analyses for specific problems. For the first time, this work provides an automatic
method for approximation analysis on a well-studied problem in theoretical computer science:
computing approximate Nash equilibria in two-player games. We observe that such algorithms
can be reformulated into a search-and-mix paradigm, which involves a search phase followed
by a mixing phase. By doing so, we are able to fully automate the procedure of designing
and analyzing the mixing phase. For example, we illustrate how to perform our method
with a program to analyze the approximation bounds of all the algorithms in the literature.
Same approximation bounds are computed without any hand-written proof. Our automatic
method heavily relies on the LP-relaxation structure in approximate Nash equilibria. Since
many approximation algorithms and online algorithms adopt the LP relaxation, our approach
may be extended to automate the analysis of other algorithms.
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1 Introduction

Automated theorem discovering and proving have been a long-standing goal of computer science
and artificial intelligence, with the earliest work dating from the 1950s [19, 26]. Some of the most
successful examples include geometry [45, 50] and inequality proofs [1, 5]. With the advancement
of deep learning, people are also leveraging deep neural networks to discover theorems and proofs
[18, 28, 33].

In computer science, the parallel tasks involve the automatic discovery and analysis of algo-
rithms. Using deep reinforcement learning, machines can discover algorithms for tasks like matrix
multiplication [25] and sorting [35] that outperform human-designed algorithms on fixed-size
inputs.

On the other hand, over the course of history, the complexity of algorithm analyses has
increased dramatically. Many of them are error-prone and could only be verified by a handful
of specialists. Thus, there is an increasing demand for the automatic method for algorithm
analysis, leaving a certain amount of complicated proof to programs. However, it remains largely
unexplored even for a specific problem, such as analyzing the worst-case approximation bounds
of a particular algorithm.

As a typical example, we note that all these drawbacks arose in a well-studied problem of
approximation algorithms in theoretical computer science: computing approximate Nash equilibria in
two-player games [4, 13, 16, 17, 20, 32, 48]. As is shown in Table 1, the progress of approximation
improvement is becoming more and more incremental, while the length of the paper’s proof
is increasing. More seriously, the grow-up of proof complexity led to errors in the preliminary
version of the SOTA result [21].

In this work, we provide an automatic tool to derive the approximation bound of a given
algorithm without any hand-written proof, which is far less error-prone than humans. Our
method also dramatically speeds up the analysis process. To obtain the same approximation
bounds for all algorithms in the literature for this problem, our automatic method takes only a
few seconds! on a common laptop, while the original proofs could span more than 5 pages (see
Table 1). Our work can thus be viewed as the first step towards automatic algorithm analysis.

Aleori Bound proved by = Length of proofs Bound computed Running time
gorithm . .
original paper  (page) / codes (line) by our program (second)

[32] 0.75 1/32 0.75 1.39
[17] 0.5 0.5/20 0.5 0.06
[16] 0.381966 + ¢ 1/33 0.381966 + 6 1.99
[4]-1 0.381966 1/25 0.381966 4.63
[13] 0.381966 2/34 0.381966 3.38
[4]-2 0.363917 6/32 0.363917 484.23
[48] 0.339331+6 7/25 0.339331 + 6 6.28
[20] 1/3+9 13/42 0.333333 4§ 15.67

Table 1: The approximation bounds of all algorithms in the literature: original vs. our results.

IThe only exception is [4]-2. Mathematica has problems dealing with the function Sqrt in the NMaximize function.
Therefore, we use the RandomSearch method to calculate the bound of [4]-2, which takes several minutes.



Nash equilibrium (NE) is a fundamental concept in economics. In economic research, human
interactions are often modeled as strategic games, where rational players interact with each other
and attempt to achieve the best possible outcome. Nash equilibrium captures a state of balance
among the players, where no player can benefit from unilaterally changing their strategy.

In his seminar works [40, 41], Nash established the existence of such equilibria. However, from
a theoretical view, it is also important to find polynomial-time algorithms for Nash equilibria
in practice. In fact, from the perspective of computational complexity, the established hardness
results [6, 8, 14] give strong evidence that even in two-player games, there could probably not
exist polynomial-time algorithm for Nash equilibria.

This naturally leads to the consideration of e-approximate Nash equilibria (e-NE), where the
players are permitted to gain at most € by deviation. In view of computational complexity, a
similar negative result is given by Rubinstein [46]. It shows that, under a certain moderate
assumption, computing e-NE cannot be polynomial time when € < €*, where €* is some constant.

Therefore, the main open problem remains to identify the smallest € for which a polynomial-
time algorithm can compute an e-NE. There have been numerous works in this direction, achieving
increasingly better approximations, such as [32, 17, 16, 4, 48, 20]. A process of lower bound and
upper bound results is presented in Figure 1.

0.3393 + 0, [48] 0.38, [4, 13]

€*?, [46] — . 1/2,[17] 3/4, [32]
P 1
1/3+56, [20] 0.36, [4] 0.38 + 6, [16]

Figure 1: The process on approximation NE in bimatrix games. The blue points are the upper
bound results while the orange point is the lower bound result.

Our work focuses on the automatic method to derive an upper bound proven for an approxi-
mation algorithm. The main idea of our method is to restate the approximation algorithms into a
search-and-mix paradigm. Then, we provide a series of theories and algorithms that collectively
assist in automating the design and analysis of any algorithm under this paradigm.

1.1 Related work

Nash equilibrium is a solution concept in which no player can gain more by deviating from
her current (possibly randomized) strategy against her opponents. A typical scenario for this
solution concept is finite normal-form games, where a finite number of players independently and
simultaneously choose from a finite number of actions. By applying fixed-point theorems, Nash
[40, 41] proved that such a solution always exists in any finite normal-form game, marking the start
of a new paradigm in economics known as non-cooperative games. Nash equilibria subsequently
became a standard solution concept in game theory, further enriched by contributions from
computer science and artificial intelligence, such as algorithmic game theory [42] and adversarial
learning [27]. As a result, game theory has become a thriving interdisciplinary field.

From the perspective of computer science, Nash’s non-constructive proof was just the beginning.
The further key question is how to find Nash equilibria in polynomial time. This question adopts
the view from computational complexity. Papadimitriou [44] introduced a complexity class called
PPAD and demonstrated that the problem of computing Nash equilibria (NasH) lies in PPAD, so



do k-player games (k-NasH).> However, the establishment of PPAD-completeness results required
more efforts. Daskalakis, Goldberg, and Papadimitriou [15] proved the completeness result for
k-Nasu with k > 4. Subsequently, two independent works by [6] and [14] showed that 3-NasH
is PPAD-complete. Finally, Chen and Deng [7] established the PPAD-completeness of 2-NAsH.
These findings provide compelling evidence that unless PPAD C P, there is no polynomial-time
algorithm?® for Nash equilibria, even in the simplest two-player game scenarios.

This naturally leads us to consider approximate Nash equilibria with a constant approximation.
In an e-Nash equilibrium (e-NE), any player can gain at most € additional payoff by deviating
from the original strategy. To have a unified discussion on e-NE, it is a convention in the
literature to normalize the payoffs to the interval [0,1]. It is important to note that e-NE is not
solely a computational consideration: It also characterizes the outcomes of players with limited
rationality [22, 47].

Until now, most studies still have been focusing on two-player games, also known as bimatrix
games, where the two players independently choose a row and a column from the payoff matrix.
However, even this seemingly simple concept involves significant intricacy.

Initially, using a straightforward argument in probabilistic methods, Lipton, Markarkis, and
Mehta [34] proposed an algorithm to find an e-NE in time n©(lo8"/ <) (ie., quasi-polynomial time).
For a long time, it was conjectured that such a simple algorithm was not optimal. However,
Rubinstein [46] proved that, under a certain moderate assumption®, there exists a constant €* such
that computing e-NE is at least quasi-polynomial for any € < €*.

Therefore, the main open problem remains to identify the smallest € for which a polynomial
algorithm can compute an e-NE. There have been numerous works in this direction. Kontogiannis,
Panangopoulou, and Spirakis [32] introduced an approximation algorithm with € = 3/4, which
initiated the improvement process. Soon after, Daskalakis, Mehta, and Papadimitriou [17, 16]
improved the approximation to 1/2 and 0.38 + §, respectively. Bosse, Byrka, and Markakis [4]
achieved € = 0.364. Concurrently, Tasknakis and Spirakis [48] presented the famous TS algorithm
that achieved € = 0.3393 + 6, which remained the then state-of-the-art for 15 years. Research and
discoveries continued... Czumaj et al. [13] introduced the first distributed method with a 0.38
approximation bound. Chen et al. [9] proved that 0.3393 is the tight bound for the TS algorithm.
Subsequently, in 2022, Deligkas, Fasoulakis, and Markakis [20] showed that by carefully revising
the TS algorithm, € = 1/3 + J can be reached, marking it as the next milestone. Very recently, the
tightness of their algorithmic 1/3 bound was shown by Chen et al. [10].

1.2 The traditional paradigm

It is worth noting that all the polynomial-time approximation algorithms in the literature can
be fitted into a general framework which we call the search-and-mix paradigm. In the search
phase, these algorithms search in polynomial time for strategies of both players that satisfy
specific properties. In the subsequent mixing phase, the algorithms give a few specific convex
combinations to mix the strategies obtained in the search phase and select the one with the
minimum approximation. The mixing phase usually takes a negligible amount of time. Through

2Strictly speaking, in most cases where k > 3, Nash equilibria cannot be represented by Turing machines, a standard
computational model. Therefore, (k-)NAsH actually aims to find approximate Nash equilibria with an approximation of
O(1/2™) or even O(1/ poly(m)). See the introduction below for more details.

3More accurately, no fully polynomial-time approximation scheme (FPTAS)

4That is, the exponential-time hypothesis (ETH) for PPAD.
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the exploration of diverse strategies and convex combinations, researchers have been able to
develop algorithms with various approximation bounds as mentioned above.

As a concrete example’, here we restate the algorithm given by Daskalakis, Mehta, and
Papadimitriou [17] in this paradigm.

Example 1.1. In the search phase, select a pure strategy for one of two players, such as the ith row
for the row player. Then, calculate the best-response column j for the column player against row i
and then the best-response row k for the row player against column j. In words, the result of the
search is row player’s strategies i, k and column player’s strategy ;.

In the mixing phase, among all the possible convex combinations of the strategies, given
by {(ai + (1 —a)k,j) : « € [0,1]}, select the strategy profile ((i +k)/2,j) as the output of the
algorithm. By using the properties of best responses, it was shown that this strategy profile yields
a 1/2-NE.

This paradigm follows a natural idea. In the search phase, it generates strategies with certain
properties. However, using only a single strategy profile could lead to a poor approximation
bound. To address this problem, it introduces a mixing phase that combines the generated
strategies along with their properties. This combination produces new strategy profiles that one
of them yields a better approximation bound.

However, this traditional approach also has some drawbacks.

¢ Practice. The selection of the convex combinations emphasizes too much on the approxi-
mation bound. It weakens the performance of the algorithms in non-worst-case scenarios,
which is considerably important in practice as these algorithms are widely applied in finding
the approximate NE in polynomial time.

® Theory. As algorithms with smaller approximation bounds are proposed, the improvements
they achieved are becoming increasingly incremental. As there are more and more strategies
generated in the search phase®, the design of convex combinations in the mixing phase is
suffering from increasing intricacy and complexity.

Moreover, the approximation analysis is going to be complicated, lengthy, and error-prone.
Table 2 shows the length of the approximation analysis of the original algorithms and the
modified algorithms. These works made a very long proof but obtained a very incremental
improvement in the approximation. Even worse, in the preliminary versions of the SOTA
algorithm [21], the proof is wrong.

Thus, it is crucial to develop a systematic understanding of how to design approximation algo-
rithms and analyze their approximation bounds. Our approach is a novel attempt to overcome
these long-standing limitations.

1.3 The novel paradigm

To begin with, our work presents a new formalization of the search-and-mix paradigm, establishing
a framework for further analysis and understanding of such algorithms. The main observation,
initially formalized by [48], is that the approximation on a given strategy profile (x,y) can be

51f the readers are not familiar with concepts discussed below, see Section 2 for definitions.
60ne can refer to Table 3.



| Original Algorithm Modified Algorithm

Work [4] [4]
Approximation Bound 0.38 0.36
Analysis Length (pages) 1 6
Work [48] [20]
Approximation Bound 0.3393 + ¢ 1/346
Analysis Length (pages) 7 13

Table 2: Length of the approximation analysis of the original algorithms and the modified
algorithms. The analysis of the DFM algorithm [20] is based on that of the TS algorithm. Thus, it
needs an additional 6 pages to derive the approximation bound.

expressed by a function f(x,y). From the definition of e-NE, if we set fr(x,y) and fc(x,y) to be
the maximum additional payoff of the row and the column player by deviating from their current
strategies, then f(x,y) = max{fr(x,y), fc(x,y)} is exactly the approximation of the strategy
profile (x,y). Thus, the mission of finding the minimum approximation can be transferred to
solving an optimization problem with the objective function f.

The main difference of our formalization is in the mixing phase. As mentioned above, in
the traditional approach, people select certain convex combinations and output the one with the
minimum approximation. However, our mixing phase now directly finds the instance optimal
convex combination with the minimum approximation. This problem can be formalized as a
global optimization problem, as discussed above.

To solve this optimization problem, we present a polynomial-time subroutine for our mixing
phase. The main advantage of our subroutine is that it is search-phase independent. In other words,
it does not rely on the particular form of the search phase. Thus, it is suitable for all approximation
algorithms in the literature. It is both theoretically and practically better than the traditional
approach.

For instance, in continuation of Example 1.1, instead of outputting the fixed strategy profile
((i+k)/2,j) as in [17], our approach directly computes the optimal a* with the minimum
approximation among all strategy profiles in {(ai + (1 — a)k,j) : « € [0,1]}. Namely, we solve the
following optimization problem

minimize  f(ai+ (1 —a)k,j)
s.t. a € [0,1].

The main difficulty is that this optimization problem, in general cases, is non-convex and
even non-smooth’. Thus, we cannot rely on traditional global optimization techniques based
on iterative methods and gradients. Our solution is as follows. First, using classic methods in
computational geometry, we introduce a divide-and-conquer method to partition the problem
into several optimization subproblems to overcome the non-smoothness. Then, we use techniques
from continuous optimization and discrete geometry to derive necessary conditions for the local
minimum of the subproblems. Finally, for each subproblem, we find its feasible solutions satisfying
the necessary conditions. The global minimum of the original problem is thus the optimal one
among all found subproblem solutions.

"That is, the objective function is non-differentiable.



Having obtained the subroutine for the new mixing phase, the immediate next problem is to
analyze the approximation bound of the algorithm equipped with this subroutine. We develop a
corresponding method for this purpose. Our solution is to convert the approximation analysis
into a fixed-size constraint optimization problem. Moreover, this conversion can be accomplished
in a fully automated manner. For this purpose, we divide the approximation analysis into two
steps. The first step is search-phase independent (just like our mixing-phase subroutine), while
the second only depends on the search phase.

In the first step, we show how to construct an upper bound for our mixing subroutine in a
unified and search-phase-independent manner. Our main tool is an extension of the technique
proposed in [9]. We call our extension the linearization method. Using this technique, we linearize
functions fr and fc. By doing so, we can express the upper bound 1* of the global minimum of f
solely by fr and fc values of strategies given by the search phase.

For instance, consider Example 1.1 again. The result of linearization is presented in Figure 2.
The blue point is the global minimum of f, and the pink point is the upper bound. We can show
that the upper bound of min, ¢ 1) f(ai + (1 — )k, j) is fully determined by fr(i, f), fc(i,]), fr(k, ]),
and fc(k, j), given by h* = min,c (o1 max{afr(i,j) + (1 — &) fr(k, j), afc(i,j) + (1 — a) fe(k,j)}-

A

) ) e ¢lobal minimum
linearized fc 5

>

(k. j) (i,7)
Figure 2: Linearization procedure.

In the second step, we require the search phase to provide relations of fr and fc values of
strategies given by it. Note that the upper bound /* derived in the first step is fully determined by
these fr’s and fc’s. We view these fr’s and fc’s as variables and their relations as constraints, and
maximize h*, which then produces a fixed-size constraint optimization problem. No matter what
values these fr’s and fc’s have, we can guarantee that the maximized h* is the desired constant
upper bound. We can solve this optimization problem by a computer program.

For instance, in Example 1.1, denote a = fr(i,j), b = fr(k,j), c = fc(i,j), and d = fc(k,j).
Since j is the best response for the column player against i, we have ¢ = 0. Similarly, b = 0.
Besides, by the [0, 1] normalization assumption of the game payoffs, we have 0 < a,d < 1. Bearing



with these relations, the expression of the approximation upper bound is given by:

maxmin h

abed o
st. h=max{aa+ (1 —a)b,ac+ (1 —wa)d},
0<a<l, 1
b=0,c=0,
0<ad<1.

The intuition behind this optimization is clear: By the definition of h*, no matter what values these
fr and fc have, the approximation should be bounded by /*. Then, to compute the approximation
bound, we need to consider the worst, namely the largest h*. Thus, we have to maximize all
these fr’s and f¢’s. It is not hard to show the optimal value to (1) is 1/2, which is the desired
approximation bound.

To demonstrate the power of our new paradigm, we apply our mixing-phase subroutine to
revise all approximation algorithms in the literature and provide the corresponding approximation
analysis. We present the details for the BBM algorithm [4], the TS algorithm [48], and the state-
of-the-art DFM algorithm [20]. To illustrate how to conduct the approximation analysis in an
automated way, we also write down the optimization problem for the approximation bound
similar to (1) for all algorithms in the literature. Subsequently, we implement Mathematica codes
to calculate the corresponding approximation bounds, as shown in Table 1. It is worth noting that
most computations are completed within a few seconds and achieve very high accuracy!

It is worth noting that these algorithms have very different search phases. However, our mixing-
phase subroutine can be applied directly without any modifications. Moreover, the approximation
analysis for the revised algorithms now takes a unified approach and can be conducted completely
by a computer program. The authors highly encourage the readers to look at Appendix D as well
as the Mathematica codes® for this purpose.

1.4 Main Contributions
Our new paradigm enjoys the following advantages:

* Our subroutine of the mixing phase is search-phase independent. Moreover, it finds the
instance optimal strategy profile in the mixing phase. Thus, researchers no longer need to
design ad hoc convex combinations with great efforts.

* Approximation analysis can be fully automated. The constructions of upper bounds are
given by formal rules and do not depend on the search phase. Then, given suitable relations
from the search phase, we can automatically write down the optimization problem of the
approximation bound and solve it using a computer program. As a result, when designing
new approximation algorithms, it is sufficient to only focus on the design of the search
phase and find out the relations used in the analysis. This reduces a lot of workload.

¢ It leads to the first systematic approach to prove the tightness of the approximation bound.
By examining the optimal solution to the optimization problem of the approximation bound,

8We have put them as well as the evaluation outputs (also shown in Table 1) in an anonymous repository. Please
click the following link https://anonymous.4open.science/r/approxNE-auto-analyzer-D71E/.
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we can obtain conditions under which the approximation bound becomes tight. This helps
generate tight instances and prove the tightness of the approximation bound.

¢ Using our paradigm, it is convenient to refine the search phase. When introducing param-
eters in the search phase, we can obtain the corresponding parameterized approximation
bound. This helps in selecting the optimal parameters with the minimum approximation
bound.

We are also aware of the value of the mixing problem itself. The mixing problem is closely
related to quadratic constraint quadratic programming. It brings new perspectives on approximate
Nash equilibria and a wide range of open problems concerning the relationships between PPAD, P,
and NP. It turns out that the mixing problem serves a role in approximate Nash equilibria similar
to the SAT problem in computational complexity theory.

Moreover, our linearization method is essentially a special kind of LP relaxations. In fact,
many approximation algorithms and online algorithms heavily adopt the LP-relaxation, both for
design (e.g., vertex cover and max-cut [49]) and for analysis (e.g., factor revealing LP [29, 39]). our
approach may be extended to automate the analysis of these kinds of algorithms.

1.5 Organization
This paper is organized as follows.
¢ In Section 2, we define the basic notions about Nash Equilibria.

¢ In Section 3, we provide a formal definition of the mixing phase, together with our new
mixing phase.

¢ In Section 4, we propose three polynomial-time algorithms to calculate the optimal convex
combinations of a certain number of strategies. They can serve as the desired subroutine for
the new mixing phase.

¢ In Section 5, we propose upper bound constructors corresponding to algorithms in Section 4.
This constructor is able to write the approximation analysis into a fixed-size constraint
optimization problem via a systematic and automated approach.

As a concrete example, we demonstrate how our framework works on a concise but nontrivial
0.38-approximation algorithm [4] (called the BBM algorithm) in Section 3, Section 4, and Section 5.
In Section 6, we further discuss the mixing problem. Finally, in Section 7, we summarize our work
and propose further directions.

2 Preliminaries

Vectors and matrices

The n-dimensional Euclidean space is denoted by R”. The standard orthonormal basis of R”"
is e1,...,e,. Denote by Span(vy,...,vx) the linear space spanned by vectors vy,..., v, € R
Notation [n] := {1,...,n} represents an index set. For vector v € R", denote its ith item by
v;. For vector u € R", define the following operators: max{u} := max{uy,...,u,}, min{u} :=



min{uy, ..., u,}, supp(u) := {i € [n] : u; # 0}, suppmax(u) := {i € [n] : Vj € [n] u; > u;}, and
suppmin(u) := {i € [n] : Vj € [n] u; < u;j}. For vector u € R", denote its Euclidean norm by ||u||.
For two vectors v,w € R", notation v > w (v > w) represents that v; > w; (v; > w;) holds for
every i € [n].

For an m x n matrix A, denote its ith row by A;, its jth column by A, and its item at ith row
jth column by Aj;. Its transpose is denoted by AT.

Simplex and mixing operations

A standard (n — 1)-simplex is the set A, ;== {a € R" :a« > 0and Y ; &; = 1}. A simplex can be
viewed as a probability space and its elements are probability vectors.

For given elements zy,...,z, from R", the set of their convex combinations is defined to be
{w1z1 + -+ + apzw : &« € Ay}. For any element in the set, the corresponding « is called its
barycentric coordinate. Any vector x € Ay uniquely determines a convex combination, which can
be viewed as an operation:

a(z1,...,z0) == 0121 + -+ + Az

We call it a mixing operation over (z1,...,zy) with a. Under this situation, « is called the mixing
coefficient.

Games, mixed strategies, and best responses

We focus on bimatrix games, in which there are only two players. We refer to them as the row
player and the column player. We assume that the row player has m pure strategies and the
column player has n pure strategies. A game can be defined by a pair of payoff matrices R and C
of size m x n. When the row player chooses the ith row and the column player chooses the jth
column, their payoffs are denoted by R;; and C;;, respectively. By adjusting the payoffs through
shifting and scaling, we assume that all entries in R and C belong to interval [0, 1].

For each player, a mixed strategy represents a probability distribution over all pure strategies.
Therefore, the space of mixed strategies over n pure strategies is precisely captured by A,. We
also use vectors x € A;; and y € A, to represent mixed strategies for the row and the column
player, respectively. In particular, pure strategies can be regarded as mixed strategies where a
specific pure strategy is chosen with a probability of 1. Unless otherwise specified, whenever we
refer to "strategy" below, we are referring to mixed strategies.

A strateqy profile (x,y) refers to a pair of mixed strategies x and y from the row and column
players, respectively. We also call it a strategy pair.

The payoff of a strategy profile is defined as the expectation of the payoff over all pure strategy
profiles. Consider the strategy profile (x,y), where the row player selects x and the column player
selects y independently. Then their payoffs are xT Ry and x T Cy respectively.

A best response against a strategy x from the row player is a mixed strategy of the column
player that maximizes the expected payoff against x. We denote the set of best response strategies
by brc(x). Similarly, we can define brg(y) as the set of best response strategies against the
strategy y of the column player. By definition, for a strategy pair (x,y), brc(x) is the set of all
probability distributions on suppmax(C'x), and brg(y) is the set of all probability distributions
on suppmax(Ry).



Approximate Nash equilibria and the optimization viewpoint

An e-approximate Nash equilibrium (e-NE) is a strategy profile (x,y) € A, x A, such that for any
x' € Ay and Y € A, it holds that

(x)TRy <x"Ry+e, and x"Cy <x"Cy+e.

We call the minimum e the (additive) approximation® of the profile. In particular, a strategy profile
is a Nash equilibrium if it is a 0-NE (or has an approximation of zero). The famous Nash’s theorem
[40] states that there exists a Nash equilibrium for any bimatrix game.!”

We follow [48] to express the problem of computing e-NE in an optimization form. Define the
regrets of the row and the column player as follows:

fr(x,y) :=max{Ry} —x"Ry and fc(xy):=max{C'x} —x"Cy.

Note that max{Ry} = maxyen,(x')"Ry. Similarly, we have max{C"x} = max, e, x' Cy'. There-
fore, both fr and fc are non-negative, and a strategy profile (x,y) is an e-NE if and only if

max{fr(x,y), fc(x,y)} < e.

Define f(x,y) := max{fr(x,v), fc(x,y)}. Then finding an e-NE is equivalent to finding a
point (x,y) in A, x A, with f(x,y) < e. Thus, it suffices to minimize f in order to find solutions
with a certain approximation.

3 The search-and-mix paradigm

In this section, we give the formalization of the search-and-mix paradigm, including both tradi-
tional and novel ones.

The traditional paradigm can be divided into two phases. In the search phase, an algorithm
computes several (at most three in the literature) strategies of each player in polynomial time. In
the mixing phase, the algorithm then mixes the selected strategies into several strategy profiles
and outputs the profile with the minimum f value. The illustration is presented in Figure 3.

Find several strategies xq,- - - , X; Make certain mixing operations on these
of the row player and y1,- -,y | | strategies, obtaining strategy profiles

of the column player in polyno- (%1, 71), -+, (%u, Fu). Calculate i* =

mial time. argmin, ., f(%;,7;); output (%, i ).

Figure 3: Procedure of the search-and-mix paradigm in the literature.

A typical example is as follows.

Example 3.1 (BBM algorithm [4]).

%In the literature, this quantity has various names. Here we use the one we think the most appropriate.
19Actually, this holds for any finite normal-form game.
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e Search phase: Compute a NE (x*,y*) of the zero-sum game (R — C,C — R)'. Let g1 = fr(x*,y*)
and g» = fc(x*,y*). By symmetry, assume without loss of generality that g1 > g». Then compute
r1 € brr(y*) and by € bre(rq).

* Mixing phase: Produce strategy profiles (x*,y*) and (71, (1 — &2)y* + d2b2), where 6, = (1 —
g1)/(2 — g1). Output the one with the smaller f value.

Throughout the paper, we use this example repeatedly to demonstrate how to use our
framework in general.

Table 3 shows how approximation algorithms in the literature fit into this paradigm. Our
purpose is merely to demonstrate how these algorithms can be presented as search-and-mix
instances. Thus, we omit the detailed meanings of the notations but keep them the same as those
in the original papers.

S h Ph
Approximation earc ase Mixing Phase

Row  Column

0.75 [32] ei,, €, ej,, ej, (%(ei1 +ei,), %(eh +ej,))
0.5 [17] ei, ex ej (3(ei +ex), )

0.38 4- 0 [16] X, 0 v, B (ba+(1—=90)x, 66+ (1—0)y), (x,y)
0.38 [4] x*, 1 y*, by (x*,y*), (r1, (1 = 02)y* + 02b2)
0.38 [13] X &r Yy, (£,y%), (25 x" + =27, ))
0.36 [4] X Y, b (£ ( 62)y" + 62b2)

03393 + 46 [48] x*,w*  y*,z* (x*, %), ( w* + 1+A”Vx z*)

T+A—p
1/3 + 6 [20] Xs, W Vs, 2,2 (_ T)V;) (w,z),

(w, pz+ (1 )(1‘75+“q z)

Table 3: The search-and-mix instances in the literature. The notations are the same as those in the
original papers. If there are symmetric cases, we only provide one for conciseness.

As is shown by Table 3, different algorithms produce different strategies in the search phase.
Then, in the mixing phase, they choose different strategy profiles obtained from mixing operations
in order to ensure a certain approximation in worst cases.

However, we notice that the traditional approach has the following two defects:

1. Ad hoc designs. The intentional design of the mixing phase can undermine the practical
applicability of an algorithm. In order to minimize the approximation bound, strategies are
often chosen based on worst-case scenarios. However, it is important to note that worst-case
scenarios take only a small fraction of all cases. In Appendix C.1 in [9], two million game
instances were randomly generated, but only two of them approached even one third of the
approximation bound. Consequently, from a practical standpoint, it cannot be justified to
deliberately design an algorithm solely for worst-case scenarios.

Computing NE in zero-sum games can be modeled by a linear program and thus can be solved in polynomial time.
See, e.g., [42].
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2. Theoretical hardness. In the literature, there is increasing sophistication in the design of mixing
strategies, involving a larger number of strategies and cases, longer proofs (see Table 2) but
incremental improvements.

In this paper, we develop a new approach that reshapes the procedure of the mixing phase.
Instead of designing certain strategy profiles for the worst case, we develop polynomial-time
algorithms to directly compute the global minimum of f. Now, the procedure of algorithm design
is simplified to Figure 4.

Calculate mixing coefficients a* €

As, B* € Ay in polynomial time that
minimize f(a(x1 + - -+ + asxs, f1y1 +
player and yy, - - -, y; for .-+ + Byy;) as a function in a and B.

the c‘olur‘nn player in poly- Output (aixy + -« + alxs, fiyi + - +
nomial time. Bryr)
t

Find several strategies
X1, - ,xs for the row

Figure 4: The novel procedure for the search-and-mix paradigm.

Example 3.2 (The modified BBM algorithm). Applying the novel procedure to the mixing phase
in Example 3.1, we can obtain the modified mixing phase as follows.

* Modified mixing phase: Calculate coefficients a* € Ay, B* € A, in polynomial time that minimize
faqx* 4 aory, Pry* + Bab2) as a function of aq, ay, 1, and Bo.

Following this novel procedure, we surprisingly resolve the two defects together of the above
traditional approach:

1. One unified design serving for all search phases. In Section 4, we propose a polynomial-time
subroutine for the new mixing phase. The mixing phase is not related to the particular form
of the search phase. Moreover, it directly computes the global minimum. Thus, in our new
approach, ad hoc designs for the subroutine of the mixing phase are no longer needed. In
this way, people now only need to focus on designing the search phase.

2. Automated approximation analysis. In Section 5, we provide a corresponding approximation
analysis method for the novel paradigm. This method is suitable for all algorithms following
the novel paradigm. Moreover, the analysis can be implemented in a fully automated
manner. In this way, when designing a new approximation algorithm, people can now avoid
sophisticated analysis and compute the approximation bound completely using a computer
program.

4 Algorithms for the mixing phase
In this section, we state our problem in the mixing phase and present a sketch idea on how our

algorithms are devised. To begin with, we formally define the problem for the new mixing phase
illustrated in Figure 4.
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Definition 4.1 ((s, t)-mixing problems and algorithms). An (s, t)-mixing problem has the following
input and output.

e Input: a game (R,C), mixed strategies x1,...,x; for the row player and vy, ...,y; for the
column player.

* Output: coefficients & € Ay, B € A that minimize f(a1x1 + -+ + asXs, fry1 + - - - + Brys). 12
An (s, t)-mixing algorithm solves an (s, f)-mixing problem.

Due to symmetry, we can suppose without loss of generality that s < t. Otherwise, we simply
exchange the positions of the players.

To propose an (s, t)-mixing algorithm running in polynomial time, we first scrutinize the form
of the problem. Expanding the objective function f of the mixing problem given in Definition 4.1,
we have the expression

max{ max{R(Biy1 + -+ Bys)} — (xax1 +-- -+ txsxs)TR(ﬁlm + -+ Biyr),

: ; @
max{C" (a1x1 + - +asxs) } — (v1x1+ -+ asxs) C(Biy1 + - -+ Beye) }-

There are three major components in (2): inner maximum operators (e.g., max{Ry}), vector-
matrix-vector products (e.g., x" Ry), and the outermost maximum operator (i.e., max{ fg, fc}). All
three kinds of terms present difficulties from different aspects.

1. Terms in the form of max{Ry} and max{CTx} are piecewise-linear in B and &, respectively.
These two linear-piecewise terms are convex but non-differentiable.

2. Terms in the form of x" Ry and x T Cy are bilinear in &, 8. Thus, these terms are differentiable
but nonconvex.

3. The form of the objective function f = max{f, fc} is non-differentiable.

The sketch of our effort to overcome these difficulties is listed below:

1. To solve the first difficulty, we adopt the divide-and-conquer method. We divide the problem
and solve it on each linear piece of the max term. We reduce the problem into the famous
half-plane intersection problem in computational geometry. The detailed approach is explained
in Appendix A.1.

2. To solve the second and the third difficulties, we derive necessary optimal conditions for the
sub-problems resulting from the previous divide-and-conquer. The main technique we use
is the combination of discrete geometry and optimization (more specifically, properties of
polytopes and KKT conditions). The detailed approach is presented in Appendix A.2.

3. Finally, by discussing these linear pieces and conditions case by case, we are able to design
polynomial algorithms to find the global minimum of f over («, ). To do so, we formulate
the problem into various optimization problems (univariate quadratic programming, linear
programming, and fractional programming). The algorithms are presented in Appendix A.3.

12Due to the definition, function f is uniquely determined by R, C.
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With these efforts, we are able to present (1, w), (2,2), and (2,3)-mixing algorithms.

Theorem 4.2. The following statements hold.

1. There exists a (1, w)-mixing algorithm in time O(mnw + L(w, m)), where L(w, m) is the time
complexity of solving a linear program with w variables and m constraints.

2. There exists a (2,2)-mixing algorithm in time O(mn).
3. There exists a (2,3)-mixing algorithm in time O (m?(n + logm) + nlogn).

The algorithms are presented in Appendix A as Algorithm 1, Algorithm 2, and Algorithm 3.
They are all polynomial-time and cover the need for algorithms in Table 3. Still, it is interesting
to consider whether there exist polynomial-time mixing algorithms with larger parameters. We
discuss the difficulties and the value of this problem in Section 6.

Now, in continuation of Example 3.2, we again consider the BBM algorithm. Below we
illustrate the detailed process of the mixing algorithm over it.

Example 4.3 (The mixing process of the modified BBM algorithm). The modified BBM algorithm
implements the (2,2)-mixing algorithm in its mixing phase. Observe the form of the function fg
over the mixing region A = {(ax* + (1 —a)ry, By* + (1 — B)b2) }:

frlax™ + (1= a)r, By™ + (1 = B)b2)
=max{R(By" + (1= B)b2) } — (ax™ + (1 = a)r1) "R(By" + (1= p)ba).

Note that the max term can be written as max{BR(y* — bp) + Rby}. Thus, it has the form of
the maximum of m linear functions about 8, which is piecewise linear in S.

Now, we want to compute the exact form of the piecewise linear function, given by a sequence
of breakpoints 0 = 1 < --- < By =1 (t < m + 1) so that f is linear in  on each [B;, Bi+1]. This is
a famous problem in computational geometry called the envelope problem, which can be solved in
time O(mlogm) (See Appendix C.1 for full details). However, note that we still need to compute
the exact form of this problem, that is to compute the value of R(y* — by) and Rb, with time
O(mn).

Similarly, we can compute the linear pieces given by breakpoints 0 = a1 < --- < ag =1
(s < n+1)in time O(nlogn). Therefore, on each grid [w;, a;iy1] % [Bj, Bj+1],i € [s],] € [t], both fr
and fc are linear in @ and S, respectively.

Then, we minimize the objective function over each grid and compare the results to take the
one with minimal f value. By doing so, we obtain the global minimum of f on region .A.

On each grid, the objective function is in the form of the maximum of two bilinear functions
g1 and g». However, it is still non-differentiable. We apply the KKT condition from continuous
optimization to obtain the necessary optimal conditions for this problem. We can show (see
Appendix C.6) that the minimum must be attained at the following three kinds of points:

1. Points where the partial derivative of g; or g with respect to a or  is zero.
2. The four vertices of the grid.

3. Points where ¢; and g, are equal.
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Since g1 and g are bilinear, the partial derivative is linear. We can easily check points of the
first kind in constant time. Then, the second kind contains only four points. Finally, we can show
that points of the third kind form a quadratic curve on the plane, on which the minimum can be
easily computed by checking at most six points.

In words, on each grid, we only need constant time to compute minimum f. Thus, by scanning
over all the grids in O(mn) time, we can compute the global minimum of f on A.

The total complexity is given by O(mn + mlogm + nlogn) = O(mn).

Besides, in Appendix A.4, we also illustrate how to modify the TS algorithm [48] and the
DFM algorithm [20]. Note that these algorithms adopt a gradient descent method in the search
phase. Their search phases are totally different from those of the BBM algorithm, which solves a
zero-sum game. However, due to the generality of our approach, Algorithm 2 and Algorithm 3
can be directly applied to them without any modification.

5 Approximation analysis

After developing the novel procedure of the mixing phase, the immediate next question is how the
approximation bound is influenced. This prompts us to develop a novel method to analyze the
approximation bound. Below, we refer to the algorithms equipped with the new mixing phases as
the revised algorithms.

A clear fact is that the approximation bound of the algorithms in Table 3 will, at the very least,
not get worse after the revision. Indeed, our mixing algorithms find the global optimum of the
mixing problem, while the original algorithms only choose specific mixing coefficients.

However, we should not expect a direct analysis of the approximation bound of the revised
algorithms. There are two main barriers. First, the mixing problem in general is both nonconvex
and nonsmooth. Thus, it is difficult to control the global behavior of the objective function f.
Second, since the search phases have very different characteristics, there is no one-size-fits-all
solution for all algorithms.

Instead of a direct analysis, we try to establish an upper bound of f for all cases, and in the
meantime maintain the ability to attain equal conditions of the upper bound. More specifically,
we divide the approximation analysis into two steps.

e First, we provide upper bound constructors for the corresponding mixing algorithms, which
have the following properties:

(1) The form of the upper bound is search-phase independent. That is, it does not rely on the
particular form of the search phase.

(2) The upper bound can be written explicitly as an expression h* of fr and fc values of
strategy profiles given in the search phase.

* Second, from the search phase, we dig out relations about fr’s and fc’s occurring in the first
step. Viewing these relations as constraints, we maximize h*!%, which produces a fixed-size
constraint optimization problem on the approximation upper bound.

13That is, we find the worst possible approximation.
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By solving this optimization problem, we can obtain a constant approximation bound.
Moreover, conditions to reach the optimal solution then can serve as tightness conditions of
the approximation.

Now we sketch our approach to both steps. Our approach for the first step is to linearize
functions fr and fc. This approach was first proposed in [9], applied to provide tightness analysis
for the TS algorithm [48]. We generalize this method to derive an upper bound of f for a wider
range of domains of mixing operations. This approach is presented in Appendix B.1.

Through the generalized linearization method, we provide formal rules to generate the
corresponding (v, w)-upper bound constructor as well as the expression h* of the upper bound of
the (v, w)-mixing algorithm for any given v, w. This is given in Appendix B.2.

The upper bound constructor is valuable from the following perspectives:

1. Benefiting from the linearization approach, the upper bound derived by the constructor is
only related to the value of fr and fc on the strategies given by the search phase. Therefore,
this shows that the approximation bound of an algorithm is solely determined by its search
phase, rather than the mixing phase.

2. The upper bound constructor is fully given by formal rules and is thus totally automatable.
Thus it is possible to provide computer programs that make the full approximation analysis
and compute the approximation bound.

Now, as an illustration, we continue Example 4.3 to give a detailed analysis of the approxima-
tion bound of the modified BBM algorithm.

Example 5.1 (The approximation analysis of the modified BBM algorithm). The modified BBM
algorithm in Example 4.3 applies the (2,2)-mixing algorithm to compute the global minimal f% of
f onsquare A := {(a1x* + azrq, f1y* + B2b2) : &, B € Ay }. Now, we derive an upper bound of f%
following the four steps below.

Step 1: Construct the upper bound.
We illustrate the construction of the corresponding (2,2)-upper bound constructor step by

step. We denote g1 = fr(x*,y*), g2 = fc(x*,y*), hi = fr(x*,b2), hy = fc(x*,b2), v1 = fr(r1,b2),
vy = fc(r,b2), u1 = fr(r1,y*), and up = fc(r1,y*). The aliases are illustrated in Figure 5.

(r1,02) (z7,b2) (r1,02) (z7,b2)

U1 h1 U2 hso

Ul g1 U2 g2

('7'1,y*> (‘t*vy*) (Tlvy*) (‘t*vy*)
fr fc

Figure 5: Positions of little letter aliases (case g1 > g2).
Now, we derive the upper bound of f3. Observe that it is upper bounded by the global

minimum of f over the four edges of square A. On each edge, by the convexity of fr and
fc, the value of fr or fc is bounded by the linear combination of the values at the vertices.
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This is exactly the linearization process stated in Appendix B.1. For example, on the edge
{(ax* + (1 —a)ry,y*) : « € [0,1]}, we have

felax™ + (1 —a)ry,y*)
=max{CT(ax* + (1 —a)r)} — (ax* 4+ (1 —a)ry) T Cy*
<a(max{CTx*} — (x*)TCy*) + (1 — a)(max{C"r1} — r{ Cy*)
=afe(x%y") + (1 —a)fe(r,y).

Similarly, we have fr(ax* + (1 —a)r,y*) < afr(x*,v*) + (1 — a) fr(r1,y*). Therefore, we obtain
an upper bound of f on this edge: s; = min,¢[o ;) max{ags + (1 — a)uy, ags + (1 — a)us}.

We can do similar discussions on other edges. On the edge {(ax* + (1 —a)ry,b2) s € [0,1]},
the upper bound is s, = min,eg max{avy + (1 —a)hy, avy + (1 — a)hy}. On the edge {(x*, By* +
(1—PB)b2) : B € [0,1]}, the upper bound is s3 = minge(o max{pg1 + (1 — B)h1, fg2 + (1 — B)ha}.
On the edge {(r1, By" + (1 — B)b2) : B € [0,1]}, the upper bound is s4 = mingc[;) max{Bus +
(1 —B)v1, Buz + (1 — B)vz}. Therefore, % is upper bounded by the minimum of the four upper
bounds of f on the edges of A4, i.e.,

fa <min{sy,sy, 53,54} = h".

It should be noted that the analysis until now has nothing to do with the property of the
strategies in the search phase. Besides, the presented upper bound is only related to the value
of fr and fc on the vertices of A. Therefore, the approximation bound of Example 4.3 is totally
determined by the search phase and has nothing to do with the mixing phase!

Step 2: Extract relations from the search phase.

Then, we extract the relations of fr and fc values on the vertices.

From Example 3.1, we obtain the following properties: r; € brr(y*), ba € bre(r1), (x*,y*) is
the NE of game (R —C,C — R), and g1 > .

According to the definition of br, u; = v, = 0. Besides, since we have supposed that all the
elements of R, C are in [0, 1], we have that for any x € A,y € A, 0 < xTRy < 1,0 < x"Cy <1,
0 <max{Ry} <1,0 <max{CTx} <1,0< fr(x,y) <1,and 0 < fc(x,y) < 1.

Then, since (x*,y*) is the NE of game (R —C,C —R), for any i,j € [n],

(x*)TRej — (x*)TCej > (x*)"Ry* — (x*)TCy* > ¢/ Ry* — ¢/ Cy™. (3)

Specifically, take ¢; = r1, we get r{ Cy* > r{ Ry* — (x*)TRy* + (x*)TCy*. But we know that
r{ Ry* — (x*)TRy* = g1, thus:
rCy* > g+ (") TCy" > g1

Therefore, uy = max{C'r1} —r{Cy* <1—g.
A summary of relations is as follows.
up =0 =0,
0 < 81,82, hlthI up,v1 < 1/

81 = &2,
[Z%) S 1—g1.

17



Step 3: Write down the optimization problem of the upper bound.

To produce a constant approximation bound s, we require that no matter what values these
fr and fc have, they cannot have a greater approximation than s. Thus, we have to maximize all
these fr’s and fc’s. Therefore, we can write down the following optimization problem of h*. The
optimal value is the desired s.

max min min{sy, sy, 53,54}
81,8211, 12,11 ,u2,01,02 nq,00,K3,04
1—w)uy},

)
1—wa2)hy},

)

)

s.t. 51 =max{a1g1 + (1 —a1)ug, 19 +
so = max{asg1 + (1 — az)hy, 428> +
s3 = max{azvy + (1 — az)hy, azv2 + (1 — az)ha}, @

)

1-— Ky 1/[2},

sq = max{agv1 + (1 — ag)uy, agvy +
0 S x1,0%2, &3, S 1/
up =v2=0,0<g1,8, 1, hp,uz,v1 <1,81 > g, up <1—g1.

Now, if we can solve the optimization problem (4), then we can finish the approximation
analysis. However, on the one hand, directly solving this expression in Mathematica is extremely
slow (it takes hours). On the other hand, it is inconvenient for further proving the correctness of
the calculated bound. Thus, below we divide the calculation into two steps.

Step 4-1: Eliminate the minimum operator over «;’s in 1*.

Now, we use the relations in Step 2 to eliminate the minimum operator over «;’s. Then h* can
be explicitly expressed using fr’s and fc’s on the vertices. Note that this step can be automated
as well: In Appendix B.3, we provide a search-phase-independent expression for such s;’s while
eliminating the minimum operator. This is sufficient for our program to solve the optimization
problem (4) and obtain the approximation bound of 0.38. However, to prove that the bound is
correct, we show the exact expression concerning the relations of the fr’s and fc’s below.

Since u; = 0, g1 > &, 51 = min,eoq max{agi + (1 — a)uy,agr + (1 — a)us} = %.

Similarly, on the edge {(ax* + (1 —a)ry,bp) : « € [0,1]}, sp is min{ovy, by } (if by > hy) or Ulf;lilihl
(if h1 < hy). On the edge {(x*, By* + (1 — B)b2) : B € [0,1]}, s3 is min{gy, h1} (if by > hy) or
hy—h . *
i (f b < hp). On the edge {(r1, By* + (1= p)ba) : B € [0,1]}, 54 = 2.
Now we collect the bounds above. The optimization (4) is now simplified to maximize h*

given by the following expression:

. Uzd Uz0q .
min{ ——=—— 1, hq, 91, , ifhy > hy,
{M2+g1—gz 1,51 u2+v1} ! 2

. { U8 v1hy g1hy —hig U0
min , 7 7
up+g1—8 vi+hy—hy" g1 +hy—hy —g ur+v;

©)

} , otherwise.

Step 4-2: Obtain the constant upper bound.
Finally, we maximize h* given in (5) under constraints presented in (4). The step can also be
accomplished by a computer program. Here we demonstrate a hand-written procedure.

. . . U81 U0
First, note that either iy > hy or h; < hy. The bound can be relaxed to min { T +7111 }

Then, since g1 > ¢, szglgz <g¢1.By0<v; <1,0<u; <1- g1, we have MZ’f}}l < 5:2
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27g1 2781
isg1 = ?’*T‘ﬁ Moreover, ;:g: is decreasing in g1 when 0 < g1 < 1. Thus, for any possible g1, we

have min { g1, =& } < 3_7\/5 This implies that f% < % ~ 0.38, as desired.

Therefore, the bound is finally relaxed to min { g1, i } Note that the solution of g1 = 1o

2—g1 —

Although the process of our analysis seems complex, we can see that the upper bound can be
completely calculated by a computer program. For instance, such a program can be written in
Mathematica. More importantly, this analysis method works for general algorithms following the
novel search-and-mix paradigm! See the last paragraph of this section.

Another advantage of our procedure is that it shows a clear structure of the tight cases. Since
each step of relaxation is very clear, we can easily deduce a necessary condition for tight cases as
illustrated below.

One more step: Derive the tightness conditions.

Denote & = (3 — \/5) /2. In a tight case, we must have ¢g; = . Besides, each step of relaxation
should be tight. Therefore, we have v; = 1, up = 1—wa, g1 = g2 = a4, max{C'ry} = 1, and
(x*)TCy* = 0. These properties together give a computable necessary condition for the tight case,
which helps to further derive ad hoc algorithms to improve the approximation bound. Benefiting
from a similar discussion, [9] is even able to give a tight instance generator for the TS algorithm
[48].

After the tightness analysis, we might ask if we can improve the approximation by modifying
the search phase. As a motivating example, we show a very simple approach to modify the search
phase of the BBM algorithm. Our goal is not to improve the approximation, but to show that our
framework allows giving a result very quickly for the newly modified search phase (which does
not occur in the literature to the best of our knowledge).

Beyond the BBM algorithm: Modify the search phase.

We make a very naive change: Let the returned (x*,y*) of the BBM algorithm to be a NE of
the zero-sum game (R — C/t,C/t — R), where t > 0. Note that now we cannot suppose without
harm that g1 > g». So, we make discussions in cases g1 > g2 and g1 < .

We note that the only change it brings is that now (3) is transformed to

(x*)TRej — (x*)TC/tej > (x*)TRy* — (x*)TC/ty* > ¢/ Ry* — ¢ C/ty".

In this way, the bound of u; is changed to uy < 1 —tg;. Thus, the final bound is changed
to min{g1, (1 —tg1)/(2 — tg1)}. By solving a similar equation, the upper bound is given by

((t+2) = VE+272—4E) /(21).

The case of g1 < g» is symmetric, where the inequality is changed to up <1 — ¢;/t. The upper
bound is given by ((1 +2t) — /(1 +2t) — 4t> /2.

In the worst case, the upper bound h* is

(t+2)—/(t+2)2—4t (14+2t) — /(1 +2t)2 — 4t
max o , 5 .

We can easily show that the former term is increasing in ¢, while the latter one is decreasing in ¢. In
this way, the bound is minimized when t = 1, which happens to be the case of the BBM algorithm.
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So, we have actually seen that the choice of form R — C leads to an optimal approximation bound
for the BBM algorithm!
We have the following remarks on the extensions of our analysis approach.

Remark 5.2. In the above modification, we introduce a parameter f in the search phase. Then
using our framework, we are able to obtain an expression of the approximation bound with a
parameter ¢. This is a usual way to modify the search phase. Indeed, there are other modifications
for the BBM algorithm, where a successful one is given by [4]. It changes the choice of b, to a pure
strategy in bre((1 — d1)x* 4 d1r1) with J; specifically chosen. In this way, it managed to obtain an
improved approximation of 0.36. In our framework, J; is just like ¢, and thus our framework can
also be used to provide quick results for such modifications.

Remark 5.3. It is worth mentioning that instead of only scanning over the boundary as shown
in Example 5.1 above, there is an alternative way to derive a stronger upper bound by scanning
over the whole region. This method is stated in Proposition B.6. However, due to the difficulty in
eliminating the minimum operators in Step 4-1, we practically only apply it to several examples
in a restricted form, as described in Appendix D.

Finally, we also provide more examples on other algorithms. In Appendix B.3 and Ap-
pendix B.4, we respectively show how to prove that the approximation bounds of the modified
TS algorithm and the modified DFM algorithm are still 0.3393 + 6 and 1/3 + . We also provide
a tightness analysis for these examples. To show our method can indeed be automated, for
all algorithms in Table 3, we give details about the formalization of approximation analysis in
Appendix D. We then implement Mathematica code to derive the corresponding approximation
bounds. The results are presented in Table 1.

6 The mixing problems

In this section, we further discuss the mixing problems defined in Definition 4.1. It turns out that
this class of problems brings new algorithmic and computational complexity issues related to
approximate Nash equilibria.

First, note that Definition 4.1 states the problem in a functional optimization style, that is, we
try to find mixing coefficients (i.e., a witness) that minimizes function f. Due to our divide-and-
conquer strategy stated in Section 4 and Appendix A.2, from an optimization perspective, the
mixing problem can be reduced to a special kind of quadratic constraint quadratic programming
(QCQP). More precisely, the mixing problem can be reduced to a bilinear program with one
bilinear equality constraint.

The main result in Section 4 (i.e., Theorem 4.2) shows that the (s, f)-mixing problem has a
polynomial-time algorithm when (s, t) is one of (1,w), (v,1), (2,2), (2,3), and (3,2). It is natural
to ask whether we could have a better result.

Actually, it highly depends on the relation between s, t and the number of pure strategies, i.e.,
n,m. If s = @(m) and t = O(n), we cannot expect the existence of polynomial-time algorithms.
This claim relies on the following complexity result on Nash equilibria: It is NP-hard to decide
whether there is a Nash equilibrium without a certain support [12]. Suppose the (®(m), ®(n))-
mixing problem has a polynomial-time algorithm A. Then we can input A with pure strategies
that we want to become the support of a Nash equilibrium but without the others. Then A can
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compute the minimum approximation f* of these input pure strategies. From the definition of f,
these strategies can form a Nash equilibrium if and only if f* = 0. The above argument shows
that such A can hardly exist.

On the other hand, if s, t are constant with respect to m, n, numerical difficulty arises even for
(s,t) = (3,3). In this case, the QCQP that we reduce to has the form g(a, B) = ¥1<; j<» 4ijeiB;j +
Y 1<i<o bitti + Y 1<i<p cifi + d for both the objective function and the quadratic equality constraint.
This forms a quadratic surface in R* and the minimum might be obtained at points that are the
solutions of a quintic equation. Thus, this solution could not be written in a radical form [23], and
therefore is not representable by a Turing machine.

Thus, it is more proper to ask for an approximate solution for the mixing problem. To fit the
tradition in computational complexity, we write the decision version of the mixing problem
MIxStGy as follows: Decide whether there exist rational mixing coefficients « and B such that the
corresponding f value is less than a given € > 0. Note that the problem of computing approximate
Nash equilibria then becomes a special case of MIxSTGY.

To understand the difficulty of MixStGy over input parameters m, n, s, and ¢, we make an
analogy to the SAT problem. SAT has two input parameters: the number of clauses, p, and the
number of proposition variables, g. The hardness of SAT actually comes from g, but not p. This is
because when g is fixed, the simple truth enumeration algorithm takes poly(p) time to decide a
SAT instance.

Similarly, m, n in MIXSTGY can be viewed as p, and s, t in MIxSTGY can be viewed as g. When s
and t become larger, difficulty arises. At last, when s = ®@(m) and t = ©(#n), the problem becomes
NP-hard as discussed above. Thus, even for small and fixed s and ¢, MixStGy is harder than one
may expect.

People try to consider various restricted versions of SAT, which thrive in computational
complexity theory. Just like the situation of SAaT, we hope our considerations on MIxSTGy can
bring new perspectives on equilibrium computation as well as computational complexity.

bal

7 Conclusion and Discussion

In this paper, we formalize the search-and-mix paradigm of polynomial-time algorithms for
approximate Nash equilibria in bimatrix games. We call it paradigm because all algorithms in
the literature follow it. We reformulate the mixing phase and propose a generally applicable
polynomial-time subroutine for the reformed mixing phase. We also present an automated method
to derive the approximation bound of any search-and-mix algorithm when suitable information
from the search phase is provided. After this paper, researchers are freed from the cumbersome
inequality calculations in the mixing phase and can solely focus on the search phase.

Our procedure of the search-and-mix paradigm shown in Figure 4 can be extended to mul-
tiplayer scenarios by simply adding players. Moreover, the method of approximation analysis
presented in Section 5 can be extended as well. This is because it only relies on the edges of the
mixing region, each of which is solely determined by one player. There are very few works in
the literature that calculate e-NE for games with more than two players. Our work opens up a
possible approach to designing and analyzing multiplayer approximation algorithms.

We also realize and promote the optimization viewpoint of approximate Nash equilibria. We
provide a detailed discussion on a basic problem from this viewpoint: the mixing problem. We
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relate the mixing problem to the SAT problem to capture its role in approximate Nash equilibria.
Other problems in approximate Nash equilibria should benefit from this perspective.
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A Mixing algorithms
A.1 Linear piece partitioning

In this part, we provide the solution for the first difficulty concerning (2). The idea is to partition
the domain into regions where both fr and fc are linear in a and B, respectively. To make a
concise description, for a function F : X — R, we say a linear piece of F is the maximal region
() C X such that F is linear in each variable on Q).

Consider function max{R(B1y1 + - - - + Bty+) }. We have:

max{R(B1y1+ -+ Pryt) } = max{f1Ry1 + - -+ B:Ry: } = @gﬂ{ﬁl(Ryl)i + -+ Bt(Ryr)i} (6)

It is the maximum of m linear functions in B. Therefore, we can partition the domain into several
linear pieces, as illustrated in Figure 6.

max term
(@]
Q1

0-4 0-6
B1

Figure 6: Linear pieces.

An important observation is that the linear pieces can be expressed by linear inequalities.
When the ith linear function attains the maximum, we have

Vi€ [m],j#i,B1(Ry1)i+ -+ Be(Ryr)i > B1(Ry1)j + - - + Be(Ryr);-

Namely,
Vj € [m],j#i B1l(Ry1)i — (Ry1);] + - - - + Be[(Ryt)i — (Ry);] > 0.

Thus, each linear piece of the max{Ry} term can be determined by m — 1 inequalities, and
forming a (possibly empty) polytope (see Appendix E for the formal definition). There are m such
polytopes, denoted by PS, ..., PS, where notation C means that they are collections of the column
player’s strategies.

Similarly, the linear pieces of max{C"x} term can be determined by n — 1 inequalities. We
denote the polytopes by PR, ..., PX.

Our solution is to divide the problem into each polytope PR x P]-C (i,j € [n] x [m]), which we
call the separated polytope. In this way, we can eliminate the inner max term of (2) and obtain the
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following problem:

min max{B1(Ry1); + -+ Be(Rys); — (axq + -+ - + ocsxs)TR(ﬁlyl + -+ Biyr),
@€ (ANPR), B (MNPE) @

a1 (Cloxy)j+ -+ as(CTag); — (arxy + -+ asxs) "C(Bryr + - - + Brye) }-

To meet further needs, we also care about solving and expressing the separated polytopes
efficiently. Formally, we want to solve the following problem:

Definition A.1 ((f, m)-separation algorithm).
* [nput: dimension m, t vectors xi,...,x; in R™.

* Output: an appropriate representation'* of Py, ..., P, such that P, is the polytope {B € A; :
Bul(xa)i = (xa)jl - 4 Bel(x)i = (xe)j] 2 0,9 & [m]}.

When t < 3, we represent the polytopes with a clockwise enumeration of its vertices. In this
case, the separation problem can be restated as a famous problem in computational geometry
called the half-plane intersection problem [36]. Benefiting from geometric intuitions, we obtain
polynomial-time algorithms for ¢ < 3, as stated below.

Theorem A.2. There exists a (2, m)-separation algorithm in time O(mlogm).
Theorem A.3. There exists a (3, m)-separation algorithm in time O(m?logm).

The algorithm and complexity analysis are presented in Appendix C.1 and Appendix C.2.

We also note that if we only require the "appropriate" expression in Definition A.1 to be a
vertex enumeration of the polytope, then in general cases, it can be stated in the famous vertex
enumeration problem.

Suppose we are given a polytope in R' determined by m inequalities, then McMullen’s upper
bound theorem [38] gives a close upper bound A(m!/?) on the number of its vertices |V|.

Several algorithms are proposed for the vertex enumeration problem. Using the pivoting
method, Dyer [24] proposed an O(mt?|V|)-time algorithm. Then, Avis and Fukuda [3] proposed
an O(mt|V|)-time algorithm, which has remained state-of-the-art since then. For a brief summary
of this subject, see [2] as a reference.

We note that our algorithms (Algorithm 2 and Algorithm 3) are faster than these algorithms in
the corresponding cases. Indeed, when t = 2, the time complexity of vertex enumeration is O(m?).
For t = 3, the time complexity is O(m3?).

It is also worth mentioning the complexity results regarding this problem. For the unbounded
case (polyhedra), vertex enumeration has been proven to be NP-hard [31]. However, for the
bounded case (the case of our problem, which is bounded in A;), it is still an open problem. There
is a strong indication of NP-hardness, though, as [30] proved that uniformly sampling the vertices
is NP-hard.

14For example, when t = 2, this can be given by a clockwise enumeration of vertices of the polytope. For other cases,
see Appendix C.2.
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A.2 Optimization over polytopes

Using linear piece separation, we have transferred the form of the problem into solving the
subproblem (7). To solve this subproblem, we first derive optimal conditions for a slightly
generalized problem. For differentiable functions g1, g¢» and polytope S, consider the following
optimization problem:

minimize max{gi(x),g2(x)}

8
st. x€S. ®

We begin our preparation by a direct application of the KKT condition (see theorem 12.1 in
[43] for details).

Lemma A.4. Consider U € R*",V € Rk, R € RI*", T € R, where every row of U, R is not zero.
Define a convex polytope S = {x € R" : Ux < V,Rx = T} . Suppose g1 and g, are two real-valued
differentiable functions defined on S. Set § = max{g1, g2}. If the ranges of g1, on S are [mq, M1] and
[ma, My], respectively, then we have:

1. If my > My, ming g(x) = my. The minimum is attained precisely on set g7 *(my).
2. If my > My, ming g(x) = my. The minimum is attained precisely on set g; ' (my).
3. Otherwise, ming g(x) = ming- g(x) , where S* is the union of following sets:
{xeS:ga1(x) =)}
{x €S:g1(x) > g(x),3A >0 <Vg1(x) +AT (g) =0and Vi € [k],Ai(Uix = V;) = 0) } ,

{x €S:gp(x)>g(x),3A >0 <Vg2(x) +AT (g) =0and Vi € [k],\j(Uix — V;) = 0) } .

And the minimum must be attained on S*.

The proof is presented in Appendix C.3.

Now we turn to polytopes. For concepts in polytopes, see Appendix E and textbook [51]. The
following proposition captures the relationship of geometric properties and constraint expressions,
which helps in the further analysis of the minimization problem on a certain polytope.

Proposition A.5. Consider the polytope S = {x € R" : a]x < b;, Vi € [k]}, where a; € R"\ {0},
b; € R. Suppose the dimension of S, denoted by dim(S), is m < n. Then we have

1. The affine hull aff(S) of S can be written in the form {x € R" : ulx = v;,Vi € [n —m]}.
2. Vector d is parallel to S (denoted by d || S) if and only if for every i € [n —m], uld = 0.

The representations of geometric concepts about S can be presented in the following order.

3. (Representation of S) There exists a set W C k] of indices such that:

S:{xEIR”:uiTx:Ui,ViG[n—m]}ﬂ{xE]R”:aiTxgbi,ViEW}.
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4. (Representation of boundary 0S and interior S°) Moreover:

0S={xe€S:JecW,a/x=0b},S ={xcS:VicW,a'x<b}.

5. (Representation of facets of S) For every j € W, S; = {x €S: a]-Tx = bj} is a distinct facet of S,
and every facet of S coincides with exactly one S;..

6. (Representation of faces of S) For any face T of S, dim(T) < m — 1, and T can be expressed as the
intersection of facets of S.

The proof is presented in Appendix C.4.
Now we combine discrete geometry and optimization. We derive three corollaries from
Lemma A .4 to deal with simpler cases.

Corollary A.6. For any convex polytope S € R" such that dim(S) = n, suppose without loss of generality
that it has a form that S = {x € R" : Ux < V'}, where U € R™*", V € R™ and no rows of U are zero.
We have the following statements.

1. The minimum of g on S must be obtained on
ST=0SU{xeS:Vg(x)=0}U{xeS:Vg(x)=0tu{xeS:g(x) =g(x)}

2. Let ey,...,e, be the standard orthonormal basis. For any e;, we can divide the facets of S into
two collections: P; and Nj according to whether they are parallel to e;. Define dSp = Urcp T and
dSt = Uren, T. 9Sp UdSt = 9S. For any index i, statement 1 still holds if we substitute dS with

(aspﬂ U {xES ai’l‘ ):0}>UasT.

k=12

3. If the polytope S has the form [my, My| X [ma, Mp| X - -+ X [my,, My] with m; < M;, then the minimum
must be obtained on

={x e R":Vi,x; € {m;, M;}} U

U, (fres 2=

ie[n] ke{1,2}
{xes:g1(x) =g(x)}.

The proof is presented in Appendix C.5.

Statement 1 can be used to compute the minimum of ¢ on any polytope S with recursion.
Since all components of ST have at most (7 — 1) dimensions (9S can be split into many facets), we
can compress certain dimensions and recursively compute the (n — 1)-dimensional case. Although
we only present algorithms to solve cases where t < 3, we present statements 2 and 3 in a very
general form. They are useful for further investigation of cases with ¢ > 3.

29



A.3 Detailed algorithms

With all above preparations, we are now able to derive our algorithms for the mixing problem
defined in Definition 4.1.

We first consider the (1, w)-mixing problem. Note that this problem can be directly transformed
into a linear program given by Algorithm 1. We denote the complexity of solving a standard-form
linear program with w variables and m inequalities by L(w, m), which is polynomial in w and m.
See, e.g. [11]. Then, the complexity of our (1, w)-mixing algorithm is O(mnw + L(w, m)).

ALGORITHM 1: (1, w)-mixing algorithm

Input: An m x n bimatrix game (R, C), mixed strategies x; for the row player and y1,y», ..., Y for the
column player.
Output: f € Ay, that minimizes f(x1, B1y1 + - - - + Puwlw)-
Calculate and store the m-dimensional vectors Ry, ..., Ry, and the values x] Ry ... x}Ryy. // This
can be done by direct matrix multiplication within O(mnw + mw) time.
Solve the optimal « of the following linear program and output it.

rr}xin t
st. t> max(CTxl) — ocl(xlTCyl) — = ocw(x;Cyw),
foreveryic [m], t>uwa(Ryr);+ -+ aw(Ryw); — vc1(x1TRy1) - zxw(ngyw),

for every j € [w], aj >0,
&1+ +ay =1

// The complexity is equivalent to solving a non-negative linear programming
problem with m+ 1 constraints and w+ 1 variables.

To avoid detailed case-by-case discussions, we only give sketches of the (2,2) and (2,3)-
mixing algorithms here in Algorithm 2 and Algorithm 3. The full process, correctness, and
time-complexity analysis are presented in Appendix C.6 and Appendix C.7.

A4 Examples

From the procedure given in Figure 3, we can modify the TS algorithm [48] and the DFM
algorithm [20] with the mixing algorithms.

Both algorithms try to minimize the objective function f(x,y) by a descent procedure. The
difficulty of such an attempt is that f(x,y) is a nonconvex nonsmooth function. Gradients cannot
be defined at non-differentiable points. Even worse, local minima are usually non-differentiable.
Fortunately, we can calculate directional derivatives of the function f at each point and in each
direction. Furthermore, we can compute the steepest descent direction using a linear program.
Here, the "steepest descent direction" refers to a direction vector (x' — x,y’ — y) such that

(x,y') € argmin Df (x,y,x,y),
("Y'

where Df(x,y,x’,y’) is the Dini directional derivative defined as the following limit:

lim fx+alx—x),y+ By —vy)) —f(x,y).
al0 o
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ALGORITHM 2: (2,2)-mixing algorithm

Input: A size m x n bimatrix game (R, C), mixed strategies x1, x, for the row player and y1, y, for the
column player.
Output: «, § € A, that minimizes f(lexl + apx2, B1y1 + ﬁzyz).
Apply the (2, n)-separation algorithm (see Appendix C.1) for a that outputs separated polytopes PR,
where i € [n] (actually intervals of 7). // Time complexity O(nlogn)
Apply the (2, m)-separation algorithm (see Appendix C.1) for B that outputs separated polytopes ch,

where j € [m] (actually intervals of B1). // Time complexity O(mlogm)

Compute the exact form of F;(«, B) = fi(ax; + (1 —a)x2, By1 + (1 — B)y2), where i € {R,C}. // Time
complexity O(mn)

fori=1:nj=1:mdo

Minimize f in each grid PR x ch. Apply statement 3 in Corollary A.6. It suffices to scan the

following regions:

(1) Points with oF(a, ) /da = 0 or dF(«, )/9p = 0, where k = R, C.

(2) The four vertices of its domain.

(3) Points with Fr(«, B) = Fc(«, B).

// For details, see Appendix C.6.

end

// We can show that each case can be done in constant time over m,n. Thus, the time
complexity is O(mn).

Finally, compare the f-values of the minimum on the mn grids and obtain the global minimum of f on
Ap X Ap. // Time complexity O(mn)

Such a descent process will stop if the minimum directional derivative at (x,y) is zero. If that
is the case, we call (x,y) a stationary point. Usually, stationary points are hard to reach. Hence, the
descent procedure actually tries to find a J-stationary point, at which min, Df(x,y,x',y") > —é.
[48] showed that the descent procedure finds a J-stationary point in time polynomial of m, n and
1/6. Since we calculate the steepest descent direction by a linear program, we can also calculate
the optimal solution of its dual program. The dual solution can be expressed as (p, w, z), where

p €[0,1], w € brr(y) and z € brc(x).
Example A.7 (The modified TS algorithm [48]).

* Search phase: Use the descent procedure to compute a d-approximate stationary point (xs, ys)
of the function f. Then, by linear programming, compute the dual strategy profile (w, z) as
well as the dual parameter p.

e Mixing phase: Directly apply the (2,2)-mixing algorithm on the strategies x;, w of the row
player and ys, z of the column player. The algorithm outputs the optimal mixing parameters
«*, B* that minimize the f value on all possible mixing.

Example A.8 (The modified DFM algorithm [20]).

* Search phase'®: The DFM algorithm is an adjustment of the TS algorithm. Besides the found
(xs,s), (w, z) pairs, if fr(w,z) > fc(w,z), it also considers the strategy § = % (ys +z) and
selects @ € bre (7). The operations in the case fr(w,z) < fc(w,z) are symmetric.

15To simplify the further discussions, we state it in a slightly different form from the original literature.
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ALGORITHM 3: (2, 3)-mixing algorithm

Input: A size m x n bimatrix game (R, C), mixed strategies x1, x, for the row player and y1, ¥, y3 for
the column player.
Output: & € Ay, f € Az that minimizes f(lexl + apx2, B1y1 + Bay2 + ‘Bgyg).
Apply the (2, n)-separation algorithm (Appendix C.1) for a that outputs separated polytopes PR, i € [n]
(Actually are intervals for ). // Time complexity O(nlogn)
Apply the (3, m)-separation algorithm (Appendix C.2) for  that outputs separated polytopes
P].C,j € [m]. // Time complexity O(m?logm)

Compute the exact form of Fi(a, B,v) = fi(ax; + (1 —a)xp, By1 +vy2 + (1 — B —7)y3),i € R,C.
// Time complexity O(mn)
fori=1:nj=1:mdo
Minimize f in each grid PR x ch. Apply statement 2 in Corollary A.6, it suffices to scan the
following regions:

1. (a, B) belongs to side surfaces of S and

(a) either there exists k € R, C such that dF,/dy =0, or

(b) («, B) is in the intersection of side surfaces and top/bottom surfaces.
2. (a, B) belongs to top/bottom surfaces of S and

(a) there exists k € R, C such that either 0F,/da = 0 or dF, /9B = 0, or

(b) (a, B) is in the intersection of side surfaces and top/bottom surfaces.
3. Fr(w, B) = Fc(w, B).

4. VFr(a,B) =0o0r VFc(a, ) =0.
// For details, see Appendix C.7

end

// We can show that each case can be done in O(m) time. Thus, the time complexity is
O(m?n).

Finally, compare the f-values of the minimum on the mn grids, and obtain the global minimum of f on
Ay X Az. // Time complexity O(mn)
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e Mixing phase: Directly apply the (2,3)-mixing algorithm on the strategies x;, w, @ of the row
player and ys, z of the column player. The algorithm outputs the optimal mixing parameters
«, B that minimize the f value over all the possible mixes.

B Approximation analysis

B.1 Linearization

To begin with, we propose some basic notions for linearization. Recall the concept of barycentric
coordination in mixing operation defined in Section 2. In the discussion below, if we refer to
"barycentric coordination", we mean the operation defined by this coordination.

Linearization aims at giving an upper bound of a convex function which meets the function
values on the vertices, illustrated in Figure 7 below.

function value

Figure 7: The value of a convex function controlled by the linear function over the vertices.

Proposition B.1. For any convex function h(a) defined on Ay and any a € Ay, h(a) < aqh(e) +--- +
ayh(ey). The equality holds if h is linear in .

Proof. By the definition of convexity, we note that for any B1, B2 € Ay and & € Ay, we have h(a151 +
a2B2) < arh(B1) + azh(B2). Thus, we can gradually decompose h(a) onto the components of
e1,-..,ey, and obtain the conclusion.

Besides, if & is linear, then by linearity, h(a181 + a2B2) = a1h(B1) + azxh(B2) holds for any
B1, B2 € Ay and & € A;. Similarly, by the decomposition, we obtain the equality condition. ~ [J

B.2 Designing an upper bound constructor

As the counterpart to (1,w), (2,2), (2, 3)-mixing algorithms, in this part, we propose upper bound
constructors for cases (1,w), (2,2), (2,3) to analyze the approximation bound. In fact, we are able
to propose the upper bound constructor for arbitrary general case (v, w). The idea is to use the
linearization approach proposed in Appendix B.1 to give an upper bound to f with respect to its
values over the vertices.
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B.2.1 A brief overview of the techniques

For case (1, w), the upper bound can be derived easily. Our task is to give an upper bound for the
minimum of f on the region A = {(x1,a1y1 + - - + &wYw), B € Ay}, denoted by f%. We can show
that both fr and fc are convex in a. Thus a direct use of the linearization gives a linear upper
bound function for both fz and fc, and further an upper bound for f by linear programming.

For general case (v, w), the region A is modified to {(a1x1 + - - - + apXo, f1y1 + - - - + Puwlw), & €
Ay, B € Ay }. However, in functions fg, fc, only max terms are convex in («, ), while the bi-linear
term x” Ry and x”Cy contains the cross term of a, 3, and thus is no longer convex.

To overcome this difficulty, we only apply linearization to the max term of fr and fc, but we
leave the bilinear term unaltered. Then, we propose two solutions:

1. Simple upper bound constructor: We restrict f to the boundary'® of A and consider the faces of
this boundary one by one. On each face, either a or B is fixed. Thus, the bilinear function
deteriorates to a linear function, which allows us to apply the result in case (1, w) (or (v, 1)).
The upper bound given in this way is the minimum of several linear programs (LP).

2. Strong upper bound constructor: We do not restrict f. The upper bound given in this way
becomes the minimum of several quadratically constrained linear programs (QCLP).

Clearly, simple upper bound constructors are easier to analyze and computationally tractable
than the stronger ones. In fact, most works in the literature follow a similar but ad hoc analysis
approach to our simple upper bound constructors.

The detailed algorithms are given in the follows sections.

B.2.2 Case (1,w)

Proposition B.2 ((1, w)-upper bound constructor). Given strategies x1 € Ay and y1,...,Yw € Ay,
the region defined by their convex combinations is A = {(x1,a1y1 + - + &wyw) | &« € Ay} Let f be
the minimum of f on A. Solve the following linear program:

min h
st. h Z ‘leR(xlryl) +---+ “wfR(xlzyw)/
h > wfe(x,y1) + - + awfo(X1, Vo),
o e Ny.

Denote by a*, h* the optimal solution and objective value to the linear program above. Then we have:
A< fxq, aiyr + - -+ alys) < W The inequalities hold simultaneously when fr is linear in «.

Proof. Over the region A, we have fc(x1, a1y1 + -+ + awyw) = max{CTx;} — xIC(ayy1 + -+ +
Awlw) = a1fc(x1,y1) + -+ + awfo(x1, Yw), which is linear on a. Besides, fr(x1,a1y1 + -+
awYw) = max{R(a1y1 + - - + awyw)} — x] R(a1y1 + - - - + &wYw), which is convex on a. Thus, by
linearization in Proposition B.1, on region A, fr(x1,a1y1 + - + @wlw) < a1fr(x1,11) + - +
aw fR(X1, Yw)-

From the deduction above, the optimal solution /* of the linear program in the proposition
gives an upper bound of f. Specifically, taking a = a* in the inequalities above, we have

16For a formal definition of these geometric concepts, see Appendix E.
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flx1,afy1 + ... + alyyw) < h*. Besides, from Proposition B.1, the equalities hold when fr is
linear. ]

The readers can refer to Figure 8 as an illustration for the case w = 2.
A

. . @ ¢lobal minimum
linearized fr &

/ i

0
(x1,41) (x1,12)

o1

N
>

Figure 8: Illustration of (1,2)-upper bound constructor.

Remark B.3. One of the key properties of linear programming is that there exists an optimal
solution on the boundary of the domain. Applying this property reversely, we can actually show
that Proposition B.2 is equivalent to using the (1,2)-upper bound constructor on each edge of the
domain.

B.2.3 Case (v, w)

As discussed in Appendix B.2.1, there are two approaches for the general case (v, w). One gives a
simple upper bound constructor and another gives a strong upper bound constructor. In Figure 9,
we illustrate the relationship between the minimum f, simple upper bound constructor, and
strong upper bound constructor on a section.

A

. . e ¢lobal minimum
linearized fgr ©

-

~
-
~~

linearized fc = O\ _..---"" .
0 fC E . 0‘1 — lBl
(X1/y1) (xz,yz)

Figure 9: Relationships of function f, simple upper bound, and strong upper bound in case (2,2).
We only show a section of figure on line ay = B;. The linearization approach only applies on
max terms. The simple upper bound only considers the boundary (i.e., two endpoints) while the
strong upper bound considers the whole domain (i.e., the whole interval).
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Proposition B.4 (simple (v, w)-upper bound constructor). Consider strategies x1,...,%X, € Ay,
Yi,--- Yo € Dy On the region A = {(a1x1 + -+ + auXy, P1y1 + -+ + Bulw), & € Dy, B € Ay},
denote the minimum of f by f.
An upper bound of f{ is given by the minimum of f over all the faces of A, given by following v + w
regions:
{(xi,ﬁ1y1 +--+ ,Bw]/w)/,B € Aw}, NS [U],
{(ayxy 4 - -+ apxo, yj), 0 € Ay}, j € [w].

Moreover, on each region, the minimum of f is bounded by the output of the (1, w) or (v, 1)-upper bound
constructor.

Proof. Denote the boundary of A by d.4. By the property of simplex, A is composed of the facets
of A, namely {(x;, f1y1 + -+ Buwyw) : B € Mu}, i € [v] and {(a1x1 + -+ + apXo, Yj) : & € Ay},
j € [w]. Since 9A C A, fA < A,

Now, on each facet, directly apply the results in Proposition B.2 and obtain an upper bound
given by a linear program. Combine all these upper bounds, we obtain an upper bound of 4,
which is also an upper bound of f. O

Remark B.5. Due to Remark B.3, by further decomposing the (1,w) and (v, 1)-upper bound
constructors, the (v, w)-upper bound constructor can be decomposed into (1,2) or (2,1)-upper
bound constructors over all edges of the domain.

Proposition B.6 (strong (v, w)-upper bound constructor). Consider strategies x1,...,%, € Ap,
Yi,--- Yo € Dy On the region A = {(a1x1 + -+ + auXy, P1y1 + -+ + Bulw), & € Dy, B € Ay},
denote the minimum of f by f. An upper bound of f* is given by the following program:

min h

[V
™
=

N
I
—

st. h iBifr(xi,Yj),

]

Il
—_

v
™
™=

I
—_

wijfc(xi,yj),

j
o€ Ay,

B € A,

Il
—_

1

Proof. The idea is to only apply the linearization on the max terms. For any point in .4, we have:

fr(@ixy + -+ -+ apXy, Pry1 + - - - + BuwYw)
=max{R(Biy1 + - - + Bulw)} — (@11 + - - + aox) "R(Bry1 + - - + Bulw)
<Bimax{Ry1} + - - + Bwmax{Ryw} — (@121 + - - + aoXy) "R(B1y1 + - - - + Puwyw)

v w
=) ) wiBifr(xi,y)).
i=1j=1
Similarly, we have fc(a1x1 + - + apXy, p1y1 + -+ + Buwlw) < Yi g Z}":l a;Bjfc(xi,y;). Thus,
f = min(, 4 max{fr(x,y), fc(x,y)} is bounded by the optimal value of the program above.

O]
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Note that the upper bound constructed above only depends on the fr, fc values on the vertices
of the domain, i.e., the strategy profiles given by the search phase. However, this QCLP is much
harder to solve than LP in Proposition B.4.

Remark B.7. The relationship between simple upper bound constructors and the strong ones is
as follows. Set B; = 1 and other B;’s to 0. Then constraints of the program in Proposition B.6
becomes h > Y.I_y aifr(xi,yj), b > Y1 «ifr(x;,y;), and & € Ay, which are exactly constraints in
the program of simple (w, 1)-upper bound constructor (Proposition B.4). Thus, the simple upper
bound constructor is a strong upper bound constructor additionally constrained on the boundary
of the domain.

Remark B.8. A more practical consideration of the strong (2,2)-upper bound constructor is to
add an additional constraint & = f in the program of Proposition B.6. With more constraints, the
optimal & in Proposition B.6 can only be larger, which is thus again an upper bound. As a return,
the program now becomes a univariate program, which is much easier to solve.

Remark B.9. In the spirit of Proposition B.4, we can also have a hybrid version of Proposition B.6.
For example, a hybrid strong (w, v)-upper bound constructor can be given by strong (2,2)-upper
bound constructors as follows. Suppose the region to be minimized on is A = {(a1x7 + -+ +
&pXo, B1y1 + -+ + BuYw), & € Ay, B € Ay }. Then an upper bound of f7* is given by the minimum
of upper bounds on the following regions: A; j, ;. i, = {(ax;, + (1 —a)x;,, By, + (1 — B)yj,), &« €
[0,1], B € [0,1]}, where i1,ip € [v] and ji, j» € [w].

B.3 Analyzing an upper bound constructor

After the intuitive linear programming description of the upper bound constructor, now we
compute the explicit form of (v, w)-upper bound.

From Remark B.5, we know that any upper bound constructor can be viewed as taking the
minimum of the output of several (1,2)-upper bound constructors. Therefore, we only need to
present the explicit solution of the (1,2)-upper bound constructor.

Proposition B.10. Given strategies x1 € Ay, and y1,y» € Ay, denote ag = fr(x1,y1), ac = fc(x1, 1),
br = fr(x1,Y2), bc = fc(x1,y2). The solution h* of (1,2)-upper bound constructor on strategy is:

1. Ifac < ag and be < bg, then h* = min{ag, br}.
2. Ifag < ac and bg < bc, then h* = min{ac, bc}.
3. Ifar +bc —ac —br =0, then h* = min{max{ac, bc}, max{ag, br}}.

. * aRbCfach
4. Otherwise, h* = T —ac b

Conversely, when fr and fc are both linear in parameter t, the equalities of f2B in all three cases hold.

The proof is given in Appendix C.8.

For (hybrid) strong upper bound constructors, the explicit form also exists and is purely given
by the fr, fc values over the vertices of the domain. Of course, it can be solved by a symbolic
calculator, such as Mathematica. However, there is no neat expression for general cases. For
practical use, we almost always use hybrid upper bound constructors given by the strong (2,2)-
upper bound constructor in with an additional constraint « = B, as stated in Remark B.8. Now
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the optimal / is in the form of mingc(o,1] max{am2 + ayx + az, bia® + by + b3}, i.e., the minimum
value of the maximum of two univariate quadratic functions. Using Corollary A.6, the minimum
value of this program can be easily solved even by hand.

B.4 Examples

In this part, we analyze the approximation of the modified TS algorithm in Example A.7 and the
modified DFM algorithm in Example A.8.

Example B.11 (Approximation analysis of the modified TS algorithm). In this example, we analyze
the approximation bound of the modified TS algorithm in Example A.7. Additionally, we provide
a tight instance for the modified TS algorithm. The mixing region is A := {(ax; + (1 — a)w, By* +
(1—=PB)b2) : a, B € [0,1]]}. Now, we derive an upper bound of f7 following the same procedure as
in Section 5.

Step 1: Construct the upper bound.

First, give the name alias of the vertices. Denote a = fr(xs,ys), b = fo(xs,ys), ¢ = fr(xs,2),
d = fc(xs,2), e = fr(w,ys), f= fc(w,ys), g = fr(w,z), h = fc(w,z). The positions of them are
illustrated in Figure 10.

(w, 2) (zs,2) (w, 2) (T, 2)

g c h d

e a f b

(w’ '!/s) ('TS’ ys) (w7 ys) ('TS: yS)
Ir fc

Figure 10: Positions of little letter aliases in the modified TS algorithm.

Then, by directly taking v = w = 2 in Proposition B.4 and Remark B.3, we can derive the
(2,2)-upper bound constructor. Then f7 is bounded by h* given by the optimal value of the
following optimization problem:

min min{b1,b2, b3, b4}
q,02,003,04

st. by >ma+ (1—ay)e by > b+ ( )
by > aza+ (1 —az)c, by > apb+ (1 —ap)d,
bs > a3g+ (1 —az)c, b3 > azsh+ (1 —a3z)d,
by > asg+ (1 —ag)e, by > agh + ( )
0 <, ap,a3,04 <1.

Step 2: Extract relations from the search phase.
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Although the descent algorithm in fact finds a J-stationary point, we actually consider station-
ary points when we make the bound analysis. The upper bound will increase by at most 6. In this
way, we can simplify notations.

For the strategies x;, ys, w, and z given by the search phase of the TS algorithm, we can prove
the following properties:

Lemma B.12 (Proposition 1 in [9]).
fr(xs,v5) = fe(xs,ys) = f(xs,ys) <p(w"Ry' — (x')"Rys — x{ Ry’ + x] Rys)+
(1—p)((x)TCz = (x')"Cys — x{ Cy' + x{ Cys).

We can also rewrite it in the form of objective functions:

f(xs,ys) <p(fr(xs,y') — fr(w,y') + fr(x', ys) — fr(xs,ys))+
(1 —=p)(fe(x',ys) = fe(X',z) + fe(xs, ') — fe(xs,ys))-

Define
Fr(a, B) == fr(aw+ (1 —a)xs, pz+ (1 —B)ys), I€{R,C},
F(a, B) := max {Fr(a, B), Fc(a, B)},

where «, € [0,1]. Then we can directly use the coordinates («, ) of each point to express the
value of f on it. The following lemmas can be derived from Lemma B.12:

Lemma B.13. 1. F(0,0) = Fz(0,0) = Fc(0,0).
2. Fr(1,0) = F¢(0,1) = 0. z=br(x), w=br(y)
3. 0< F(a,B) <1,forI € {R,C} and Va, B € [0,1].

Lemma B.14 (Lemma 2 in [9]). For the functions Fg and Fc defined above:

1. Given B, Fc(w, B) is increasing, convex, and linear-piecewise in «; Fr(w, B) is decreasing and linear
ina.

2. Given «, Fr(w, B) is increasing, convex, and linear-piecewise in f; Fc(«, B) is decreasing and linear

in .

We mention that these inequalities fully characterize strategies xs, s, w, and z, thus providing
crucial tools for the bound analysis.

Now we can find relations of these fr’s and fc’s. We notice that a = b, d = e = 0,
a,b,c,d,e f,ghec01] (LemmaB.13),c>g c>a, f>h, f>Db (Lemma B.14). By symmetry, we
assume without loss of generality that g > h. Finally, we have a < p(c—g),a < (1—p)(f—h)
(Lemma B.12).

Step 3: Write down the optimization problem of the upper bound.
By the relations derived above, we can directly write down the optimization problem of the
approximation bound. See Appendix D.8 for details.
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太原运管
z=br(x), w=br(y)


Step 4-1: Eliminate the minimum operator over «;’s in 1*.

On the edge {(axs + (1 —a)w,ys) : « € [0,1]}, since a = b,e = 0,f > b > 0, by Propo-
sition B.10, the optimal value is a, which is obtained at a* = 1. Similarly, we can show that
the optimal value on {(axs + (1 —a)w,z) : « € [0,1]} is g, obtained at a* = 0; the optimal
value on {(xs,Bys + (1 —B)z) : B € [0,1]} is b, obtained at g* = 1; the optimal value on
{(w,Bys+(1—B)z): B€[0,1]}is Hfgig_h, obtained at g* = %.

Thus, the upper bound h* is simplified to

: fg
min {a, W[} .

Step 4-2: Obtain the constant upper bound.
Now the optimization problem of the approximation bound becomes

. . fg
maximize min<a, ————— 7,
f+g—h
st. 0<a,cd,fghp<1,

a<p(c—g),
a< (1-p)(f—h),
f>a.

This can be solved by a computer program. Below we show the solution manually. Let
A=c—gand yu = f—h. Then,

¥ —mi fg
h —mln{a,w}

. flc—A
. Au 1-A
< .
—mln{A+y'1+y—A} (19

By the same argument in [48], the optimal value of (10) is b ~ 0.3393, obtained when
A =A%~ 05825 and y = pu* ~ 0.8128. That is the desired upper bound of the approximation.
Therefore, we have shown that:

Theorem B.15. The approximation bound of the modified TS algorithm is 0.3393 + 6.

One more step: Derive the tightness conditions.

The analysis also provides us with the necessary condition for tightness. Tracing each step of
the relaxation, we can easily obtain the tightness condition. From step (10), we have f* = ¢* =1,
p* = u*/(A* +u*) = 0.5825. Thus, g* = ¢* — A* = 04175, h* = f* — y* ~ 0.1872. From step (9),
we have a* ~ 0.3393. In this way, we uniquely determine the value at each point in the tight case.
A more elaborate consideration is provided by [9], which is further able to devise a generator that
generates all tight instances.
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We also mention that Theorem 1 in [9] gives a game instance (R, C):

0.1 0 0 01 01+b 01+0b
R=101+b 1 1|, C=|0 1 u* ,

01+b A* A* 0o 1 >

such that on the square A defined by x; = ys = (1,0,0)T,z = w = (0,0,1)7, fi is exactly
b ~ 0.3393. Therefore, the approximation bound is tight.

Example B.16 (Approximation analysis of the modified DFM algorithm). In this example, we
analyze the approximation bound of the modified DFM algorithm in Example A.8. Additionally,
we provide a tight instance for the modified DFM algorithm. Due to symmetry, we only present
the case where g > h, namely fr(w,z) > fc(w,z).

Note that the mixing region is A := {(a1xs + aow + a3, B1ys + P2z + B37) | & € Az, B € Asz}.
Now, we derive an upper bound of f7 following the same procedure as in Section 5.

Step 1: Construct the upper bound.
First, we present the following alias table.

condition | original notation | new alias

fr(®,z) i

original notation | new alias fr(W,ys) j
fr(%s,ys) a fe(®,2) k
el ) b 820 1 fe@y) 1
fr(xs,2) c fr(w,7) m
fe(xs,2) d fr(x5,7) n
fr(w, ys) e fe(w, 2) i
) : A ‘

r(w,z g r(w, 2

few,2) h B<R 1 fr(n2) 1
fe(%,vs) m

fe(,2) n

Here, we draw the prism A to show the positions of little letter aliases, as shown in Figure 11.

Then, directly using Proposition B.4 and Remark B.5, we can derive the (3, 3)-upper bound
constructor, which is decomposed into (1,2)-upper bound constructors among all the edges of the
triangular prism A. The form is very complicated so we omit it here.

Step 2: Extract relations from the search phase.
Similar to Example B.11, to simplify the notations, we here consider stationary points rather
than J-stationary points. The relations is presented below. The proof is given in Appendix C.9.

Lemma B.17. Let b = fc(xs,ys), d = fc(xs,2), e = fr(w,ys). We have the following relations.
1.d=e=0,a=0.
2. a,b,c,f, g hi,j,k1l,nme]|0,1]
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linear direction

(0, ys) .

Figure 11: Positions of little letter aliases in the modified DFM algorithm (case g > h).

3.c>gg>mcec>n>af>hf>b.

4 a<plc-g),b<(1-p)f-h)a<pi+1-p)I-k).
5. fr(®,9) = 0.

6. g>1i+j.

7. fo(d,9) = 2(1+k).

Step 3: Write down the optimization problem of the upper bound.
With these relations, we can write down the optimization problem of the approximation bound.
See Appendix D.9 for details.

Step 4-1: Eliminate the minimum operator over «;’s in h*.

Now we give the explicit solution of the (3,3)-upper bound constructor h*. Each (1,2)-
upper bound composing the (3, 3)-upper bound constructor can be completely determined by
Proposition B.10. This can be calculated by a computer program. Again, since there are too many
cases to present, we omit it here.

Step 4-2: Obtain the constant upper bound.

Now, the form of the optimization problem of the upper bound has no inner min,; operator
and thus can be solved by a numerical optimization solver, such as Mathematica.

The output of the computer program shows that the approximation bound of the modified
DFM algorithm in Example A.8 is 1/3. However, the correctness of the numerical optimization
procedure is somewhat hard to check, so we also prove manually that the bound is exactly 1/3 in
Appendix C.10.

Theorem B.18. The approximation bound of the modified DFM algorithm is 1/3 + 6.

Remark B.19. One may wonder if it is possible to improve the approximation by choosing different
7 and £. Indeed, we can generalize them to a parameterized form, e.g., 7o = 0w + (1 — 0)ys. The
letter 6 can be regarded as a parameter. Involving 6, Lemma B.17 and Lemma C.12 will change
correspondingly. The optimization problem will also change, including a new variable 6. However,
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numerical computation shows that the optimal value of the optimization problem is still 1/3,
attained at & = 1/2. Thus, the modified DFM algorithm in Example A.8 makes the optimal choice.
Once again, our method demonstrates its power to provide a quick result here.

One more step: Derive the tightness conditions.
Based on the approximation analysis above, we identify a tight instance (R,C) with the

following matrices:
0 0 0 0 1/3 1/3
R=1{ 0 0 1], C=(0 0 1/3], (11)
1/3 2/3 2/3 0 1 2/3

By considering the degraded triangular prism A, constructed with x; = vy, = (1,0,0)T,
z=w=®=(0,0,1)T, and p = 1/2, we find that f} = 1/3. We note that this tight instance is
stronger than that provided in [10], which is only tight for the original DFM algorithm but not for
the modified DFM algorithm in Example A.8. Thus, our method for tightness analysis is much
stronger and generally applicable.

The proof of tightness is provided in Appendix C.11.
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C Missing proofs and algorithms

C.1 The (2, m)-separation algorithm

This problem can be restated as a famous problem in computational geometry called envelope
problem, which is a special case of half-plane intersection problem. The half-plane intersection problem
can be solved with the plane sweep method in time O(nlogn), see, e.g., Section 4.2 of [36]. For
completeness, we restate the full algorithm here.

Specifically, suppose we are given two series {a;}%_,, {b;}¥_,. We want to compute the break-
points of function h(x) = max;e{a;x + b} (x € [0,1]) and the value of / on these points. We
present a method based on ideas from computational geometry.

First, we turn the case into 41 < a4, < ... < a;. To do so, reorder functions {a;x + b; }; so that
a1 < ap < ... < a;. Then we check all contiguous pairs (a;,4;+1). If a; = a;;1, then we delete the
function with smaller b;, since it is strictly smaller that the other one. By this procedure, we obtain
1 < ap < ... < ai in time O(klogk).

Let us use a list w to memorize the breakpoints and a list f to memorize the value of h(x)
on these points. Define hs(x) = max;cg{aix + b;}. We use a recursion method to find the
breakpoints by gradually updating the set of breakpoints from h(x) to hx(x) = h(x). For the
beginning, since 11 (x) = a;x + by, we can initialize list w with w(0) = 0,w(1) = 1 and list ¢ with
t(0) = by, t(1) = a3 + b;. Then we consider how to update from /h;(x) to hsiq1(x).

By assumption a1 < ap < ... < a5 < ag41, function Ahs(x) = hs(x) — as1x — bsyq is continuous
on [0,1] and decreasing on every linear piece. So Ah;s is decreasing on [0,1] and has at most
one zero point. Therefore, /i;(x) has at most one intersection point with ag.1x + bsy1. If such
point exists, say x*, then we have h,(x) < a541x + bs1 if and only if x > x*. So, we only need to
add x* into list w and delete all the points in list w which belong to [x*,1). Similarly, we add
as41x* + bgy1 into the list ¢, update the value corresponding to 1 with as1 + bs11 and delete all
values between them. The geometric illustration of such a procedure is given in Figure 12.

— h3 ha

al\

Yy
.as
v
7
d
\ z* // as
/
/7 xr
)7’,
e

a4

Figure 12: Illustration of the update procedure from /3 (orange line on the left) to /4 (orange line
on the right). We try to add term aszx + b3 (dashed line on the left) into the max operator in h3.
asx + by intersects h3 at a,x + bp. Thus x* (yellow dot) is calculated and the breakpoints larger
than x* are deleted. Equivalently, azx + b3 is removed (dashed line on the right).

To find such x*, we use a binary search on index t to locate the proper line a;x + b; forming

the intersection point x*. Such a search costs only logarithm time of the number of lines.
Now we analyze the time complexity of this algorithm. There are in total k rounds of binary
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searches, with the ith round using time O(logi). In total, the time complexity is O (zf-‘:l log i) =
O(klogk). We collect the above arguments into the following proposition.

Proposition C.1. There exists an algorithm that outputs all the breakpoints of h(x) and their corresponding
function values in time O(klogk).

C.2 The (3,m)-separation algorithm

Note that since t = 3, B can be represented by two free variables, i.e., f = (x,y,1 —x —y). Then the
polytope P; in Definition A.1 is actually a polygon on the plane. The (3, m)-separation algorithm
needs to find a clockwise enumeration of vertices of P;. This problem, again, can be stated by the
half-plane intersection. For completeness, we present the algorithm here.

In fact, a proper application of the (2, m)-separation algorithm will give us the desired
algorithm. A key observation is that the boundary of a polygon can be expressed as a union of
four parts: left boundary, right boundary, upper semi-boundary and lower semi-boundary. If we
write all constraints of P; in the form [; := d;x + f)]-y +¢>0,j€ [k], then each constraint belongs
to exactly one part of the boundary:

1. When Ej =0, l; = 0 is a candidate of the left (right) boundary if 7; > 0 (< 0).
2. When b; # 0, |; = 0 is a candidate of the upper (lower) semi-boundary if b; < 0 (> 0).

In the second case, we write the boundary into the form y = dx + b. Then we can apply
Proposition C.1 on the upper (lower) semi-boundary to obtain ordered vertices in time O(klogk).
Next, we combine the two semi-boundaries to obtain the leftmost and rightmost vertices.

Now we determine the vertical boundaries. The left (right) boundary, if exists, has the
maximum (minimum) —¢;/d;, which can be found in O(k) time. If the left (right) boundary does
not rule out the leftmost (rightmost) vertex, then there is no left (right) boundary. Otherwise, by a
binary search on vertices of the two semi-boundaries, we can find two segments adjacent to the
left (right) boundary in O(logk) time. An illustration of this procedure is presented in Figure 13.

1y Y

77
\ —_—

N ,/’1' = \”” 20) 10

Figure 13: Illustration of the procedure computing ordered vertices (vertical line cases). On the
left, the lower semi-boundary and the upper one is colored with green and orange, respectively.
The vertices are labeled clockwise on each semi-boundary. On the right, we try to add vertical
lines. The black dashed line does not change the structure at all, so it is omitted. The black solid
line will change the structure, and the new labels of vertices are computed (and in the bracket is
the original labels).

We collect the above arguments into the following proposition.
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Proposition C.2. There exists an algorithm that outputs all vertices in a clockwise order of the polygon P;
in time O(klogk).

C.3 Proof of Lemma A.4

In case 1, take any x € S. Then g»(x) < M < my < g1(x). Therefore, ming g(x) = ming g1(x) =
my. The minimum is obtained exactly in {x € S : g1(x) = m1}, namely g, (m1).

Case 2 is symmetric to case 1, so we omit it.

For case 3, we consider which set function g reaches the minimum. Suppose that x is a
minimum, and g1(x) # g2(x), then suppose without loss of generality that g1(x) > g2(x). By the
continuity of g1, g2, g1 > &2 in some neighborhood of x. Therefore, g = g; in this neighborhood,
so x must be a local minimum for g;. The problem becomes solving the first-order condition for
optimization with linear constraints. Thus x must also be a KKT point of g; and satisfy the KKT
condition given in the statement.

C.4 Proof of Proposition A.5
We prove the statement in the order of 1, 2, 3, 5, 4, and 6.

Proof of Statement 1 and 2. For statement 1, we note that notation dim(S) = m means that the
smallest affine space containing it has dimension m. Therefore, the space can be expressed by
the solution of (n —m) linear equations, say ux = v;,i € [n —m]. Moreover, the remaining
constraints cannot contain any equation like u'x = v; otherwise, dim(S) < m — 1, which violates
the definition of the affine hull.

For statement 2, by the definition of parallel, 4 || S if and only if there exists a line segment
defined by xp, x; € S such that x; = x¢ + éd, where ¢ is a nonzero constant. Since xg, x; € S, we
have for every i € [n —m], u xo = v; and u] (xo + 6d) = v;, so u]d = 0. O

To prove statements 3, 5 and 4, we need the representation theorem for polytopes. We say a
halfspace (inequality) a'x < b is facet-defining (for polytope P) if PN {x € R" : a’x > b} defines a
facet of P.

Theorem C.3 (Representation theorem for polytopes, Theorem 2.15 in [51]). A subset P C IR" is a
polytope if and only if it can be described as a bounded intersection of facet-defining halfspaces, one for each
facet, and of the affine hull of P. Moreover, the facet-defining inequalities are uniquely determined (if we
write them as aiTx < 1), and none of them can be deleted.

Proof of Statement 3 and 5. By Theorem C.3, we can write S in the form
aff(S)n {x ER":dx < 1}.
ieWw
Here, inequalities ] x < 1 are facet-defining. Since they are unique and cannot be deleted, each
inequality 4 x < 1 corresponds to a constraint a}'—x < bj with a; = b;d;. For each i € W, pick such
a j. Then we have already selected an index subset W of [k]. By statement 1, aff(S) can be written

in the form of {x € R" : u]x = v;,Vi € [n — m]}. Now we have proved statement 3.
For statement 5, since constraint a]Tx < bj, j € W is fact-defining, again by Theorem C.3,

S; = aff(S) N {x € R": a}rx < bj} exactly represents a facet and vice versa. O
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Now we prove statement 4.

Proof of statement 4. We first prove that
Sy = {x €S :Vke W,tszx < bk} C s°.

Pick x € S;. By the continuity of 4] x, there exists a small neighborhood U of x such that
UNS C Sy. Therefore, x is an interior point of S. Since x is arbitrary, S; C S° holds.
Second, we show that

S2:={xe8: e Walx=b}Cos.

Note that by the construction of statement 3, all constraints indexed in W in S can not be deleted.
It then guarantees that for every k € W, there exists xo € R" \ S such that a] xo > by and a]-Txo < b;

holds for each j € W\ {k}. Suppose x; € S. Then a]x; = by for some k € W. Consider
the direction d = xp — x;. Notice that the set {x €R":ajx > brand Vj € W\ {k},a]x < bj} is
convex. Since x1, xg are both in it, the line segment defined by x3, x¢ also lies in it. Therefore, for
arbitrarily small € > 0,

aj (x1+e(xo—x1)) = (1—€)ajx; +eaj xo > by.
\g—/ \gJ
=0k >y

Hence x1 + €(xp — x1) ¢ S and thus x1 € 9S. Since x; is arbitrary, S; C 9S holds.
Now we combine these two results. Clearly S; NS, = @ and SiUS; =S =9dSUS°. So we
must have S; = §° and S, = 9S. O

Finally, statement 6 is the direct corollary of a result on face lattice.

Definition C.4. A graded lattice is a finite partially ordered set (S, <) if it shares all the following
properties.

e It has a unique minimal element 0 and a unique maximal element 1.
¢ Every maximal chain has the same length.

¢ Every two elements x,y € S have a unique minimal upper bound in §, called the join x VV y,
and every two elements x,y € S have a unique maximal lower bound in S, called the meet
xXAY.

For a graded lattice, the minimal elements of S \ 0 are called atoms, and the maximal elements
of S\ 1 are called coatoms.

A lattice is atomic if every element is a join x = a; V - - - V a; of k > 0 of atoms. Similarly, a
lattice is coatomic if every element is a meet of coatoms.

Theorem C.5 (Proposition 2.3 and Theorem 2.7 in [51]). Let P be a convex polytope. Consider the set
of all faces L(P), partially ordered by inclusion.

1. Set L(P) is a graded lattice of length dim(P) + 1. The meet operation is exactly the intersection of
sets.
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2. The face lattice L(P) is both atomic and coatomic.
3. The faces of F are exactly the faces of P that are contained in F.

Proof of statement 6. By Theorem C.5, L(S) is a graded lattice. Suppose F is a face in L(S). Then
since L(S) is coatomic, F is the meet (i.e., intersection) of coatoms, i.e., facets. O

C.5 Proof of Corollary A.6

We prove the corollary by discussing all possible cases that achieve the minimum. Since g(x) =
max{g1(x), g2(x)}, we partition the domain into three parts according to whether g1 (x) is greater
than, smaller than or equal to g (x).

Proof of Statement 1. By symmetry, we only need to consider the case of
Sy = {x €S:g1(x) > ga(x), 3N > 0,Vgi(x) + ATU = 0 and Vi € [m], \;(Ujx — V;) = o} .

It suffices to show that for every x € Sy, either Vg;(x) =0 or x € 9S.

For a given x € Sy, if Vgi(x) = 0, then A = 0 is a solution for the KKT conditions given
in Theorem 12.1 in [43]. Otherwise, since Vgi(x) = —ATU # 0, there must exist i such that
A; # 0. Therefore, we must have U;x = V;. By definition, every x € S satisfies U;x < V;. By
our assumption on U, U; # 0. So there is a vector d € R” such that U;d > 0. For any € > 0,
U;(x+ed) > V;.. Hence x +ed ¢ S, i.e., x € dS. d

To prove the rest statements, we need the following claim.

Claim C.6. For any face T of S, if T is parallel to e;, we have: for any x € T N Sy, if the minimum of f
can be obtained at x, then either x is contained in a facet not parallel to e; or dg1(x)/9dx; = 0.

Proof. Since x € S, by the KKT condition given in Sy, there exists A such that Vg;(x) = —ATU.
Thus dg1(x)/9x; = Vgi(x)Te; = —ATUe;. Note that by the definition of parallel, there exists a
line I such that ! C aff(T) and ! || e;. Therefore, for any x € T, there exists a line I, C aff(T) such
that x € I, and I, || ¢;. Define I,:=1,NT.

If x is not an endpoint of the line segment I,, then +e; are both feasible directions for x,
namely for any sufficiently small € > 0, x £ e€e; € T. We show that in this case, x must satisty
9g1(x)/9dx; = 0. The KKT condition implies that for any j € [n], we either have A; = 0 or Ujx = V.
If Ujx =V}, since x £ ee; € S, Uj(x £ ee;) < V; = U;jx, which means Uje; = 0. Therefore, either
Aj =0or Uje; = 0, we have ATUe; = YjAjUjei = 0. Thus 0g1(x)/9x; = —ATUe; = 0 as desired.

To finish our proof, it suffices to show that if x € S; N T is an endpoint of I,, then either x
is contained in a facet N of S not parallel to e; or dg1(x)/dx; = 0. We prove it by induction on
dim(T).

Suppose dim(T) = 1. By the definition of polytopes, T must be a one-dimensional bounded
and closed convex set, i.e., a line segment. In this case, ¢; || T, so for any xo € T, fxo is exactly
T. Thus, x¢ is the endpoint of Z~xO if and only if {x¢} is a face of T. By Theorem C.5, {xo} is a
face of S. Then by statement 6 in Proposition A.5, {xo} is the intersection of several facets of
S. Since S = {x € R" : Ux < Vj,i € [m]}, by statement 5 in Proposition A.5, the facets of S can
be expressed as S; = {x €8S: UiTx = Vi}, i € W for some index subset W. Thus there exists a
nonempty subset of W, denoted by I, such that {xo} = ;¢;S; and xo ¢ S} for every j € W\ I.
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Note that by assumption dim(S) = n, we have aff(S) = R". By statement 3 in Proposition A.5,
S={xeR":U'x <V, Vi e W}. Then we have

{x0} =S

iel

:Q(Sﬂ{xelR”:U;rxzvi})
:Sm@({xe]R":uiszViD
—{xeRm:UTx=V,ie LU x <V, je W\I}.

Now we show that there exists a facet S}, i € I not parallel to e;. Suppose on the contrary that for
any i € I, S} is parallel to ¢;, then we have Ul-T e; = 0 by the definition of parallel. Thus for any
k € R, we have U/ (xo + ke;) = V; for every i € I. Note that by continuity there exists a sufficiently
small € > 0 such that for every j € W\ I, U]T(x + ee;) < V;. Thus xq + €e; is also contained in
the set {x cR": LIZ-Tx =V,iel, LI]Tx <V,jeW\ I} = {x0}, a contradiction. So we finish the
proof of the case dim(T) = 1.

Now we suppose that the result holds on every h-dimensional face withh =m -1 <n -1,
and let dim(T) = m. Note that for any x € T°, there exists € > 0 such that every d || aff(T)
satisfies x +ed € T. So x must be an interior point of [, and thus not be an endpoint of [,. We have
assumed that x is the endpoint of I, so this is not the case. We must have x € 9T. By statement 4
and 5 in Proposition A.5, x must be contained in a face T" C 9T of T with dim(T’") = m — 1. By
Theorem C.5, T’ is also a face of S. If T' || ¢;, then line I, C aff(T’) with x € I,. Let I, = 1, N T".
By the same argument, /. is a line segment. If x is not an endpoint of this segment, then we
have proved that d¢;(x)/9x; = 0 as desired. If x is an endpoint, then by the induction hypothesis
either x is contained in a facet N of S not parallel to ¢; or dg1(x)/dx; = 0. Thus the induction
holds. If face T’ is not parallel to e;, then we show that T’ is contained in some facet N of S
not parallel to ¢;. Note that since face T’ is not parallel to ¢;, I, N T’ = {x}. If all facets S’ of S
containing T” are parallel to e;, by the same argument on the case of dim(T) = 1, for sufficiently
small € > 0, x + e¢; € T'. However, clearly x + ee; € I, and thus x + €¢; € I, N T’, which leads to a
contradiction. O

Now we can continue the main proof.

Proof of Statement 2. For statement 2, it suffices to show that for every x € dS N Sy, either x € dSy
or both x € 9Sp and 0g1(x)/9dx; = 0 hold. Equivalently, we show that for every x € P N Sy, where
P is a facet parallel to ¢;, either there exists a facet N which is not parallel to e; such that x € N, or
9g1(x)/0x; = 0. This immediately follows by taking m = n — 1 in Claim C.6. O

Proof of Statement 3. We first show that any face T of S must have the form

T[l,jz = H Sl'.

i€[n]

Here, S; = {m;} for every i € I, S; = {M;} for every i € I, and S; = [m;, M;] for every
i€ n\(LUL) where 1, C[njand 1N = .
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By applying statement 3 in Proposition A.5, S can be written into {x € R" : x; < M;, —x; <
—m;, Vi € [n]}. Therefore, by statement 5 in Proposition A.5, the facets of S is given by SN {x €
R" : x; = m;} or SN {x € R" : x; = M;}. By statement 6 in Proposition A.5, any face T of S can
be expressed as the intersection of several facets. Thus there exist index subsets I, I such that

T:Sﬂﬂ{xEIR”:xi:mi}ﬁﬂ{xe]R”:xi:Mi}.

i€l i€l

If 1 NI, = &, then exactly T = Ty, j,; otherwise, if i € I NI, by m; # M;, T = &. Now, it
suffices to show that any Ty, 5, is a face of S. For any Ty, 1,, consider a = — Y ;cp, € + Yicp, €, b =
— Yier, Mi + Liep, Mi- On the one hand, for any x € S, we have m; < xTe; = x; < M;, so
atx = Yier (—x;) + Liep, i < — Yieq, Mi + Lic, Mi = b. On the other hand, we can see that the
equality holds if and only if x; = m; for every i € I} and x; = M; for every i € I,. This set is
exactly given by Ty, 1,, so Ty, 1, is the face of S determined by a,b, and we finish our proof.

With the clear description of all the faces of S by T7, ;,, we can easily see that a face T, j, is a
single point if and only if [; U I = [n]. Also, for any face T that is not a single point, there exists
i € [n]suchthati ¢ I; UL. So, forany y = (y1,...,yn) in T, Hj#i{yj} x [m;, M;] C T, which defines
a line from (y1,...,Yi-1,Mi, Yit1,---,Yn) to (Y1,-.,Yi—1, Mi, Yit1, ..., Yn) parallel to e;. Therefore,
by the definition of parallel, ¢; || T. So every face T of S is parallel to some e;.

Suppose x € 9S. We show that either x is a single point face, or x belongs to the interior
of some face T parallel to some ¢;. Note that x must belong to some face T of S. We prove
it by induction on the dimension of T. When dim(T) = 0, T = {x} is a single point face.
For dim(T) = n, we only need to consider the case that x ¢ T°. Immediately, x € 9T, so by
Proposition A.5 and Theorem C.5, x belongs to some face of S with lower dimension. The result
then follows by the induction hypothesis.

Thus, either x is a single point face given by {x € R" : Vi, x; € {m;, M;}}, or x belongs to the
interior of a face T parallel to some ¢;. We now apply the result in Claim C.6. Suppose x is
not a single point face that attains the minimum of f. If g;(x) > g2(x), then 9g1(x)/dx; = 0;
if g1(x) < g2(x), then 9g»(x)/dx; = 0. So, x must be contained in the set ST given in this
statement. O

C.6 The (2,2)-mixing algorithm

We first give some notations Let Fr(a, f) = fr(ax1 + (1 —a)x2, By1 + (1 — B)y2). Define Fe(a, B)
similarly. Then let F(«, 8) = max{Fr(«, 8), Fc(a, B)}. The goal of the (2,2)-mixing algorithm is to
calculate the minimum of F on square A = [0,1] x [0, 1]. Now we state the algorithm.

Applying the (2, m)-separation algorithm in Appendix C.1, we can construct a mesh grid of
(«, B) so that on each grid, both Fg and Fc are linear in « and f respectively. Then both Fr and Fc
have the form x; + xoa + x38 + x40 3, where x;’s are constants determined by Fr or Fc values on
four vertices of the grid. Our next step is then to give a method computing the minimum point of
F(a, B) on each grid.

On each grid, by statement 3 in Corollary A.6, it suffices to minimize F = max{Fg, Fc } over:

1. points with 0F(«, B)/0a = 0 or oF(«,8)/9p =0,k € {R,C},
2. the four vertices of the grid, and

3. points with Fr = Fc.

50



e (Case 1) Equations dF(«, 8)/da = 0 and 0F,(«, ) /9B = 0 have the form that « or p takes a
fixed value.!” Hence the problem becomes computing the minimum of two univariate linear
functions, which can be solved by statement 3 in Proposition C.13.

¢ (Case 2) We just need to enumerate the value of F on the four vertices.

e (Case 3) By solving the equation Fr(«, 8) = Fc(«, B), we obtain an expression of B given
by a linear fraction of a. If the denominator linear function of « is zero, then we can solve
it just like in case 1. Otherwise, by substituting the expression of § into the expression of
F = Fg, we convert this problem into finding the minimum of a function g(«) with the form
(a2a® + aya + ag) / (b1 + bp). This can be done by calculating its values at two boundary
points and points with zero derivatives. Note that g’(«) = 0 is equivalent to a quadratic
equation in «, which has at most two solutions. So in this case we can test at most four
points to find the minimum.

We collect the above arguments into the following proposition:

Proposition C.7. There exists an algorithm finding the minimum point of F(«, B) on any grid in O(1)
time.

With these results above, we can efficiently calculate the minimum point of f on each grid
where both Fr and F¢ are linear in a and p respectively. Note that the numbers of breakpoints
of « and f are at most m and n respectively, so there are at most mn grids. On each grid the
minimization procedure takes O(1) time, implying a total O(mn) time on A. Thus time complexity
of calculating the minimum of f on A is O(max{m, n}logmax{m,n}) + O(mn) = O(mn). We
summarize it as the following theorem.

Theorem C.8. Give any strategies x1,x2 € Ay, and y1,y2 € Ay, let
F(a,B) = flax1 + (1 —a)x2, fy1 + (1 = B)y2), «,p€0,1].

Then there exists an algorithm finding the minimum point of F(«, B) in time O(mn).

C.7 The (2,3)-mixing algorithm
We begin by some notations. Let
Fr(a, B,7) =max{R(7y1 + (1= 7)y2)} — (ax1 + prz + (1 — a = B)x3) "R(vy1 + (1 = 71)ya),
Fe(w,,) =max {CT (e + pra + (1 - & — p)xs) } -
(s + prxz + (1 —a = B)x3) 'Cyys + (1= 7)y2)-

Define F(w, B, v) = max{Fr(«,B,v), Fc(«,B,7)}. Then the algorithm in this part minimizes F on
the prism A = {(«,8,7) € [0,1]? : a + B < 1}.

Using (2, m)-separation algorithm in Appendix C.1 and (2, m)-separation algorithm in Ap-
pendix C.7, we can obtain the linear regiorﬂ8 of function F. Our next step is then to minimize
F on each linear region, in which both Fr and Fc have form apay + a1 8y + a7y + aza + asff + as.
Note that every linear region S is given by the Cartesian product of a polygon P and an interval I.
Thus by statement 2 in Corollary A.6, the minimum of F must be obtained when:

17When the coefficient of a (or B) is zero, all or none of « (or B) solve the equation.
18To shorten statements, we say region X is a linear region of function F if F is linear in every variable on X.
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1. («, B) belongs to side surfaces of S and

(a) either there exists k € {R,C} such that 0F,/dy =0, or

(b) («, B) is in the intersection of side surfaces and top/bottom surfaces.
2. («, B) belongs to top /bottom surfaces of S and

(a) there exists k € {R, C} such that either dF;/da = 0 or 0F, /9B = 0, or
(b) («, B) is in the intersection of side surfaces and top/bottom surfaces.

3. FR(DC, ,B) = Fc(lx,ﬁ).
4. VFR(DC,[%) =0or VFc(DC,ﬁ) =0.

For case 1b and 2b, note that the boundary is formed by O(m) line segments. Furthermore, Fg
and Fc are linear on each segment. Thus it suffices to apply Proposition C.13 on each segment.

For case 2a and case 4, the equation of zero derivative gives a linear equation on <. Then
7 takes a fixed value. Now we have to minimize F over the polygon P of («,). We can use
statement 2 in Corollary A.6 again, and minimize F at points on the boundary of P, with Fr = F,
and with zero partial derivative in « or B. The case of the boundary is similar to case 1b and 2b,
consuming time O(m). The rest cases are similar to discussions in Proposition C.7: We can turn
the problem into minimizing a univariate function g. The only difference here is the domain | of
g. By the same calculation in the proof of Proposition C.7, it can be shown that | is a segment (or
line) | parallel or perpendicular to « = 0 when we ignore the restriction of P. Domain | then can
be determined by searching the intersection points of | and the boundary of P in O(m) time.

For case 1a, the equation of zero derivative gives a linear equation on («, f). Then the equation
produces a line I on (&, ). Now, the feasible set of («,p) is a segment L determined by the
intersection of I and P. Similar to ], we can compute two endpoints of L in O(m) time. Note that
by a suitable linear transformation from («, B) to (a/, '), the equation of I becomes a’ = 0. Then
on L x I, F becomes a function of (f’,y) being linear in f’ and -y, respectively. Now we can apply
Proposition C.7 to minimize F on L x I in O(1) time.

For case 3, by Fr = Fc, we obtain an expression of y given by the fraction of linear functions
in « and B. A special case is that the denominator equals zero. We can deal with this case in the
same way as case la. Otherwise, by substituting this expression into Fg, it suffices to minimize a
function h(a, B) with the form (co + c1a + 28 + c3a® + caap + cs5p?) / (do + d1 + d2B) on a given
linear region.

When d; = d, = 0, this is to solve quadratic programming on a polygon with O(m) sides.
The minimum is taken either on the sides or at interior points with zero derivatives. Since it has
only two variables, we can cancel one of the variables via the linear equation of a side. Then
the minimization on the side is equivalent to minimizing a univariate quadratic function on a
segment. On the other hand, the zero-derivative condition is exactly two linear equations with
two variables. In both situations, the calculation can be completed within O(m) time.

Otherwise, we substitute the denominator with 6, and the expression is transformed into

_ep + e + epa?

Gi(a,0) := 9 + e3 + egr + esh.

First, we consider the minimum about 0. By the property of hyperbolic function, the minimum
can only be obtained at the boundary points or at § = ++/(eg + e1a + e2a2) /es (if exists). Since 6
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is linear in (&, B) and the domain of (a, B) is a polygon P, the domain of 0 is a interval given by
[Mmin (&), Mmax(«)], where Mmin, Mmax are piecewise linear functions with O(m) pieces. By con-
sidering vertices of P in order, we can calculate linear pieces of Mmyin and Mmax in O(m) time, de-
noted by I™™ and "X, respectively. So we only need to consider O(m) cases that 6 takes Mmin(«)

ona € IM", My, (a) on o € [, or ++/(e0 + e1a + e2a2) /es when (eg + eja + e202) e5 > 0. In
each case, it suffices to find the minimum of either

eg+ e+ ezacz

t(a)

where « belongs to a certain interval. Each case can be solved by calculating points on the
boundary and points with zero derivatives in O(m) time.
We conclude the discussion above with the following proposition.

+e3 + egn + est(a),t € {Mmin, Mmax } OF €3 + eqo = 2\/65 (e0 + e1o0 + exa?),

Proposition C.9. There exists an algorithm finding the minimum point of F(w, B,y) on linear region
S = P x I in O(m) time, where P is a polygon of («, B) formed by O(m) linear constraints and I is a
closed interval of .

Now we come back to function F(a, B, ). Using Proposition C.1 and Proposition C.2, we
can split the domain of F into O(mn) linear regions in time O(n logn + m?logm). Then on each
region, we can use Proposition C.9 to compute the minimum value of F in time O(m). The total
time complexity is then O (m?(n + log m) + nlogn). We summarize it into the following theorem.

Theorem C.10. Give any x1,x2,x3 € Ay, and y1,y2 € Ay, let

Fa, B,7) = f(ax1 + o+ (1 —a = B)xz, yy1 + (1 = 7)y2),
where a, B, 7y, + B € [0,1]. Then there exists an algorithm finding the minimum point of F(w, B,7y) in
time O (m?(n + logm) + nlogn).

C.8 Proof of Proposition B.10
Here we prove a slightly generalized proposition:

Proposition C.11. Given any two points A = (xa,ya), B = (xp,yg) € Ay X Ay, we can define a line
segment AB := {tA+ (1 —t)B:t € [0,1]}. It has the following properties:

1. AB C Ay X Ay. Therefore the value of f is well-defined on AB.

2. Denote the value of f1 on the vertices A and B by aj and by respectively, where I € {R,C}. Let fAB
be the minimum of f on AB. Suppose

(xa—xp) " R(ya—yp) < 0and (x4 —x5) " C(ya — y5) < 0.
Specifically, this condition holds when x4 = xp or Y4 = yp. We have the following properties.

(a) Ifac < ag and bc < by, then fAB < min{fr(A), fr(B)} = min{ag, br}.
(b) IfllR < ac and bR < bc, then ffB < min{fc(A),fc(B)} = min{ac, bc}
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(c) Ifar + bc —ac —br = 0, then
fAB < min{f(A), f(B)) = min{max{ac, bc}, max{ag, br}}.

(d) Otherwise, fAB < f( be—ac 44 ar—bg B) < _arbe—achg

uR+bC7aC7bK aR+bC7aC7bR aR+bC7”C7bR.

Conversely, when fr and fc are both linear in parameter t, the equalities of 28 in all three cases
hold.

We prove these properties one by one.

1. Since any standard simplex is convex and the Cartesian product of two convex sets is again
convex, the property follows directly from the convexity of A, X A,.

2. Define F/B(t) = f;(tA+ (1—t)B),t € [0,1],1 € {R,C}. Then
FRB(t) = max {R(tya + (1 — t)yp)} — (txa + (1 — t)xp) "R(tys + (1 — t)yp), and
FAB(t) = max {CT(txA + (1 - t)xB)} — (txa+ (1 —t)xp)"C(tya + (1 — t)yp).

First, we show the convexity of ngB and FéqB in t. Note that for any vector u, v with identical
length, max{tu + v} is convex in t, so the first parts of both functions are convex. Besides, the
second parts of both functions are quadratic. So, it is clear that both functions are convex when
(xa —xB)TR(ya —yp) <0and (x4 —x5) ' C(ya —yz) <0.

Recall that we define a; = fi(xa,y4), b1 = fi(xp,y5),I € {R,C}. By the convexity of F{(t)
and F2B(t), we can bound the value of them on t € [0, 1] by linear functions L5 (t) = tag + (1 —
t)bg and L% = tac + (1 — t)bc. Thus, we have

AB __ : AB AB : AB AB
40 = min {E{(,FEP(0) } < min {1250, 12°(1) }.

Now, we consider the exact expression of min;/q {L&B(t), LAB(1)}.
(a) If ac < ag and be < bg, then L4P is totally above LA® on t € [0,1]. Thus,

- AB AB R AB AB —
trErE(l)EI] {LR (t),L¢ (t)} = mm{LR (0), L% (1)} = min{ag, br}.

The equality holds at t = 0.
(b) If ag < ac and br < b¢, analogously,

: AB AB -
tre%lrh {LR (), L& (t)} = min{ac, bc}.

The equality holds at t = 1.

(c) If ar + bc — ac — br = 0, then lines defined by LﬁB and LéB on t € [0,1] are parallel. Thus
we have

min {LﬁB(t), L4B (t)} = min{max{ac, bc }, max{ag, br }}.
te[0,1]

The equality holds at t = 0 if f48(0) < f4B(1) and at t = 1if f4B(0) > FAB(1).
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(d) Otherwise, two lines intersect. We solve the equation L{B(t) = LAB(t) and get ty =

bc—br
T Thcac br TAUS,

) AB AB _ AB AB _ arbc —acbg
trerfé,rll] {LR (B),LE (t)} - max {LR (fo), L (tO)} ©ag+bc—ac—bg’

When fr and fc are both linear, the equality holds at ¢y since the minimum of the maximum
of two linear functions is obtained exactly at the intersection point.

C.9 Proof of Lemma B.17

Relation 1 follows from Lemma B.13. Relation 2 follows from the fact that fg, fc € [0,1]. Relation
3 follows from Lemma B.14. Relation 5 follows from the definition of @. Thus we only prove
relations 4 and 6.

The three inequalities in relation 4 can be obtained by substituting (w, ys), (xs,z), (@, ys) into
Lemma B.12, respectively.

It is convenient to draw a prism to show the positions of little letter aliases, as in Figure 14.
Relation 6 relies on the linearity of x" Ry. Define m := fg(w,#), u := max{Rz}, v := max{Rj},

g (w,z) h w2 d =0

(s, 2) (s, 2)
i k
(@, 2) b (@,2)
““““ (@5 9) . I YO )
n 2| k41 b
5l T2 2
(,9) — S| (w,9) -
----- a = m---__lb
_ (Is-y-ﬂ) (l‘s-, ys)
ear direction
(i, ys) & o (b, y,)
J 1

Ir

Figure 14: Positions of little letter aliases.

fe

and w := max{Ry; }. By relation 5, @' Rys + @' Rz = 2" Rj). Thus we have 2v = (u—i) + (w —j).
By the definition of j, w'Rys + w' Rz = 2w' Ry and xT Ry + xT Rz = 2x"Rj. Hence 2(v —m) =
(u—g) + (w—0). By subtracting the second equation from the first one, we obtain the equation
m = (g —1i—j)/2. Relation 6 then follows from that m is nonnegative.

Relation 7 relies on the linearity of x"Cy and # = 3(ys + z). Note that

fe(,9) =max{CTd} —@"Cy
:%(maX{CTZ@} —®'Cys) + %(max{CTdJ} — D7 Cz)

—_

2 (fel@,y) + fe(@,2)) = 5 (1+K).
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C.10 Proof of Theorem B.18

Now, we show the 1/3 + § approximation of the modified DEM algorithm. Again, to simplify the
notations, we consider stationary points and omit é in the proof.

The key observation is that we can drop several cases in the discussion. We choose cases to be
dropped according to the tight case computed by the numerical optimization solver.

We want to give an upper bound of 7, the global minimum of f on the triangular prism
A = {(a1xs + aow + a3, B1ys + P2z + B3y), « € A3, B € Az}. To do so, we use the upper bound
constructor.

Lemma C.12. Suppose that g > h. Define

i(k+1 .
i ifi>k,
Tk ik

Then

fi < min {ple =), (1= p)(F~ k)i + (1= )1 k), - D
Proof. Note that the constructor gives an upper bound of f% by applying the (1,2)-upper bound
constructor on each edge of the prism. In this way, we can only pick certain edges, and give a
loose upper bound.

First, we pick the edge {(xs, Bys + (1 —B)7) : B € [0,1]}. The values on the vertices are:
fr(xs,ys) = a, fe(xs,ys) = b, fr(xs,7) =, fe(xs,7) = %. From Lemma B.17,we haven >a > b >
g. Thus, by relation 3 of Proposition B.10, the upper bound is given by a. Besides, from relation 4
of Lemma B.17, we have a < p(c —g),b < (1 —p)(f —h), a < pj + (1 — p)(1 — k). Therefore, the
upper bound given by this edge is {p(c —g), (1 —p)(f —h),pj + (1 —p)(1—k)}.

Second, consider the edge {(w, Bys + (1 — B)z) : p € [0,1]}. The values on the vertices are:
fr(w,ys) = e, fr(w,z) =g, fc(w,ys) = £, fc(w, z) = h. From the condition g > h and relation 1
of Lemma B.17 that e = 0, the upper bound on this edge is H;%h.

Finally, we discuss the relationship between i and k.

1. If i > k, consider the edge {(@, By + (1 —B)z) : B € [0,1]}. From relation 5 and 7 of
Lemma B.17, we have fr(®,§) = 0, fr(®,z) = i, fc(®,9) = 3(k+1), fc(®,z) = k. The

upper bound given by Proposition B.10 is 211(1;;11%(

2. Otherwise, consider the edge {(a® + (1 —a)w,z) : « € [0,1]}, similarly, the upper bound is
given by grk—i-h ﬂ:;}lh. -
Then, we prove the following proposition to assist the proof.

Proposition C.13 (Min-max Properties). Consider continuous functions f : R" -+ R, g : R" — R,
hi,hy : R" xR"™ = R, f1, f : R = R and set C C R" x R™. The following properties hold.

1. sup min{hi(a,b) ha(a,b)} <  sup min{ sup hi(a,b), sup hz(a,b)}.
(ab)eC {a:3b (a,p)eC) {b:(a,b)eC} {b:(a,b)eC)
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2. If C = A x B for some A € R" and B € R™, then

sup min{f(a),g(b)} = min {supf(a),supg(b)} )

(a,b)eC acA beB

3. If C= A x B for some A € R" and B € R™, then

sup min{f(a),g(b),h1(a,b)} = supmin {f(a), sup min {g(b), h1(a, b)}} .
(ab)eC acA beB

4. Suppose fi is non-decreasing on [u,v] and f, is non-increasing on [u,v]. Then

fi(©),  A@) < f2(v),
max min{fi(a), f2(a)} = { fa(u), fr(u) > f2(u),

c|u, ! .
retue! f1(a*), otherwise.

Here, a* is the solution of f1(a*) = fa(a*).

5. Suppose fi is non-decreasing on [u,v] and f, is non-increasing on [u, v|. Suppose further that the
solution of equation f1(a*) = fo(a*), denoted by a*, is in [u,v]. Consider interval [ug,vo] C [u,v].
Then MaX,e (y, ) Mind fi (a), f2()} < fu(a").

Proof. For convenience, we write abbreviations LHS and RHS for the words “left-hand side”
and “right-hand side”, respectively. They are used to represent two sides of an equation in the
proposition.

1. Since LHS = SUP {435 (a,6)eC} SUP {b:(a,b)C} min {hy(a,b),hy(a,b)}, it suffices to prove the ex-
change between the second sup and min makes a greater value. Equivalently, we prove that for
any functions F;, b,

sup min{F; (x), F2(x)} < min {sup Fi(x),sup Fz(x)} .
X X X
Clearly, for i = 1,2, min{F(x),F>(x)} < Fi(x). Thus sup, min{F;(x), K>(x)} < sup, Fi(x). By
taking the minimum, the desired inequality then follows.

2. By the same argument of statement 1, LHS < RHS. To show the reverse inequality, pick any
€ > 0. Let a* € A such that f(a*) > sup,_, f(a) — € and b* € B such that g(b*) > sup, .5 g(b) — €.
Then RHS < min{ f(a*), g(b*)} + € < LHS + €. Since € is arbitrary, RHS < LHS.

3. By statement 1, LHS < RHS. The reverse inequality follows by the same argument in the proof
of statement 2.

4. The proof is the same as that of Proposition B.10. We here omit it.

5. It is a direct corollary of statement 4. O
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Finally, we prove that under the relations given by Lemma B.17,

7

Q| =

min{P(C_g)/(l—P)(f—h),pj+(l—p)(1_k) f+fgg - }s

which finishes the proof.
We first give a simple lemma which helps to deal with some details in our proof.

Lemma C.14. For any real numbers a, b, u, v satisfying u >0, v > u, and u +b > 0, we have 455 < ¢
holds if only if a < b.

Proof. Sincev+b>u+b>0, 440 < 2% <= (u—0)(a—b) >0 <= a—b<0, O

Now we give the proof of the main theorem.

Due to symmetry, we can assume without loss of generality that g > h.

We divide the proof into two cases. The main idea of upper bound estimation is to gradually
eliminate parameters by properly relaxing inequalities. The main structure of our discussion is as
follows.

Casela i<2g-—1,

Casel.i >k .
Caselb i>2g—1.

Case 2.a Term 3 = Term 4,
Case2.i <k Case 2.b Term 2 = Term 4,

Case 2.c Term 1 = Term 2.

\

Case 1. i > k. By Lemma C.12, we have

fi < min {p(c — g), (1= )€~ ), pj + (1= p) 1~ 19, o ECED

We first eliminate ¢ and f. By relation 2 in Lemma B.17, ¢ < 1 and f < 1. Thus
(1-p)f—h)<(1—-p)(1-h) and p(c—g) <p(l-g).
Sinceg—h > 0and f <1, by Lemma C.14,

fg _ 18
f+g—h - 14+g—h

Now we eliminate j. By relation 6 in Lemma B.17, j < g —i. Hence
pi+(1—p)A-k) <p(g—i)+(1—-p)1-k).

After these eliminations, our goal is then to prove

max min{P(l_g):(l—P)(l—h)rP(g—i)+(1—p)(l—k), g i(k+l)

<1/3.
pghilk 1+g—h’2i+1—k} =173

We further divide the discussion into two cases.
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(@ i<2g—-1
We continue to eliminate parameters. First, we eliminate i, k and 1. For term p(g —i) + (1 —
p)(1—k), we simply throw it. Since i > k, we have 5X+L < 1. Therefore,

i(k+1)

— L <i<2g—1.
2i+1—-k — 8

Then we eliminate p. By statement 4 in Proposition C.13,

mpaxmin{p(l—g),(l—p)(l— 2-g_h

Next, we eliminate h. Since 1 — g > 0, we have 2( - ) <1,s0
1-g)(1—-h
LT TP
8
Now, by statement 3 and 4 in Proposition C.13, f7 is bounded by

maxmin{p(1 —g), (1 - p)(1— h), 25— 1}
p.gh

=maxmin{max{p(1 - g), (1 - p)(1—h)},2g — 1}
8 P

(1-g)(1-h)
2—g—h 28— 1
<maxmin{l — g,2g — 1}

g

= maxmin
gh

2 1
1-— ~(2¢—1)=1/3.
<3(1-g +3(28-1)=1/
The last equality holds when g = 2/3.
(b) i>2g—1.
We first eliminate 1. By relation 2 in Lemma B.17,1 < 1. By Lemma C.14, we have

i(k+1) _ i(k+1)
2itl-k - 2i+1-Kk

and (g —i) + (1 —p)(1-k) < p(g —i) + (1 - p)(1 ~ k).
Then we eliminate h. For term (1 — p)(1 — h), we simply throw it. Since g > h, we have

8

1+g—h -8

Now our upper bound becomes

max min {P(l —8)p(g—1)+(1—-p)(1- k),g,m} :

Then we eliminate p, which only occurs in the first two terms. By assumption, i > 2g — 1, so
g —i<1-—g. Sincei > k by assumption and g < 1 by Relation 2 in Lemma B.17, g —i <1 — k.
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When other parameters are fixed, the range of the first and the second terms are [0,1 — g] and
[g —i,1 — k|, which intersect. So by statement 3 and 4 in Proposition C.13, the bound of f7
becomes

maxmin { max (p(1 ~ ), (5 1) + (1 - p)(1 -k} 5 Z(I;Ir—l)k}

gik pel01
1-k)(1-— i(k
= max min ( )( g),g, 1( +1) .
gik 2—-k+i—2g 2i+1—-k

Note that none of the casesk =1, g =1, g = 0 and i = 0 can attain the maximum. So below
we suppose without loss of generality that k € [0,1), g € (0,1) and i € (0,1]. In the following
discussion, this will avoid the discussion of corner cases.

Next, we eliminate g. By statement 1 in Proposition C.13, the bound of {7 becomes

, ((1-K)(1-g) | i(k+1)
ni‘,ixmm{mgaxmm{z—kﬂ—zgg 2i+1-kJ

We complete the elimination by calculating the maximum over g on

i J 1K1 —g)
G(g) := min {2—1<—|—i—2g'g} .

Note that g is increasing on [0,1] and % is decreasing in g on [0,1]. We then apply

statement 4 in Proposition C.13. To do so, we solve the following equation of g* under constraint
i>2g*—1and g* € [0,1], or equivalently, g* € (0, (1+1)/2).

-00-g)_ .
2-k+i-2g° ©°

The equation is equivalent to a quadratic equation
2(g")? -~ (3—2k+i)g"+1 -k =0.
The solution candidates are

o = 3—2k+i+t/(3-2k+i)2—-8(1-k)
— 1 :

To verify the candidates are real, we have the following lower bound on the discriminant.

(3—-2k+i)>—8(1—k) > (3—2k)*>—8(1—k)
=9 — 12k + 4k* — 8 + 8k
=4Kk° —4k+1=(2k—1)2>0.

Now we pick the proper solution of g*. Note that

3—2k+i+/(B-2k+i)2-8(1-k) 1+i
<
4 2
— (3-2k+1i)?-8(1—-k) < (i+2k—1)°
<0< 8(k—1)i.
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However, k — 1 < 0 and i > 0, so that is not a solution. For the other candidate, we have
3—2k—|—i—\/(3—2k+i)2—8(1—k) 1+i
<
4 2
= /B-2k+i)2-8(1-k) >1-i-2k

If i + 2k — 1 > 0, the inequality is trivially true. Suppose i + 2k — 1 < 0, then

VB —2k+i2—8(1-k) >1—i-2k
— (3-2k+1i)*—8(1—k) > (1 -2k —i)?
e 4(1—Kk)i > 0.

The last inequality holds since k < 1 and i > 0. Clearly, this solution candidate is greater than
zero. Thus the valid solution is

o = 3—2k+i—+/(3—2k+i)2—-8(1—k)
— i -

So we now obtain a new upper bound

{3—2k+i—\/(3—2k+i)2—8(1—k) i(k+1) }

max min
ki

4 "2i+1-k

If k+1i>2/3, then we have

k+i>2/3
5 2

= <3—2k+i> <(3-2k+1i)*—8(1-k)
_ ._ _ -2_ _

_ 3 2k+i V(3 421<+1) 8(1 k)g;

Otherwise, k +1 < 2/3. We also have
k+i<2/3
= 3ik+i+k<1
i(k+1 1
ik+1) _1

2i+1-k 3

Therefore, we have finished the proof of this case.

Case 2. k > i. In this case, by Lemma C.12, we have

< _ _ _ _ _
fi<min{p(—g), (1= p)(1 W6+ (1-p)(1 10, b, T

First, we eliminate 1 and j. By relation 2 and 6 in Lemma B.17,1 <1 and j < g —i. Thus
pi+(1—-p)1-k) <p(g—i)+(1—p)(1—-k).
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Similarly, by relation 2 in Lemma B.17, f < 1 and ¢ < 1. So we can eliminate ¢ and f as follows.
(1-p)f—h)<(1—-p)(1—-h) and p(c—g) <p(l-g).
For term H_fgig_h, we simply throw it. It suffices to prove

) . kg —ih
— — — — — —k),—2 — _+<1/3.
o max, min {p(l 8, (1-p)(1—h),p(g—1)+(1-p)(1 k),k+g_i_h} <1/3

In this case, we prove that, to bound f7 by 1/3, it is feasible to assume that the max-min value
is attained when the four terms in the minimum are equal. We discuss them case by case.

(a) Term 3 = Term 4.

Since the only nontrivial constraints on k, i are k > i and i < g, we can present our eliminations
in a two-stage form. In the first stage, we gradually increase i and k by the same incremental until
i = g or k = 1. Then, at least one of two parameters i and k attain its maximum. In the second
stage, we solely increase the other parameter which has not reached its maximum until it also
reachesi=gork = 1.

During such a two-stage operation, Term 3 is decreasing since its coefficients on i and k are
negative. On the other hand, Term 4 is increasing. To verify this fact, note that in the first stage,
the denominator does not change, while the numerator increases. In the second stage, when

i = g, by Lemma C.14, Term 4 is increasing in k; when k = 1, by the assumption that g > h, the

(h—k)(h—g)
(chg i =

Now we use this operation to show that in the final elimination form, we must have Term 3 =
Term 4. Suppose Term 3 > Term 4, then Term 3 > 0. However, when the two-stage operation is
no longer possible, we must have i = g and k = 1, which makes Term 3 = 0, a contradiction.

derivative of i is 0, so Term 4 is increasing in i.

We then show that Term 3 < Term 4 is also not possible. Similarly, we can do the procedure of
decreasing i and k with the same value until i = 0 or k = 0, and then making possible decreasing
on the left non-zero parameter to 0. This will make Term 3 increase and Term 4 decrease as the
discussion above. So if Term 3 < Term 4, we can again adjust the value of i and k to ensure that
they are equal and the result will not get worse.

(b) Term 2 = Term 4.

Term 2 is decreasing in h since h has a negative coefficient. On the other hand, Term 4 is
increasing in h. To see this, note that by assumption, i < k and by Relation 6 in Lemma B.17,

i <g—j <g. Then derivative in h is (E;;Z%E)L > 0, so Term 4 is increasing in h.

The valid value of h ranges in [0, g]. Thus the range of Term 2 is [(1 — p)(1 —g),1 — p] and the
range of Term 4 is [k J:( gg_i, g} . By statement 4 in Proposition C.13, Term 2 = Term 4 if and only if
the ranges intersect, or equivalently, g > (1 —p)(1—g)and 1 —p > %gg_i.

62



Let us suppose otherwise. If g < (1 — p)(1 — g), then by Proposition C.13,
fa = maxmin{p(l —g), g}

= max min{p(1—g),(1—p)(1—8g) 8}

8

= mgaxmin{l_zg,g} =1/3.

— maxmin {mpaxmin{p(l —g),(1—p)(1- g)}/g}

Ifl—p< k+g , then since Term 2 = (1 — p)(1 —h) <1 — p, we may assume p < 2/3. Since
Term 1 =p(1 —g) <2/3(1 —g), we may assume g < 1/2. Therefore,

fa < maxmin{l —p,p(g — i) + (1 - p)(1 ~K)}

0,81,
< maxmm{l —p,pk—i—1/2)+1—k}.
ik
Also, by Lemma C.14, 1 — p < ¢ +g < K +((11/22)) = 21<—1§i -7 We divide the discussion into two

cases:

i. If k > i+ 1/2, then since the term 1 — p is decreasing with p while the term p(k —i—1/2) +
1 — k is non-decreasing with p. By statement 5 in Proposition C.13, we can ignore the range
of p constrained by other parameters, and the max-min value is no more than the case the
two terms are equal. Solving the equation, we have p = ﬁ >2(1—p),sop>2/3a
contradiction! So this case cannot happen.

ii. If k < i+ 1/2, then both terms in the max-min form is decreasing in p, so it suffices to
consider the case p obtains its minimum, which is defined by 1 —p < ﬁ Substituting
k —iwitht, wehave 0 < t< 1/2, and

k  2t(t—1/2)+ (1 —-k)(3t+1/2)
2t+17 2t +1 '

f1 < maxmin {
k.t

Since the first term is increasing in k and the second term is decreasing in k, the max-min
value is not larger than the case the two terms are equal. Solving the equation about k, we

have k = 1+2t, or equivalently, ST +1 = 1/3, which is the desired result.

With the discussion above, we can suppose Term 2 = Term 4 as well.
(c) Term 1 = Term 2.

For Term 1, since we have verified the feasibility of the assumption that the three other terms
are equal, if Term 1 is not equal to these terms, then it must be greater or less than other terms.
However, Term 1 is decreasing with p and Term 2 with increasing in p. The fact that their range
must intersect at 0 suggests that Term 1 cannot be smaller or larger than Term 2; otherwise, we
can increase or decrease the value of p to make Term 1 = Term 2 but do not make the bound
larger.

After all the above discussions, now we finally proved that we can suppose the four terms in
the minimum to be equal when the max-min value is attained.
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Now we solve the equation when the four terms are equal.

1-h

Solving p(1—g) = (1 —p)(1 —h), we have p = i

equation Term 1 = Term 3, we have

(1-g)(1-h) (A-g)(1-k+(1-h)(g—i

Substituting this expression into the

2—g—h 2—g—h ’
namely
(k—h)(1-g)=(1—-h)(g—1i). (12)
Substituting this into Term 4, we have
Term4 — _ X8 —ih  (kg—ih)(1—g)

k+g—i—h (2—g—h)(g—1i)
And by Term 1 = Term 4, we have

(1-h)(g—1i) = kg —ih. (13)
Combining (12) and (13), we have
_g—gh—i+2hi —g—-h+2gh+i—hi

g -1+g

k

7

which can be simplified to (g —i)(3gh+1 —2g —2h) = 0.

If g =i, we have

fa < max min{p(1 —g), (1 —p)(1 - h),(1-p)(1-k),g}
0,8hk

Since g = i < k, the right-hand side is bounded by

n%axmin{p(l —g),(1—p)(1—g),g} = maxmin {1;g,g} =1/3.
8 8

If 3gh +1 —2g — 2h = 0, we have g = (—1+2h)/(—2 + 3h). Plugging this into the expression
of Term 1,
X", <maxTerml=-—"="———*>=1/3.
(x5 y7) < na pp— /

Now we finish our discussion and show that f% < 1/3 in all cases.

C.11 Proof of the tightness result in Example B.16

Now we show that (11) is a tight instance for Example B.16. We need the following proposition to
verify the validity of a stationary point and its dual solution.

Proposition C.15 (Proposition 3 in [9]). strateQy pair (xs,Yys) is a stationary point with dual solution
(o, w, z) if and only if

supp(xs) C suppmin {—pRys + (1 — p)C(z —ys)} and
supp(ys)  suppmin { pR™ (w — x,) — (1 - p)CTx:}
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Now we begin to prove the tightness. We verify the following three facts.

1. (xs,ys) is a stationary point and its dual solution is (p, w, z).

We verify this by Proposition C.15. One can check that
supp (xs) = supp(ys) = {1},
suppmin { —pRy;s + (1 — p)C(z — ys) } = suppmin(1/6,1/6,1/6) = {1,2,3},
suppmin {pRT(w —x5)— (1— p)Csz} = suppmin(1/6,1/6,1/6) = {1,2,3}.

2. W€ er(yA).

Since suppmax{Ry} = suppmax(0,1/2,1/2) = {2,3}, supp{w} C suppmax{Rj}, namely
W € brg (ﬁ)

3. The minimum of f on A is 1/3.
Due to our construction, it suffices to minimize f over
A= {(axs + (1 —a)w,Bys + (1 —B)z) : &, p € [0,1]}.

We have
{f(axs + (1 — a)w, Bys + (1
:min{max{l—ﬁ,zg’g}— (2_5)3(

To prove the lower bound of 1/3, we suppose on the contrary that

2-8) @2-Pp-a) _1 2 (1-B)2-a)
max{l—ﬁ, 3 }— 3 <§ and 1—?—f

min
a€l0,1],8€[0,1]

- B)2)}
w2 (opeen)

3 3

<1l
3
Therefore, we have af > 2a — 28, af > 2a — 1 and aff > 2 — a. Simplifying them on «, we have

e (omn(stp))

If B < 1/2, then such « exists if and only if 2 — f < B+ 1, namely B > 1/2, a contradiction. If
B > 1/2, then such « exists if and only if ﬁz—fl < ﬁ — (B-1)(2—-1) >0 = B<1/2
also a contradiction.
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D Automatic approximation analysis for algorithms in Table 1

In this section, we provide details regarding the automatic approximation analysis for algorithms in
Table 3, including experiment setup and formalization of approximation bounds for all algorithms
in Table 3, which we utilize to derive the results presented in Table 1.

D.1 Experiment setup

We run the programs on MacBook Pro, 13-inch, 2020. The CPU configuration is Intel(R) Core(TM)
i5-1038NG7 CPU @ 2.00GHz. The memory is 16 GB 3733 MHz LPDDR4X. The macOS version is
13.5.2 (22G91). The power supply is using battery.!

We implement codes in Wolfram Mathematica, version 13.3.0.0. The codes are presented in
notebook and run in local kernel.

All optimizers are using built-in function NMaximize. In the second case of BBM-0.36 [4], it
uses parameters as follows:

®* method -> "RandomSearch", WorkingPrecision -> 10, MaxIterations -> 1000.
In the case of TS-0.3393 [48] and DFM-1/3 [20], they use parameters as follows:
® AccuracyGoal -> 10, WorkingPrecision -> 20, Method -> "DifferentialEvolution".

For all other cases, we use default parameters.

D.2 The KPS algorithm in [32]
¢ Search phase.

- Row strategy: e; ,e;, € Ay.

- Column strategy: e, ¢, € Ay.
The mixing region is denoted by A = {(«ae;, + (1 —«)e;,, Be;, + (1 —B)e;,) :a € [0,1], 8 € [0,1]}.
* Variables.
Denote uy = fr(ei, ;) v1 = frlei,ep), = frlene;), &1 = frlenep), u2 = feleiep),
v2 = felenej) ha = felei ), 82 = felen ej):
* Relations.

In the KPS algorithm, R; ;, = max;; R;; = 1 and C;,j, = max;; Cjj = 1. Thus, u; = g = 0.

e Upper bound.
By taking v = w = 2 in Proposition B.6, the global minimum of f over A is upper bounded by:
min h
ap
st. h>afur+a(l—pB)v1+ (1 —a)Bhy+ (1 —a)(1—B)g1,
h>apuy+a(l—pB)vo+ (1—a)Bhy+ (1 —a)(1—B)g2,
0<ap<Ll

19 Actually, the performance of Mac OS is not affected by which power supply is used.
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Thus, the approximation upper bound of the algorithm is given by:

max min £
u1,01,M,81,42,02,h2,82 &,

st. h>afu+a(l—pB)vr+ (1—a)Bhi+ (1 —a)(1—PB)g1,
h 2 apuz +a(l—B)oz+ (1 —a)phy+ (1 —a)(1—B)g2,
0<ap<1,
up =0,80=0,
0 S 01,h1,g1,u2,vz,h2 S 1.

Remark D.1. It uses the strong (2, 2)-constructor. Thus, it actually follows the extension framework
as stated in Remark 5.3.

D.3 The DMP algorithm in [17]

Similar to the notation in Example 1.1, denote a = fr(i,j),b = fr(k,j),c = fc(i,j),d = fc(k,j).
From Example 1.1, the expression of the approximation bound is given by:

maxmin h
abcd «

st. h>aa+ (1—a)b,
h>ac+ (1—a)d,
0<ua<1,
b=0,c=0,
0<a,d<1.

D.4 The DMP algorithm in [16]
¢ Search phase.

— Row strategy: o, x € Ay,.
— Column strategy: B,y € A.

The mixing region is denoted by A = {(d1a + (1 — 61)x, 028+ (1 — &2)y) : 61 € [0,1],6, € [0,1]}.

e Variables.

Denote uy = fr(a,B), v1 = fr(a,y), m = fr(x,B), &1 = fr(x,y), u2 = fe(a, B), v2 = fe(wy),
hy = fc(x,B), g2 = fc(x,y).
¢ Relations.

According to the DMP algorithm, there exists vg, vc such that 0 < u; <1+3e/2—0vg, 0 <01 < 2¢,
0<h <1+43e/2—-vg,0< g1 <vr+€/2,0<uy <1+4+3e/2—-vc,0< vy <1+43e/2—-7c,
0<hy<2,0< g <vc+e/2.
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e Upper bound.
By taking v = w = 2 in Proposition B.6, the approximation upper bound of the algorithm is given
by:

max max min h
UR/OC U1,01,11,81,42,02,h2,82 61,02

s.t. h>610u1 +01(1—d2)vr + (1 —81)d2hy + (1 —61)(1 — 62) g1,
h > 6100up + 01(1 — 62)va + (1 — 81)d2h2 + (1 — 61)(1 — 62) g2,
0<41,00<1,
0<u; <143€¢/2—vg,0<0v1 <2,0<h1 <1+4+3€/2—vg,
0< g1 <ovr+€/2,0<u; <1+36/2—-vc,0< 0, <1+3e/2—-70c,
0<hy<2,0< g <vc+e/2,
0<ovg,oc <1

Remark D.2. We note the solution to the optimization problem above is related to vg and vc. Thus
viewing vg and vc as parameters in the search phase. Also, it uses the strong (2, 2)-constructor.
Thus, it actually follows the extension framework as stated in Remark 5.2 and Remark 5.3.

D.5 The BBM algorithm in [4] with 0.382 approximation

Similar to the notations of Example 3.1, denote g1 = fr(x*,v*), &2 = fc(x*,y*), 1 = fr(x*,b2),

hy = fc(x*,b2), v1 = fr(r1,b2), v2 = fc(r1,b2), ur = fr(r1,y*), u2 = fe(ri,y*).
From Example 5.1, the expression of the approximation upper bound is given by:

max min min{sy, sy, 53,54}
81,82/, o, U, up,01,00  X1A2,03,04

st sp > g+ (1—aq)uy,s1 > Qo+ (1 —aq)uy,
$2 > apg1 + (1 —a2)hy, 52 > argr + (1 — az)ho,
s3 > azv1 + (1 — az)hy, s3 > aszva + (1 — ag)hy,
s4 > agv1 + (1 — ag)ug, sq > aqvy + (1 — ag)uy,

0<ag,ara3a4 <1,
uy =0 =0,0<g1,9,h,h,uy,v1 <1,81 > g, up <1—g1.

D.6 The CDFFJS algorithm in [13]
¢ Search phase.

— Row strategy: x*, %, 7 € Ay,.
— Column strategy: y*,j € Ay.

The mixing region is denoted by A = {(a% + (1 —a)x*, 7+ (1 — B)y* : « € [0,1], B € [0,1]}.
* Variables.

Denote uy = fr(%,/), v1 = fr(2,y"), = fr(x%,)), &1 = fr(x*,y*), 51 = fr(r,]j), i = fr(r,y"),
uy = fe(%,7), va = fc(£,y"), ha = fc(x%,)), &2 = fc(x*,y"), 82 = fc(r,), t2 = fe(r,y*).
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¢ Relations.
According to the CDFFJS algorithm, denote vc = J?TC]J and vg = (x*)TRy*. Assume vR > vc.
From [13], we have 0 < v < vg,0 < vy < v, g1 =hp =51 =0,0<h; <1—og. Besides, we have
0<wuy, g, t1,u28, 8, <1
e Upper bound.
By applying Proposition B.4, the approximation upper bound of the algorithm is given by:
max max min min{by, by, b3, by, bs, bg, by, bg, bo }
UR,OC 01,U1,91,11,t1,51,02,42,82,h0,t2,80  X1,02,03,04,05,06,07 08,09
st. by > aqup+ (1 —ag)vy, b1 > wqup + (1 —aq)oy,
by > aphy + (1 —a2)g1, b2 > aohy + (1 — a2)go,
b3 > a3sy + (1 — az)ty, bz > azsy + (1 — a3)ty,
by > w481+ (1 —ag)vy, by > aggo + (1 — ay)vy,
bs > asty + (1 — as)vy, bs > asty + (1 — as)v,
be > at1 + (1 —w6)g1,bs > atr + (1 — a6)g2,
by > ayhy + (1 — ay)uq, by > azhy + (1 — ay)uy,
bs > wgsy + (1 —ag)uy, bg > agsy + (1 — ag)uy,
bg > wosy + (1 — ag)hy, bg > wosy + (1 — ag)hy,
0 < &g, a0, 03, 04, 05, 06, 07, 08, 09 < 1,
0<v;<ovR,0< v <vc,g1=hy=5 =0,
0<h <1-vg,0<uy,ty,u8,8,t <1,
0<vc<wvr <L

Remark D.3. We note the solution to the optimization problem above is related to vg,vc. Thus, it
actually follows the extension framework as stated in Remark 5.2.

D.7 The BBM algorithm in [4] with 0.36 approximation
¢ Search phase.

- Row strategy: £ = (1 —&1)x* + 6171 € Ay
— Column strategy: y*, by € A,,.

The mixing region is denoted by A = {(%,doy* + (1 — d2)bs : 6, € [0,1]}.

e Variables.
Denote a = fr(%,y*),b = fr(%,02),¢c = fc(%,y%),d = fc(%,ba).

¢ Relations.
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According to the BBM algorithm, denote g1 = fr(x*,y*), g2 = fc(x*,y*), ha = fc(x*,by). For
symmetry, we suppose g1 > g2, and

O, if &1 € [0/ 1/3]/
=< (1-g1) (—1 + M) , ifg1€(1/3,8],
1, otherwise.

where B is the root of the polynomial x*> — x2 — 2x + 1 in [1/3,1/2]. From [4], we have 0 < a <
(1-61)g1,0<b<1—(1—-61)hy, c < (1—01)ha+ (1 —g1),d=0. Moreover, we have

a=g,c=g, ifg € (1/3p],
hy = g, if g1 € [B,1].

¢ Upper bound.
By taking w = 2 in Proposition B.2, the approximation upper bound of the algorithm is given by:

o maxmin b
st. h>da+ (1—06,)b,
h >+ (1—6)d,
0<d6 <1,
0<a<1—(1-61)h,0<b<(1-01)g1,
c=0,d<(1-6)n+6(1—g),
0<g1,h2 <1,81 > 82,8 > hy,

5 =0, if g1 € [0,1/3],
o=(1-g) (—1+ 1+ 155, —g%),uzgpc:gz, if g1 € (1/3,8],
0 =1,hy =g, otherwise.

Remark D.4. We note the solution to the optimization problem above is related to g1, h,. Thus, it
actually follows the extension framework as stated in Remark 5.2.

D.8 The TS algorithm in [48]

Similar to the notation in Example B.11, denote a = fr(xs,¥s), b = fc(xs,ys), ¢ = fr(xs,2),
d = fc(xs,2), e = fr(w,ys), f = fc(w,ys), g = fr(w,z), h = fc(w,z).

From Example B.11, the expression of the approximation upper bound is given by:

max min min{by, by, b3, by}
abcdefghp  a1,42,a3,04

st. b >ma+ (1—uq)e, by > b+ (1 —aq)f,
by > ma+ (1 —ap)c, by > apb+ (1 —ap)d,
bs > azg+ (1 —a3)c, bz > ash + (1 —az)d,
by > aag+ (1 —wa)e, by > ash+ (1 — ay)f,



0 S N1, %, &3, K4 S 1/
a=bd=e=0,c>gc>af>hf>bg>ha<p(c—g),a<(l—p)(f—h),
0<a,b,cdefghp<1

D.9 The DFM algorithm in [20]

Due to Example B.16, the expression of the approximation upper bound is given by:
max min min{b;}1>,
abcfghijklnm  &1,0003,0K5,06K7,08K9,010,011012,013,614,015
st. by >ma+ (1—ag)n, by > b+ (1 —aq)b/2,
by > apn+ (1 —ap)c, by > apb/2+ (1 —ap)d,
by > aze + (1 —az)m, b3 > asf+ (1 —a3z)(f+h)/2,
by > aam + (1 —ag)g, by > ag(f+h)/2+ (1 —ayg)h,
bs > asj,bs > asl+ (1 —as)(k+1)/2,
be > (1 —ae)i, bs > as(k+1)/2+ (1 —ag)k,
b; > arza + (1 — 0(7)e, b; > a7b + (1 — 067)f,
bs > age + (1 — ag)j, bg > agf + (1 — ag)l,
bg > wga+ (1 — wg)j, by > agb + (1 — ag)l,
b1o > agon + (1 — ag9)m, byg > aob/2+ (1 —agp) (f+h) /2,
b1 > agm, by > a(f+h)/2+ (1 —ag1)(k+1)/2,
bip > appm, bip > appb/2 + (1 —ayp) (k+1)/2,
biz > a3c+ (1 —a13)g, bz > azd + (1 — ag3)h,
bia > apag+ (1 — aqa)i, by > apsh + (1 — ayyk,
bis > arse + (1 —ags5)i, bis > agsd + (1 — ars)k,
0 <y, a2, a3, 04, &5, 06, 7, 48, X9, X10, X11, X12, 413, X14, 415 < 1,
g>hd=e=0a=Db,
0<ab,cf,ghijklnm<Il,
c>gg>mc>n>af>hf>Db,
a<p(c—g)b<(1-p)(f-h)a<pj+(1-p)(1-k)g=i+j.
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E Definitions in discrete geometry

Below are the definitions of several concepts in discrete geometry:

Definition E.1. The concepts below are either from [37] or basic concepts in linear algebra. We
append the location of the concepts from [37] for further interests.

1. (Affine Space, P1, Section 1.1) An affine space is a displacement of a vector space. It has the
formof v+ V = {v+x: x € V}, where v is a vector and V is a vector space. Equivalently, an
affine space can be expressed as {x € R" : ux = v;,i € [m]} for some u; € R"\ {0} and v; € R,
i € [m]. The dimension of an affine space V + v is defined to be the dimension of V.

2. (Affine Hull, P1, Section 1.1) The affine hull of a set S € R", denoted by aff(S), is the minimal
affine space containing it.

3. (Dimension, P83, Section 5.2) The dimension of a set S € R", denoted by dim(S), is given by
the dimension of its affine hull.

4. (Hyperplane, P3, Section 1.1) In any linear space H, a hyperplane is an affine subspace whose
dimension is one less than that of H.

5. (Half-space, P3, Section 1.1) In R”, a half-space is the set {x € R" : a'x < b} or {x € R" :
a'x < b}, where 4 is a nonzero vector in R" and b € R.

6. (Polytope, P82, Section 5.2) A convex polytope S is defined as a bounded set that is the
intersection of finitely many half-spaces, namely S = {x € R" : Ax < b}, where A € R**" has no
zero rows and b € R¥.

7. (Face, P86, Section 5.3) A face of a polytope S is defined by the set {x € S:Vy € S,a’x <a'y}
for a certain a € IR". Note that by setting a = 0, we have S itself as a face. By definition, every face
of a polytope is also a polytope.

8. (Facet, P87, Section 5.3) A facet of polytope S is a face of dimension exactly dim(S) — 1.

9. (Boundary) The boundary of a face S is defined as the set of points x € S such that for any
€ > 0, there exists y € aff(S) \ S satisfying ||y — x|| < e. We denote the boundary of S as dS. The
interior of S, denoted as S°, is defined as S \ 9S.

10. (Line and segment) In R”, a line (segment) is a set of the form {y € R" : y = td + b,t € I},
where d € R" is a nonzero vector, b € R", and I = R (I = [1,v]). It represents a one-dimensional
affine space. The vector d is called the direction of the line.

11. (Parallel lines) Two lines (segments) are said to be parallel if their directions d; and d, satisfy
dy = kd, for some nonzero real number k. The relation of being parallel is an equivalence class,
and two lines are equivalent if and only if they share a proportional direction. Hence, we can also
represent a line (segment) using its direction vector, which we will use directly in reference to a
line below.

12. (Parallel between lines and polytopes) For an affine space A C R”, we say that a vector d is
parallel to A if A contains a line parallel to d. Equivalently, if A = {x € R" : u[x = v;,i € [m]},
then d || A if and only if u]d = 0 holds for each i € [m]. For a vector d and a polytope P C R”,
we say that d is parallel to P if d || aff(P).
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