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Abstract

AI in Math deals with mathematics in a constructive manner so that reasoning becomes
automated, less laborious, and less error-prone. For algorithms, the question becomes how to
automate analyses for specific problems. For the first time, this work provides an automatic
method for approximation analysis on a well-studied problem in theoretical computer science:
computing approximate Nash equilibria in two-player games. We observe that such algorithms
can be reformulated into a search-and-mix paradigm, which involves a search phase followed
by a mixing phase. By doing so, we are able to fully automate the procedure of designing
and analyzing the mixing phase. For example, we illustrate how to perform our method
with a program to analyze the approximation bounds of all the algorithms in the literature.
Same approximation bounds are computed without any hand-written proof. Our automatic
method heavily relies on the LP-relaxation structure in approximate Nash equilibria. Since
many approximation algorithms and online algorithms adopt the LP relaxation, our approach
may be extended to automate the analysis of other algorithms.

*xiaotie@pku.edu.cn.
†dongchen.li@connect.hku.hk.
‡lhydave@pku.edu.cn.

ar
X

iv
:2

31
0.

08
06

6v
1 

 [
cs

.G
T

] 
 1

2 
O

ct
 2

02
3

mailsto:xiaotie@pku.edu.cn
mailsto:dongchen.li@connect.hku.hk
mailsto:lhydave@pku.edu.cn


Contents

1 Introduction 1
1.1 Related work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 The traditional paradigm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.3 The novel paradigm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.4 Main Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
1.5 Organization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2 Preliminaries 8

3 The search-and-mix paradigm 10

4 Algorithms for the mixing phase 12

5 Approximation analysis 15

6 The mixing problems 20

7 Conclusion and Discussion 21

A Mixing algorithms 26
A.1 Linear piece partitioning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
A.2 Optimization over polytopes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
A.3 Detailed algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
A.4 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

B Approximation analysis 33
B.1 Linearization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
B.2 Designing an upper bound constructor . . . . . . . . . . . . . . . . . . . . . . . . . . 33

B.2.1 A brief overview of the techniques . . . . . . . . . . . . . . . . . . . . . . . . . 34
B.2.2 Case (1, w) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
B.2.3 Case (v, w) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

B.3 Analyzing an upper bound constructor . . . . . . . . . . . . . . . . . . . . . . . . . . 37
B.4 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

C Missing proofs and algorithms 44
C.1 The (2, m)-separation algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
C.2 The (3, m)-separation algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
C.3 Proof of Lemma A.4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
C.4 Proof of Proposition A.5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
C.5 Proof of Corollary A.6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
C.6 The (2, 2)-mixing algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
C.7 The (2, 3)-mixing algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
C.8 Proof of Proposition B.10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
C.9 Proof of Lemma B.17 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
C.10 Proof of Theorem B.18 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

2



C.11 Proof of the tightness result in Example B.16 . . . . . . . . . . . . . . . . . . . . . . . 64

D Automatic approximation analysis for algorithms in Table 1 66
D.1 Experiment setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
D.2 The KPS algorithm in [32] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
D.3 The DMP algorithm in [17] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
D.4 The DMP algorithm in [16] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
D.5 The BBM algorithm in [4] with 0.382 approximation . . . . . . . . . . . . . . . . . . . 68
D.6 The CDFFJS algorithm in [13] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
D.7 The BBM algorithm in [4] with 0.36 approximation . . . . . . . . . . . . . . . . . . . 69
D.8 The TS algorithm in [48] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
D.9 The DFM algorithm in [20] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

E Definitions in discrete geometry 72

3



1 Introduction

Automated theorem discovering and proving have been a long-standing goal of computer science
and artificial intelligence, with the earliest work dating from the 1950s [19, 26]. Some of the most
successful examples include geometry [45, 50] and inequality proofs [1, 5]. With the advancement
of deep learning, people are also leveraging deep neural networks to discover theorems and proofs
[18, 28, 33].

In computer science, the parallel tasks involve the automatic discovery and analysis of algo-
rithms. Using deep reinforcement learning, machines can discover algorithms for tasks like matrix
multiplication [25] and sorting [35] that outperform human-designed algorithms on fixed-size
inputs.

On the other hand, over the course of history, the complexity of algorithm analyses has
increased dramatically. Many of them are error-prone and could only be verified by a handful
of specialists. Thus, there is an increasing demand for the automatic method for algorithm
analysis, leaving a certain amount of complicated proof to programs. However, it remains largely
unexplored even for a specific problem, such as analyzing the worst-case approximation bounds
of a particular algorithm.

As a typical example, we note that all these drawbacks arose in a well-studied problem of
approximation algorithms in theoretical computer science: computing approximate Nash equilibria in
two-player games [4, 13, 16, 17, 20, 32, 48]. As is shown in Table 1, the progress of approximation
improvement is becoming more and more incremental, while the length of the paper’s proof
is increasing. More seriously, the grow-up of proof complexity led to errors in the preliminary
version of the SOTA result [21].

In this work, we provide an automatic tool to derive the approximation bound of a given
algorithm without any hand-written proof, which is far less error-prone than humans. Our
method also dramatically speeds up the analysis process. To obtain the same approximation
bounds for all algorithms in the literature for this problem, our automatic method takes only a
few seconds1 on a common laptop, while the original proofs could span more than 5 pages (see
Table 1). Our work can thus be viewed as the first step towards automatic algorithm analysis.

Algorithm
Bound proved by

original paper
Length of proofs

(page) / codes (line)
Bound computed
by our program

Running time
(second)

[32] 0.75 1/32 0.75 1.39
[17] 0.5 0.5/20 0.5 0.06
[16] 0.381966 + δ 1/33 0.381966 + δ 1.99
[4]-1 0.381966 1/25 0.381966 4.63
[13] 0.381966 2/34 0.381966 3.38
[4]-2 0.363917 6/32 0.363917 484.23
[48] 0.339331 + δ 7/25 0.339331 + δ 6.28
[20] 1/3 + δ 13/42 0.333333 + δ 15.67

Table 1: The approximation bounds of all algorithms in the literature: original vs. our results.

1The only exception is [4]-2. Mathematica has problems dealing with the function Sqrt in the NMaximize function.
Therefore, we use the RandomSearch method to calculate the bound of [4]-2, which takes several minutes.

1



Nash equilibrium (NE) is a fundamental concept in economics. In economic research, human
interactions are often modeled as strategic games, where rational players interact with each other
and attempt to achieve the best possible outcome. Nash equilibrium captures a state of balance
among the players, where no player can benefit from unilaterally changing their strategy.

In his seminar works [40, 41], Nash established the existence of such equilibria. However, from
a theoretical view, it is also important to find polynomial-time algorithms for Nash equilibria
in practice. In fact, from the perspective of computational complexity, the established hardness
results [6, 8, 14] give strong evidence that even in two-player games, there could probably not
exist polynomial-time algorithm for Nash equilibria.

This naturally leads to the consideration of ϵ-approximate Nash equilibria (ϵ-NE), where the
players are permitted to gain at most ϵ by deviation. In view of computational complexity, a
similar negative result is given by Rubinstein [46]. It shows that, under a certain moderate
assumption, computing ϵ-NE cannot be polynomial time when ϵ < ϵ∗, where ϵ∗ is some constant.

Therefore, the main open problem remains to identify the smallest ϵ for which a polynomial-
time algorithm can compute an ϵ-NE. There have been numerous works in this direction, achieving
increasingly better approximations, such as [32, 17, 16, 4, 48, 20]. A process of lower bound and
upper bound results is presented in Figure 1.

0 1
ϵ∗?, [46]

1/3 + δ, [20]

0.3393 + δ, [48]

0.36, [4]

0.38, [4, 13]

0.38 + δ, [16]

1/2, [17] 3/4, [32]

Figure 1: The process on approximation NE in bimatrix games. The blue points are the upper
bound results while the orange point is the lower bound result.

Our work focuses on the automatic method to derive an upper bound proven for an approxi-
mation algorithm. The main idea of our method is to restate the approximation algorithms into a
search-and-mix paradigm. Then, we provide a series of theories and algorithms that collectively
assist in automating the design and analysis of any algorithm under this paradigm.

1.1 Related work

Nash equilibrium is a solution concept in which no player can gain more by deviating from
her current (possibly randomized) strategy against her opponents. A typical scenario for this
solution concept is finite normal-form games, where a finite number of players independently and
simultaneously choose from a finite number of actions. By applying fixed-point theorems, Nash
[40, 41] proved that such a solution always exists in any finite normal-form game, marking the start
of a new paradigm in economics known as non-cooperative games. Nash equilibria subsequently
became a standard solution concept in game theory, further enriched by contributions from
computer science and artificial intelligence, such as algorithmic game theory [42] and adversarial
learning [27]. As a result, game theory has become a thriving interdisciplinary field.

From the perspective of computer science, Nash’s non-constructive proof was just the beginning.
The further key question is how to find Nash equilibria in polynomial time. This question adopts
the view from computational complexity. Papadimitriou [44] introduced a complexity class called
PPAD and demonstrated that the problem of computing Nash equilibria (Nash) lies in PPAD, so
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do k-player games (k-Nash).2 However, the establishment of PPAD-completeness results required
more efforts. Daskalakis, Goldberg, and Papadimitriou [15] proved the completeness result for
k-Nash with k ≥ 4. Subsequently, two independent works by [6] and [14] showed that 3-Nash

is PPAD-complete. Finally, Chen and Deng [7] established the PPAD-completeness of 2-Nash.
These findings provide compelling evidence that unless PPAD ⊆ P, there is no polynomial-time
algorithm3 for Nash equilibria, even in the simplest two-player game scenarios.

This naturally leads us to consider approximate Nash equilibria with a constant approximation.
In an ϵ-Nash equilibrium (ϵ-NE), any player can gain at most ϵ additional payoff by deviating
from the original strategy. To have a unified discussion on ϵ-NE, it is a convention in the
literature to normalize the payoffs to the interval [0, 1]. It is important to note that ϵ-NE is not
solely a computational consideration: It also characterizes the outcomes of players with limited
rationality [22, 47].

Until now, most studies still have been focusing on two-player games, also known as bimatrix
games, where the two players independently choose a row and a column from the payoff matrix.
However, even this seemingly simple concept involves significant intricacy.

Initially, using a straightforward argument in probabilistic methods, Lipton, Markarkis, and
Mehta [34] proposed an algorithm to find an ϵ-NE in time nO(log n/ϵ2) (i.e., quasi-polynomial time).
For a long time, it was conjectured that such a simple algorithm was not optimal. However,
Rubinstein [46] proved that, under a certain moderate assumption4, there exists a constant ϵ∗ such
that computing ϵ-NE is at least quasi-polynomial for any ϵ < ϵ∗.

Therefore, the main open problem remains to identify the smallest ϵ for which a polynomial
algorithm can compute an ϵ-NE. There have been numerous works in this direction. Kontogiannis,
Panangopoulou, and Spirakis [32] introduced an approximation algorithm with ϵ = 3/4, which
initiated the improvement process. Soon after, Daskalakis, Mehta, and Papadimitriou [17, 16]
improved the approximation to 1/2 and 0.38 + δ, respectively. Bosse, Byrka, and Markakis [4]
achieved ϵ = 0.364. Concurrently, Tasknakis and Spirakis [48] presented the famous TS algorithm
that achieved ϵ = 0.3393 + δ, which remained the then state-of-the-art for 15 years. Research and
discoveries continued... Czumaj et al. [13] introduced the first distributed method with a 0.38
approximation bound. Chen et al. [9] proved that 0.3393 is the tight bound for the TS algorithm.
Subsequently, in 2022, Deligkas, Fasoulakis, and Markakis [20] showed that by carefully revising
the TS algorithm, ϵ = 1/3 + δ can be reached, marking it as the next milestone. Very recently, the
tightness of their algorithmic 1/3 bound was shown by Chen et al. [10].

1.2 The traditional paradigm

It is worth noting that all the polynomial-time approximation algorithms in the literature can
be fitted into a general framework which we call the search-and-mix paradigm. In the search
phase, these algorithms search in polynomial time for strategies of both players that satisfy
specific properties. In the subsequent mixing phase, the algorithms give a few specific convex
combinations to mix the strategies obtained in the search phase and select the one with the
minimum approximation. The mixing phase usually takes a negligible amount of time. Through

2Strictly speaking, in most cases where k ≥ 3, Nash equilibria cannot be represented by Turing machines, a standard
computational model. Therefore, (k-)Nash actually aims to find approximate Nash equilibria with an approximation of
O(1/2m) or even O(1/ poly(m)). See the introduction below for more details.

3More accurately, no fully polynomial-time approximation scheme (FPTAS)
4That is, the exponential-time hypothesis (ETH) for PPAD.
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the exploration of diverse strategies and convex combinations, researchers have been able to
develop algorithms with various approximation bounds as mentioned above.

As a concrete example5, here we restate the algorithm given by Daskalakis, Mehta, and
Papadimitriou [17] in this paradigm.

Example 1.1. In the search phase, select a pure strategy for one of two players, such as the ith row
for the row player. Then, calculate the best-response column j for the column player against row i
and then the best-response row k for the row player against column j. In words, the result of the
search is row player’s strategies i, k and column player’s strategy j.

In the mixing phase, among all the possible convex combinations of the strategies, given
by {(αi + (1 − α)k, j) : α ∈ [0, 1]}, select the strategy profile ((i + k)/2, j) as the output of the
algorithm. By using the properties of best responses, it was shown that this strategy profile yields
a 1/2-NE.

This paradigm follows a natural idea. In the search phase, it generates strategies with certain
properties. However, using only a single strategy profile could lead to a poor approximation
bound. To address this problem, it introduces a mixing phase that combines the generated
strategies along with their properties. This combination produces new strategy profiles that one
of them yields a better approximation bound.

However, this traditional approach also has some drawbacks.

• Practice. The selection of the convex combinations emphasizes too much on the approxi-
mation bound. It weakens the performance of the algorithms in non-worst-case scenarios,
which is considerably important in practice as these algorithms are widely applied in finding
the approximate NE in polynomial time.

• Theory. As algorithms with smaller approximation bounds are proposed, the improvements
they achieved are becoming increasingly incremental. As there are more and more strategies
generated in the search phase6, the design of convex combinations in the mixing phase is
suffering from increasing intricacy and complexity.

Moreover, the approximation analysis is going to be complicated, lengthy, and error-prone.
Table 2 shows the length of the approximation analysis of the original algorithms and the
modified algorithms. These works made a very long proof but obtained a very incremental
improvement in the approximation. Even worse, in the preliminary versions of the SOTA
algorithm [21], the proof is wrong.

Thus, it is crucial to develop a systematic understanding of how to design approximation algo-
rithms and analyze their approximation bounds. Our approach is a novel attempt to overcome
these long-standing limitations.

1.3 The novel paradigm

To begin with, our work presents a new formalization of the search-and-mix paradigm, establishing
a framework for further analysis and understanding of such algorithms. The main observation,
initially formalized by [48], is that the approximation on a given strategy profile (x, y) can be

5If the readers are not familiar with concepts discussed below, see Section 2 for definitions.
6One can refer to Table 3.
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Original Algorithm Modified Algorithm

Work [4] [4]
Approximation Bound 0.38 0.36

Analysis Length (pages) 1 6
Work [48] [20]

Approximation Bound 0.3393 + δ 1/3 + δ
Analysis Length (pages) 7 13

Table 2: Length of the approximation analysis of the original algorithms and the modified
algorithms. The analysis of the DFM algorithm [20] is based on that of the TS algorithm. Thus, it
needs an additional 6 pages to derive the approximation bound.

expressed by a function f (x, y). From the definition of ϵ-NE, if we set fR(x, y) and fC(x, y) to be
the maximum additional payoff of the row and the column player by deviating from their current
strategies, then f (x, y) = max{ fR(x, y), fC(x, y)} is exactly the approximation of the strategy
profile (x, y). Thus, the mission of finding the minimum approximation can be transferred to
solving an optimization problem with the objective function f .

The main difference of our formalization is in the mixing phase. As mentioned above, in
the traditional approach, people select certain convex combinations and output the one with the
minimum approximation. However, our mixing phase now directly finds the instance optimal
convex combination with the minimum approximation. This problem can be formalized as a
global optimization problem, as discussed above.

To solve this optimization problem, we present a polynomial-time subroutine for our mixing
phase. The main advantage of our subroutine is that it is search-phase independent. In other words,
it does not rely on the particular form of the search phase. Thus, it is suitable for all approximation
algorithms in the literature. It is both theoretically and practically better than the traditional
approach.

For instance, in continuation of Example 1.1, instead of outputting the fixed strategy profile
((i + k)/2, j) as in [17], our approach directly computes the optimal α∗ with the minimum
approximation among all strategy profiles in {(αi + (1 − α)k, j) : α ∈ [0, 1]}. Namely, we solve the
following optimization problem

minimize f (αi + (1 − α)k, j)
s.t. α ∈ [0, 1].

The main difficulty is that this optimization problem, in general cases, is non-convex and
even non-smooth7. Thus, we cannot rely on traditional global optimization techniques based
on iterative methods and gradients. Our solution is as follows. First, using classic methods in
computational geometry, we introduce a divide-and-conquer method to partition the problem
into several optimization subproblems to overcome the non-smoothness. Then, we use techniques
from continuous optimization and discrete geometry to derive necessary conditions for the local
minimum of the subproblems. Finally, for each subproblem, we find its feasible solutions satisfying
the necessary conditions. The global minimum of the original problem is thus the optimal one
among all found subproblem solutions.

7That is, the objective function is non-differentiable.
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Having obtained the subroutine for the new mixing phase, the immediate next problem is to
analyze the approximation bound of the algorithm equipped with this subroutine. We develop a
corresponding method for this purpose. Our solution is to convert the approximation analysis
into a fixed-size constraint optimization problem. Moreover, this conversion can be accomplished
in a fully automated manner. For this purpose, we divide the approximation analysis into two
steps. The first step is search-phase independent (just like our mixing-phase subroutine), while
the second only depends on the search phase.

In the first step, we show how to construct an upper bound for our mixing subroutine in a
unified and search-phase-independent manner. Our main tool is an extension of the technique
proposed in [9]. We call our extension the linearization method. Using this technique, we linearize
functions fR and fC. By doing so, we can express the upper bound h∗ of the global minimum of f
solely by fR and fC values of strategies given by the search phase.

For instance, consider Example 1.1 again. The result of linearization is presented in Figure 2.
The blue point is the global minimum of f , and the pink point is the upper bound. We can show
that the upper bound of minα∈[0,1] f (αi + (1− α)k, j) is fully determined by fR(i, j), fC(i, j), fR(k, j),
and fC(k, j), given by h∗ = minα∈[0,1] max{α fR(i, j) + (1 − α) fR(k, j), α fC(i, j) + (1 − α) fC(k, j)}.

α

fR

fC

linearized fC

0
(k, j) (i, j)

global minimum

upper bound

Figure 2: Linearization procedure.

In the second step, we require the search phase to provide relations of fR and fC values of
strategies given by it. Note that the upper bound h∗ derived in the first step is fully determined by
these fR’s and fC’s. We view these fR’s and fC’s as variables and their relations as constraints, and
maximize h∗, which then produces a fixed-size constraint optimization problem. No matter what
values these fR’s and fC’s have, we can guarantee that the maximized h∗ is the desired constant
upper bound. We can solve this optimization problem by a computer program.

For instance, in Example 1.1, denote a = fR(i, j), b = fR(k, j), c = fC(i, j), and d = fC(k, j).
Since j is the best response for the column player against i, we have c = 0. Similarly, b = 0.
Besides, by the [0, 1] normalization assumption of the game payoffs, we have 0 ≤ a, d ≤ 1. Bearing
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with these relations, the expression of the approximation upper bound is given by:

max
a,b,c,d

min
α

h

s.t. h = max{αa + (1 − α)b, αc + (1 − α)d},
0 ≤ α ≤ 1,
b = 0, c = 0,
0 ≤ a, d ≤ 1.

(1)

The intuition behind this optimization is clear: By the definition of h∗, no matter what values these
fR and fC have, the approximation should be bounded by h∗. Then, to compute the approximation
bound, we need to consider the worst, namely the largest h∗. Thus, we have to maximize all
these fR’s and fC’s. It is not hard to show the optimal value to (1) is 1/2, which is the desired
approximation bound.

To demonstrate the power of our new paradigm, we apply our mixing-phase subroutine to
revise all approximation algorithms in the literature and provide the corresponding approximation
analysis. We present the details for the BBM algorithm [4], the TS algorithm [48], and the state-
of-the-art DFM algorithm [20]. To illustrate how to conduct the approximation analysis in an
automated way, we also write down the optimization problem for the approximation bound
similar to (1) for all algorithms in the literature. Subsequently, we implement Mathematica codes
to calculate the corresponding approximation bounds, as shown in Table 1. It is worth noting that
most computations are completed within a few seconds and achieve very high accuracy!

It is worth noting that these algorithms have very different search phases. However, our mixing-
phase subroutine can be applied directly without any modifications. Moreover, the approximation
analysis for the revised algorithms now takes a unified approach and can be conducted completely
by a computer program. The authors highly encourage the readers to look at Appendix D as well
as the Mathematica codes8 for this purpose.

1.4 Main Contributions

Our new paradigm enjoys the following advantages:

• Our subroutine of the mixing phase is search-phase independent. Moreover, it finds the
instance optimal strategy profile in the mixing phase. Thus, researchers no longer need to
design ad hoc convex combinations with great efforts.

• Approximation analysis can be fully automated. The constructions of upper bounds are
given by formal rules and do not depend on the search phase. Then, given suitable relations
from the search phase, we can automatically write down the optimization problem of the
approximation bound and solve it using a computer program. As a result, when designing
new approximation algorithms, it is sufficient to only focus on the design of the search
phase and find out the relations used in the analysis. This reduces a lot of workload.

• It leads to the first systematic approach to prove the tightness of the approximation bound.
By examining the optimal solution to the optimization problem of the approximation bound,

8We have put them as well as the evaluation outputs (also shown in Table 1) in an anonymous repository. Please
click the following link https://anonymous.4open.science/r/approxNE-auto-analyzer-D71E/.
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we can obtain conditions under which the approximation bound becomes tight. This helps
generate tight instances and prove the tightness of the approximation bound.

• Using our paradigm, it is convenient to refine the search phase. When introducing param-
eters in the search phase, we can obtain the corresponding parameterized approximation
bound. This helps in selecting the optimal parameters with the minimum approximation
bound.

We are also aware of the value of the mixing problem itself. The mixing problem is closely
related to quadratic constraint quadratic programming. It brings new perspectives on approximate
Nash equilibria and a wide range of open problems concerning the relationships between PPAD, P,
and NP. It turns out that the mixing problem serves a role in approximate Nash equilibria similar
to the Sat problem in computational complexity theory.

Moreover, our linearization method is essentially a special kind of LP relaxations. In fact,
many approximation algorithms and online algorithms heavily adopt the LP-relaxation, both for
design (e.g., vertex cover and max-cut [49]) and for analysis (e.g., factor revealing LP [29, 39]). our
approach may be extended to automate the analysis of these kinds of algorithms.

1.5 Organization

This paper is organized as follows.

• In Section 2, we define the basic notions about Nash Equilibria.

• In Section 3, we provide a formal definition of the mixing phase, together with our new
mixing phase.

• In Section 4, we propose three polynomial-time algorithms to calculate the optimal convex
combinations of a certain number of strategies. They can serve as the desired subroutine for
the new mixing phase.

• In Section 5, we propose upper bound constructors corresponding to algorithms in Section 4.
This constructor is able to write the approximation analysis into a fixed-size constraint
optimization problem via a systematic and automated approach.

As a concrete example, we demonstrate how our framework works on a concise but nontrivial
0.38-approximation algorithm [4] (called the BBM algorithm) in Section 3, Section 4, and Section 5.
In Section 6, we further discuss the mixing problem. Finally, in Section 7, we summarize our work
and propose further directions.

2 Preliminaries

Vectors and matrices

The n-dimensional Euclidean space is denoted by Rn. The standard orthonormal basis of Rn

is e1, . . . , en. Denote by Span(v1, . . . , vk) the linear space spanned by vectors v1, . . . , vk ∈ Rn.
Notation [n] := {1, . . . , n} represents an index set. For vector v ∈ Rn, denote its ith item by
vi. For vector u ∈ Rn, define the following operators: max{u} := max{u1, . . . , un}, min{u} :=
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min{u1, . . . , un}, supp(u) := {i ∈ [n] : ui ̸= 0}, suppmax(u) := {i ∈ [n] : ∀j ∈ [n] ui ≥ uj}, and
suppmin(u) := {i ∈ [n] : ∀j ∈ [n] ui ≤ uj}. For vector u ∈ Rn, denote its Euclidean norm by ∥u∥.
For two vectors v, w ∈ Rn, notation v ≥ w (v > w) represents that vi ≥ wi (vi > wi) holds for
every i ∈ [n].

For an m × n matrix A, denote its ith row by Ai, its jth column by Aj, and its item at ith row
jth column by Aij. Its transpose is denoted by AT.

Simplex and mixing operations

A standard (n − 1)-simplex is the set ∆n := {α ∈ Rn : α ≥ 0 and ∑n
i=1 αi = 1}. A simplex can be

viewed as a probability space and its elements are probability vectors.
For given elements z1, . . . , zw from Rn, the set of their convex combinations is defined to be

{α1z1 + · · · + αwzw : α ∈ ∆w}. For any element in the set, the corresponding α is called its
barycentric coordinate. Any vector α ∈ ∆w uniquely determines a convex combination, which can
be viewed as an operation:

α(z1, . . . , zw) := α1z1 + · · ·+ αwzw.

We call it a mixing operation over (z1, . . . , zw) with α. Under this situation, α is called the mixing
coefficient.

Games, mixed strategies, and best responses

We focus on bimatrix games, in which there are only two players. We refer to them as the row
player and the column player. We assume that the row player has m pure strategies and the
column player has n pure strategies. A game can be defined by a pair of payoff matrices R and C
of size m × n. When the row player chooses the ith row and the column player chooses the jth
column, their payoffs are denoted by Rij and Cij, respectively. By adjusting the payoffs through
shifting and scaling, we assume that all entries in R and C belong to interval [0, 1].

For each player, a mixed strategy represents a probability distribution over all pure strategies.
Therefore, the space of mixed strategies over n pure strategies is precisely captured by ∆n. We
also use vectors x ∈ ∆m and y ∈ ∆n to represent mixed strategies for the row and the column
player, respectively. In particular, pure strategies can be regarded as mixed strategies where a
specific pure strategy is chosen with a probability of 1. Unless otherwise specified, whenever we
refer to "strategy" below, we are referring to mixed strategies.

A strategy profile (x, y) refers to a pair of mixed strategies x and y from the row and column
players, respectively. We also call it a strategy pair.

The payoff of a strategy profile is defined as the expectation of the payoff over all pure strategy
profiles. Consider the strategy profile (x, y), where the row player selects x and the column player
selects y independently. Then their payoffs are xTRy and xTCy respectively.

A best response against a strategy x from the row player is a mixed strategy of the column
player that maximizes the expected payoff against x. We denote the set of best response strategies
by brC(x). Similarly, we can define brR(y) as the set of best response strategies against the
strategy y of the column player. By definition, for a strategy pair (x, y), brC(x) is the set of all
probability distributions on suppmax(CTx), and brR(y) is the set of all probability distributions
on suppmax(Ry).
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Approximate Nash equilibria and the optimization viewpoint

An ϵ-approximate Nash equilibrium (ϵ-NE) is a strategy profile (x, y) ∈ ∆m × ∆n such that for any
x′ ∈ ∆m and y′ ∈ ∆n, it holds that

(x′)TRy ≤ xTRy + ϵ, and xTCy′ ≤ xTCy + ϵ.

We call the minimum ϵ the (additive) approximation9 of the profile. In particular, a strategy profile
is a Nash equilibrium if it is a 0-NE (or has an approximation of zero). The famous Nash’s theorem
[40] states that there exists a Nash equilibrium for any bimatrix game.10

We follow [48] to express the problem of computing ϵ-NE in an optimization form. Define the
regrets of the row and the column player as follows:

fR(x, y) := max{Ry} − xTRy and fC(x, y) := max{CTx} − xTCy.

Note that max{Ry} = maxx′∈∆n(x′)TRy. Similarly, we have max{CTx} = maxy′∈∆m xTCy′. There-
fore, both fR and fC are non-negative, and a strategy profile (x, y) is an ϵ-NE if and only if

max{ fR(x, y), fC(x, y)} ≤ ϵ.

Define f (x, y) := max{ fR(x, y), fC(x, y)}. Then finding an ϵ-NE is equivalent to finding a
point (x, y) in ∆m × ∆n with f (x, y) ≤ ϵ. Thus, it suffices to minimize f in order to find solutions
with a certain approximation.

3 The search-and-mix paradigm

In this section, we give the formalization of the search-and-mix paradigm, including both tradi-
tional and novel ones.

The traditional paradigm can be divided into two phases. In the search phase, an algorithm
computes several (at most three in the literature) strategies of each player in polynomial time. In
the mixing phase, the algorithm then mixes the selected strategies into several strategy profiles
and outputs the profile with the minimum f value. The illustration is presented in Figure 3.

Find several strategies x1, · · · , xs
of the row player and y1, · · · , yt
of the column player in polyno-
mial time.

Make certain mixing operations on these
strategies, obtaining strategy profiles
(x̃1, ỹ1), . . . , (x̃u, ỹu). Calculate i∗ =
argmin1≤i≤u f (x̃i, ỹi); output (x̃i∗ , ỹi∗).

Figure 3: Procedure of the search-and-mix paradigm in the literature.

A typical example is as follows.

Example 3.1 (BBM algorithm [4]).

9In the literature, this quantity has various names. Here we use the one we think the most appropriate.
10Actually, this holds for any finite normal-form game.
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• Search phase: Compute a NE (x∗, y∗) of the zero-sum game (R − C, C − R)11. Let g1 = fR(x∗, y∗)
and g2 = fC(x∗, y∗). By symmetry, assume without loss of generality that g1 ≥ g2. Then compute
r1 ∈ brR(y∗) and b2 ∈ brC(r1).

• Mixing phase: Produce strategy profiles (x∗, y∗) and (r1, (1 − δ2)y∗ + δ2b2), where δ2 = (1 −
g1)/(2 − g1). Output the one with the smaller f value.

Throughout the paper, we use this example repeatedly to demonstrate how to use our
framework in general.

Table 3 shows how approximation algorithms in the literature fit into this paradigm. Our
purpose is merely to demonstrate how these algorithms can be presented as search-and-mix
instances. Thus, we omit the detailed meanings of the notations but keep them the same as those
in the original papers.

Approximation
Search Phase

Mixing Phase
Row Column

0.75 [32] ei1 , ei2 ej1 , ej2 ( 1
2 (ei1 + ei2),

1
2 (ej1 + ej2))

0.5 [17] ei, ek ej ( 1
2 (ei + ek), ej)

0.38 + δ [16] x, α y, β (δα + (1 − δ)x, δβ + (1 − δ)y), (x, y)
0.38 [4] x∗, r1 y∗, b2 (x∗, y∗), (r1, (1 − δ2)y∗ + δ2b2)

0.38 [13] x∗, x̂, r y∗, j (x̂, y∗), ( 1
2−vr

x∗ + 1−vr
2−vr

r, j)
0.36 [4] x̂ y∗, b2 (x̂, (1 − δ2)y∗ + δ2b2)

0.3393 + δ [48] x∗, w∗ y∗, z∗ (x∗, y∗), ( 1
1+λ−µ w∗ + λ−µ

1+λ−µ x∗, z∗)

1/3 + δ [20] xs, w ys, z, ẑ
(xs, ys), (w, z),

(w, pz + (1 − p)ẑ), ( 1−q
2 xs +

1+q
2 w, z)

Table 3: The search-and-mix instances in the literature. The notations are the same as those in the
original papers. If there are symmetric cases, we only provide one for conciseness.

As is shown by Table 3, different algorithms produce different strategies in the search phase.
Then, in the mixing phase, they choose different strategy profiles obtained from mixing operations
in order to ensure a certain approximation in worst cases.

However, we notice that the traditional approach has the following two defects:

1. Ad hoc designs. The intentional design of the mixing phase can undermine the practical
applicability of an algorithm. In order to minimize the approximation bound, strategies are
often chosen based on worst-case scenarios. However, it is important to note that worst-case
scenarios take only a small fraction of all cases. In Appendix C.1 in [9], two million game
instances were randomly generated, but only two of them approached even one third of the
approximation bound. Consequently, from a practical standpoint, it cannot be justified to
deliberately design an algorithm solely for worst-case scenarios.

11Computing NE in zero-sum games can be modeled by a linear program and thus can be solved in polynomial time.
See, e.g., [42].
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2. Theoretical hardness. In the literature, there is increasing sophistication in the design of mixing
strategies, involving a larger number of strategies and cases, longer proofs (see Table 2) but
incremental improvements.

In this paper, we develop a new approach that reshapes the procedure of the mixing phase.
Instead of designing certain strategy profiles for the worst case, we develop polynomial-time
algorithms to directly compute the global minimum of f . Now, the procedure of algorithm design
is simplified to Figure 4.

Find several strategies
x1, · · · , xs for the row
player and y1, · · · , yt for
the column player in poly-
nomial time.

Calculate mixing coefficients α∗ ∈
∆s, β∗ ∈ ∆t in polynomial time that
minimize f (α(x1 + · · · + αsxs, β1y1 +
· · · + βtyt) as a function in α and β.
Output (α∗

1 x1 + · · ·+ α∗
s xs, β∗

1y1 + · · ·+
β∗

t yt)

Figure 4: The novel procedure for the search-and-mix paradigm.

Example 3.2 (The modified BBM algorithm). Applying the novel procedure to the mixing phase
in Example 3.1, we can obtain the modified mixing phase as follows.

• Modified mixing phase: Calculate coefficients α∗ ∈ ∆2, β∗ ∈ ∆2 in polynomial time that minimize
f (α1x∗ + α2r1, β1y∗ + β2b2) as a function of α1, α2, β1, and β2.

Following this novel procedure, we surprisingly resolve the two defects together of the above
traditional approach:

1. One unified design serving for all search phases. In Section 4, we propose a polynomial-time
subroutine for the new mixing phase. The mixing phase is not related to the particular form
of the search phase. Moreover, it directly computes the global minimum. Thus, in our new
approach, ad hoc designs for the subroutine of the mixing phase are no longer needed. In
this way, people now only need to focus on designing the search phase.

2. Automated approximation analysis. In Section 5, we provide a corresponding approximation
analysis method for the novel paradigm. This method is suitable for all algorithms following
the novel paradigm. Moreover, the analysis can be implemented in a fully automated
manner. In this way, when designing a new approximation algorithm, people can now avoid
sophisticated analysis and compute the approximation bound completely using a computer
program.

4 Algorithms for the mixing phase

In this section, we state our problem in the mixing phase and present a sketch idea on how our
algorithms are devised. To begin with, we formally define the problem for the new mixing phase
illustrated in Figure 4.
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Definition 4.1 ((s, t)-mixing problems and algorithms). An (s, t)-mixing problem has the following
input and output.

• Input: a game (R, C), mixed strategies x1, . . . , xs for the row player and y1, . . . , yt for the
column player.

• Output: coefficients α ∈ ∆s, β ∈ ∆t that minimize f (α1x1 + · · ·+ αsxs, β1y1 + · · ·+ βtyt).12

An (s, t)-mixing algorithm solves an (s, t)-mixing problem.

Due to symmetry, we can suppose without loss of generality that s ≤ t. Otherwise, we simply
exchange the positions of the players.

To propose an (s, t)-mixing algorithm running in polynomial time, we first scrutinize the form
of the problem. Expanding the objective function f of the mixing problem given in Definition 4.1,
we have the expression

max{max{R(β1y1 + · · ·+ βtyt)} − (α1x1 + · · ·+ αsxs)
TR(β1y1 + · · ·+ βtyt),

max{CT(α1x1 + · · ·+ αsxs)} − (α1x1 + · · ·+ αsxs)
TC(β1y1 + · · ·+ βtyt)}.

(2)

There are three major components in (2): inner maximum operators (e.g., max{Ry}), vector-
matrix-vector products (e.g., xTRy), and the outermost maximum operator (i.e., max{ fR, fC}). All
three kinds of terms present difficulties from different aspects.

1. Terms in the form of max{Ry} and max{CTx} are piecewise-linear in β and α, respectively.
These two linear-piecewise terms are convex but non-differentiable.

2. Terms in the form of xTRy and xTCy are bilinear in α, β. Thus, these terms are differentiable
but nonconvex.

3. The form of the objective function f = max{ fR, fC} is non-differentiable.

The sketch of our effort to overcome these difficulties is listed below:

1. To solve the first difficulty, we adopt the divide-and-conquer method. We divide the problem
and solve it on each linear piece of the max term. We reduce the problem into the famous
half-plane intersection problem in computational geometry. The detailed approach is explained
in Appendix A.1.

2. To solve the second and the third difficulties, we derive necessary optimal conditions for the
sub-problems resulting from the previous divide-and-conquer. The main technique we use
is the combination of discrete geometry and optimization (more specifically, properties of
polytopes and KKT conditions). The detailed approach is presented in Appendix A.2.

3. Finally, by discussing these linear pieces and conditions case by case, we are able to design
polynomial algorithms to find the global minimum of f over (α, β). To do so, we formulate
the problem into various optimization problems (univariate quadratic programming, linear
programming, and fractional programming). The algorithms are presented in Appendix A.3.

12Due to the definition, function f is uniquely determined by R, C.
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With these efforts, we are able to present (1, w), (2, 2), and (2, 3)-mixing algorithms.

Theorem 4.2. The following statements hold.

1. There exists a (1, w)-mixing algorithm in time O(mnw + L(w, m)), where L(w, m) is the time
complexity of solving a linear program with w variables and m constraints.

2. There exists a (2, 2)-mixing algorithm in time O(mn).

3. There exists a (2, 3)-mixing algorithm in time O
(
m2(n + log m) + n log n

)
.

The algorithms are presented in Appendix A as Algorithm 1, Algorithm 2, and Algorithm 3.
They are all polynomial-time and cover the need for algorithms in Table 3. Still, it is interesting
to consider whether there exist polynomial-time mixing algorithms with larger parameters. We
discuss the difficulties and the value of this problem in Section 6.

Now, in continuation of Example 3.2, we again consider the BBM algorithm. Below we
illustrate the detailed process of the mixing algorithm over it.

Example 4.3 (The mixing process of the modified BBM algorithm). The modified BBM algorithm
implements the (2, 2)-mixing algorithm in its mixing phase. Observe the form of the function fR
over the mixing region A = {(αx∗ + (1 − α)r1, βy∗ + (1 − β)b2)}:

fR(αx∗ + (1 − α)r1, βy∗ + (1 − β)b2)

=max{R(βy∗ + (1 − β)b2)} − (αx∗ + (1 − α)r1)
TR(βy∗ + (1 − β)b2).

Note that the max term can be written as max{βR(y∗ − b2) + Rb2}. Thus, it has the form of
the maximum of m linear functions about β, which is piecewise linear in β.

Now, we want to compute the exact form of the piecewise linear function, given by a sequence
of breakpoints 0 = β1 ≤ · · · ≤ βt = 1 (t ≤ m + 1) so that f is linear in β on each [βi, βi+1]. This is
a famous problem in computational geometry called the envelope problem, which can be solved in
time O(m log m) (See Appendix C.1 for full details). However, note that we still need to compute
the exact form of this problem, that is to compute the value of R(y∗ − b2) and Rb2 with time
O(mn).

Similarly, we can compute the linear pieces given by breakpoints 0 = α1 ≤ · · · ≤ αs = 1
(s ≤ n + 1) in time O(n log n). Therefore, on each grid [αi, αi+1]× [β j, β j+1], i ∈ [s], j ∈ [t], both fR
and fC are linear in α and β, respectively.

Then, we minimize the objective function over each grid and compare the results to take the
one with minimal f value. By doing so, we obtain the global minimum of f on region A.

On each grid, the objective function is in the form of the maximum of two bilinear functions
g1 and g2. However, it is still non-differentiable. We apply the KKT condition from continuous
optimization to obtain the necessary optimal conditions for this problem. We can show (see
Appendix C.6) that the minimum must be attained at the following three kinds of points:

1. Points where the partial derivative of g1 or g2 with respect to α or β is zero.

2. The four vertices of the grid.

3. Points where g1 and g2 are equal.
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Since g1 and g2 are bilinear, the partial derivative is linear. We can easily check points of the
first kind in constant time. Then, the second kind contains only four points. Finally, we can show
that points of the third kind form a quadratic curve on the plane, on which the minimum can be
easily computed by checking at most six points.

In words, on each grid, we only need constant time to compute minimum f . Thus, by scanning
over all the grids in O(mn) time, we can compute the global minimum of f on A.

The total complexity is given by O(mn + m log m + n log n) = O(mn).

Besides, in Appendix A.4, we also illustrate how to modify the TS algorithm [48] and the
DFM algorithm [20]. Note that these algorithms adopt a gradient descent method in the search
phase. Their search phases are totally different from those of the BBM algorithm, which solves a
zero-sum game. However, due to the generality of our approach, Algorithm 2 and Algorithm 3
can be directly applied to them without any modification.

5 Approximation analysis

After developing the novel procedure of the mixing phase, the immediate next question is how the
approximation bound is influenced. This prompts us to develop a novel method to analyze the
approximation bound. Below, we refer to the algorithms equipped with the new mixing phases as
the revised algorithms.

A clear fact is that the approximation bound of the algorithms in Table 3 will, at the very least,
not get worse after the revision. Indeed, our mixing algorithms find the global optimum of the
mixing problem, while the original algorithms only choose specific mixing coefficients.

However, we should not expect a direct analysis of the approximation bound of the revised
algorithms. There are two main barriers. First, the mixing problem in general is both nonconvex
and nonsmooth. Thus, it is difficult to control the global behavior of the objective function f .
Second, since the search phases have very different characteristics, there is no one-size-fits-all
solution for all algorithms.

Instead of a direct analysis, we try to establish an upper bound of f for all cases, and in the
meantime maintain the ability to attain equal conditions of the upper bound. More specifically,
we divide the approximation analysis into two steps.

• First, we provide upper bound constructors for the corresponding mixing algorithms, which
have the following properties:

(1) The form of the upper bound is search-phase independent. That is, it does not rely on the
particular form of the search phase.

(2) The upper bound can be written explicitly as an expression h∗ of fR and fC values of
strategy profiles given in the search phase.

• Second, from the search phase, we dig out relations about fR’s and fC’s occurring in the first
step. Viewing these relations as constraints, we maximize h∗13, which produces a fixed-size
constraint optimization problem on the approximation upper bound.

13That is, we find the worst possible approximation.
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By solving this optimization problem, we can obtain a constant approximation bound.
Moreover, conditions to reach the optimal solution then can serve as tightness conditions of
the approximation.

Now we sketch our approach to both steps. Our approach for the first step is to linearize
functions fR and fC. This approach was first proposed in [9], applied to provide tightness analysis
for the TS algorithm [48]. We generalize this method to derive an upper bound of f for a wider
range of domains of mixing operations. This approach is presented in Appendix B.1.

Through the generalized linearization method, we provide formal rules to generate the
corresponding (v, w)-upper bound constructor as well as the expression h∗ of the upper bound of
the (v, w)-mixing algorithm for any given v, w. This is given in Appendix B.2.

The upper bound constructor is valuable from the following perspectives:

1. Benefiting from the linearization approach, the upper bound derived by the constructor is
only related to the value of fR and fC on the strategies given by the search phase. Therefore,
this shows that the approximation bound of an algorithm is solely determined by its search
phase, rather than the mixing phase.

2. The upper bound constructor is fully given by formal rules and is thus totally automatable.
Thus it is possible to provide computer programs that make the full approximation analysis
and compute the approximation bound.

Now, as an illustration, we continue Example 4.3 to give a detailed analysis of the approxima-
tion bound of the modified BBM algorithm.

Example 5.1 (The approximation analysis of the modified BBM algorithm). The modified BBM
algorithm in Example 4.3 applies the (2, 2)-mixing algorithm to compute the global minimal f ∗A of
f on square A := {(α1x∗ + α2r1, β1y∗ + β2b2) : α, β ∈ ∆2}. Now, we derive an upper bound of f ∗A
following the four steps below.

Step 1: Construct the upper bound.
We illustrate the construction of the corresponding (2, 2)-upper bound constructor step by

step. We denote g1 = fR(x∗, y∗), g2 = fC(x∗, y∗), h1 = fR(x∗, b2), h2 = fC(x∗, b2), v1 = fR(r1, b2),
v2 = fC(r1, b2), u1 = fR(r1, y∗), and u2 = fC(r1, y∗). The aliases are illustrated in Figure 5.
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(x⇤, b2)

<latexit sha1_base64="wUBPKITi6MFJXPYvQnN7R9ATob0=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4Ckm1tb0VvHisaD+gDWWz3aRLN5uwuxFK6U/w4kERr/4ib/4bN20EFX0w8Hhvhpl5fsKZ0o7zYa2srq1vbBa2its7u3v7pYPDjopTSWibxDyWPR8rypmgbc00p71EUhz5nHb9yVXmd++pVCwWd3qaUC/CoWABI1gb6TYcVoalsmM7CyDHPm/Uq/WMNGpVp1FDbm6VIUdrWHofjGKSRlRowrFSfddJtDfDUjPC6bw4SBVNMJngkPYNFTiiypstTp2jU6OMUBBLU0Kjhfp9YoYjpaaRbzojrMfqt5eJf3n9VAd1b8ZEkmoqyHJRkHKkY5T9jUZMUqL51BBMJDO3IjLGEhNt0imaEL4+Rf+TTsV2a3b15qLcbOVxFOAYTuAMXLiEJlxDC9pAIIQHeIJni1uP1ov1umxdsfKZI/gB6+0TXAON7A==</latexit>g2
<latexit sha1_base64="XsHk1Q3ZKe3kZAJB5fzhoSWq0p4=">AAAB8HicdVDLSsNAFJ3UV62vqks3g0WoRUrS2kd2RTcuK9iHtGmZTCft0MmDmYkYQr/CjQtF3Po57vwbJ20FFT1w4XDOvdx7jx0wKqSuf2ipldW19Y30ZmZre2d3L7t/0BZ+yDFpYZ/5vGsjQRj1SEtSyUg34AS5NiMde3qZ+J07wgX1vRsZBcRy0dijDsVIKuk2fz8onEWDwukwm9OLum5UzRJUpGKWS6YiRq1sluvQUFaCHFiiOcy+90c+Dl3iScyQED1DD6QVIy4pZmSW6YeCBAhP0Zj0FPWQS4QVzw+ewROljKDjc1WehHP1+0SMXCEi11adLpIT8dtLxL+8XiiduhVTLwgl8fBikRMyKH2YfA9HlBMsWaQIwpyqWyGeII6wVBllVAhfn8L/SbtUNKrFyvV5rnGxjCMNjsAxyAMD1EADXIEmaAEMXPAAnsCzxrVH7UV7XbSmtOXMIfgB7e0Tm4yPqQ==</latexit>

(x⇤, y⇤)
<latexit sha1_base64="bE0W0N+F0+qYI9yXjjHNPVSKHBY=">AAAB8HicdVDLSsNAFJ3UV62vqks3g0WoIiVp7SO7ohuXFayttLFMppN26GQSZiZCCP0KNy4UcevnuPNvnLQVVPTAhcM593LvPW7IqFSm+WFklpZXVtey67mNza3tnfzu3o0MIoFJGwcsEF0XScIoJ21FFSPdUBDku4x03MlF6nfuiZA04NcqDonjoxGnHsVIaem2KAbWaXx3cjzIF8ySaVo1uww1qdqVsq2JVa/YlQa0tJWiABZoDfLv/WGAI59whRmSsmeZoXISJBTFjExz/UiSEOEJGpGephz5RDrJ7OApPNLKEHqB0MUVnKnfJxLkSxn7ru70kRrL314q/uX1IuU1nITyMFKE4/kiL2JQBTD9Hg6pIFixWBOEBdW3QjxGAmGlM8rpEL4+hf+Tm3LJqpWqV2eF5vkijiw4AIegCCxQB01wCVqgDTDwwQN4As+GMB6NF+N13poxFjP74AeMt0+ek4+r</latexit>

(r1, y
⇤)

<latexit sha1_base64="64o97zYDWLR+BfU3g29DSmjL+mU=">AAAB8HicdVDLSsNAFJ34rPVVdelmsAgVpCSpfWRXdOOygn1IG8JkOmmHziRhZiKU0K9w40IRt36OO//GSVtBRQ9cOJxzL/fe48eMSmWaH8bK6tr6xmZuK7+9s7u3Xzg47MgoEZi0ccQi0fORJIyGpK2oYqQXC4K4z0jXn1xlfveeCEmj8FZNY+JyNAppQDFSWrorCc869z37zCsUzbJpWjXHhppUnYrtaGLVK06lAS1tZSiCJVpe4X0wjHDCSagwQ1L2LTNWboqEopiRWX6QSBIjPEEj0tc0RJxIN50fPIOnWhnCIBK6QgXn6veJFHEpp9zXnRypsfztZeJfXj9RQcNNaRgnioR4sShIGFQRzL6HQyoIVmyqCcKC6lshHiOBsNIZ5XUIX5/C/0nHLlu1cvXmoti8XMaRA8fgBJSABeqgCa5BC7QBBhw8gCfwbAjj0XgxXhetK8Zy5gj8gPH2CYkgj50=</latexit>

(r1, b2)
<latexit sha1_base64="fLI2yiUF5el65XJqP9cpqfJtPSA=">AAAB8HicdVDLSsNAFJ3UV62vqks3g0WoIiVJ7SO7ohuXFexD2lgm02k7dCYJMxOxhH6FGxeKuPVz3Pk3TtoKKnrgwuGce7n3Hi9kVCrT/DBSS8srq2vp9czG5tb2TnZ3rymDSGDSwAELRNtDkjDqk4aiipF2KAjiHiMtb3yR+K07IiQN/Gs1CYnL0dCnA4qR0tJN/v725NTr2ce9bM4smKZVdmyoSckp2o4mVqXoFKvQ0laCHFig3su+d/sBjjjxFWZIyo5lhsqNkVAUMzLNdCNJQoTHaEg6mvqIE+nGs4On8EgrfTgIhC5fwZn6fSJGXMoJ93QnR2okf3uJ+JfXidSg6sbUDyNFfDxfNIgYVAFMvod9KghWbKIJwoLqWyEeIYGw0hlldAhfn8L/SdMuWOVC6eosVztfxJEGB+AQ5IEFKqAGLkEdNAAGHDyAJ/BsCOPReDFe560pYzGzD37AePsEhhmPmw==</latexit>

(x⇤, b2)

<latexit sha1_base64="EKQCe7BCKDsu3fW9pd1ZdCMzbNw=">AAAB6nicdVDLTgJBEOzFF+IL9ehlIjHxRHZBHnsj8cIRHyAJbMjsMAsTZmc3M7MmhPAJXjxojFe/yJt/4yxgokYr6aRS1Z3uLj/mTGnb/rAya+sbm1vZ7dzO7t7+Qf7wqKOiRBLaJhGPZNfHinImaFszzWk3lhSHPqd3/uQy9e/uqVQsErd6GlMvxCPBAkawNtJNMLge5At20badqltChlTccsk1xKmV3XIdOcZKUYAVWoP8e38YkSSkQhOOleo5dqy9GZaaEU7nuX6iaIzJBI9oz1CBQ6q82eLUOTozyhAFkTQlNFqo3ydmOFRqGvqmM8R6rH57qfiX10t0UPdmTMSJpoIsFwUJRzpC6d9oyCQlmk8NwUQycysiYywx0SadnAnh61P0P+mUik61WLm6KDSaqziycAKncA4O1KABTWhBGwiM4AGe4Nni1qP1Yr0uWzPWauYYfsB6+wSWH44M</latexit>

fR

<latexit sha1_base64="oY+e9Hc9zFFJpqjNa2kEHdjXGDo=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0jU1vZW8OKxov2ANpTNdpMu3WzC7kYopT/BiwdFvPqLvPlv3LQRVPTBwOO9GWbm+QlnSjvOh1VYWV1b3yhulra2d3b3yvsHHRWnktA2iXksez5WlDNB25ppTnuJpDjyOe36k6vM795TqVgs7vQ0oV6EQ8ECRrA20m04dIflimM7CyDHPm/Uq/WMNGpVp1FDbm5VIEdrWH4fjGKSRlRowrFSfddJtDfDUjPC6bw0SBVNMJngkPYNFTiiypstTp2jE6OMUBBLU0Kjhfp9YoYjpaaRbzojrMfqt5eJf3n9VAd1b8ZEkmoqyHJRkHKkY5T9jUZMUqL51BBMJDO3IjLGEhNt0imZEL4+Rf+Tzpnt1uzqzUWl2crjKMIRHMMpuHAJTbiGFrSBQAgP8ATPFrcerRfrddlasPKZQ/gB6+0TWn+N6w==</latexit>g1

<latexit sha1_base64="IwNIRuhptZbqhqhTyyF6fZMM33I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2MglxwjmgckS5id9CZDZmeXmVkhLH6CFw+KePWLvPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8GkPvM7j6g0j+WDmSboR3QkecgZNVa6Dwf1QbniVt05yCrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCbwqdRPNSaUTegIe5ZKGqH2s/mpT+TMKkMSxsqWNGSu/p7IaKT1NApsZ0TNWC97M/E/r5ea8NbPuExSg5ItFoWpICYms7/JkCtkRkwtoUxxeythY6ooMzadkg3BW355lbQvqt519eruslJr5HEU4QRO4Rw8uIEaNKAJLWAwgmd4hTdHOC/Ou/OxaC04+cwx/IHz+QMQmo2w</latexit>

fC

<latexit sha1_base64="1sJTL5LVgNn5dfG0JJ+XW5iYsLg=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0jU1vZW8OKxov2ANpTNdtMu3WzC7kYooT/BiwdFvPqLvPlv3LQRVPTBwOO9GWbm+TFnSjvOh1VYWV1b3yhulra2d3b3yvsHHRUlktA2iXgkez5WlDNB25ppTnuxpDj0Oe3606vM795TqVgk7vQspl6Ix4IFjGBtpNvJ0B2WK47tLIAc+7xRr9Yz0qhVnUYNublVgRytYfl9MIpIElKhCcdK9V0n1l6KpWaE03lpkCgaYzLFY9o3VOCQKi9dnDpHJ0YZoSCSpoRGC/X7RIpDpWahbzpDrCfqt5eJf3n9RAd1L2UiTjQVZLkoSDjSEcr+RiMmKdF8ZggmkplbEZlgiYk26ZRMCF+fov9J58x2a3b15qLSbOVxFOEIjuEUXLiEJlxDC9pAYAwP8ATPFrcerRfrddlasPKZQ/gB6+0TXAWN7A==</latexit>

h1
<latexit sha1_base64="0fnfRnkuzuQXQcLCHn25WhX6qp0=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4Ckm1tb0VvHisaD+gDWWz3bRLN5uwuxFK6E/w4kERr/4ib/4bN20EFX0w8Hhvhpl5fsyZ0o7zYa2srq1vbBa2its7u3v7pYPDjooSSWibRDySPR8rypmgbc00p71YUhz6nHb96VXmd++pVCwSd3oWUy/EY8ECRrA20u1kWBmWyo7tLIAc+7xRr9Yz0qhVnUYNublVhhytYel9MIpIElKhCcdK9V0n1l6KpWaE03lxkCgaYzLFY9o3VOCQKi9dnDpHp0YZoSCSpoRGC/X7RIpDpWahbzpDrCfqt5eJf3n9RAd1L2UiTjQVZLkoSDjSEcr+RiMmKdF8ZggmkplbEZlgiYk26RRNCF+fov9Jp2K7Nbt6c1FutvI4CnAMJ3AGLlxCE66hBW0gMIYHeIJni1uP1ov1umxdsfKZI/gB6+0TXYmN7Q==</latexit>

h2

<latexit sha1_base64="q7sYYuW1n933hAKZKL9vICYT49k=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4Cona2t4KXjxWtB/QhrLZbtqlm03Y3RRK6E/w4kERr/4ib/4bN20EFX0w8Hhvhpl5fsyZ0o7zYa2srq1vbBa2its7u3v7pYPDtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8yXXmd6ZUKhaJez2LqRfikWABI1gb6W46cAelsmM7CyDHvqjXKrWM1KsVp15Fbm6VIUdzUHrvDyOShFRowrFSPdeJtZdiqRnhdF7sJ4rGmEzwiPYMFTikyksXp87RqVGGKIikKaHRQv0+keJQqVnom84Q67H67WXiX14v0UHNS5mIE00FWS4KEo50hLK/0ZBJSjSfGYKJZOZWRMZYYqJNOkUTwten6H/SPrfdql25vSw3mnkcBTiGEzgDF66gATfQhBYQGMEDPMGzxa1H68V6XbauWPnMEfyA9fYJcVmN+g==</latexit>v1

<latexit sha1_base64="fmLSm1gW4neVAV5eOgXKz3JXYJg=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0jU1vZW8OKxov2ANpTNdtMu3WzC7kYooT/BiwdFvPqLvPlv3LQRVPTBwOO9GWbm+TFnSjvOh1VYWV1b3yhulra2d3b3yvsHHRUlktA2iXgkez5WlDNB25ppTnuxpDj0Oe3606vM795TqVgk7vQspl6Ix4IFjGBtpNtk6A7LFcd2FkCOfd6oV+sZadSqTqOG3NyqQI7WsPw+GEUkCanQhGOl+q4Tay/FUjPC6bw0SBSNMZniMe0bKnBIlZcuTp2jE6OMUBBJU0Kjhfp9IsWhUrPQN50h1hP128vEv7x+ooO6lzIRJ5oKslwUJBzpCGV/oxGTlGg+MwQTycytiEywxESbdEomhK9P0f+kc2a7Nbt6c1FptvI4inAEx3AKLlxCE66hBW0gMIYHeIJni1uP1ov1umwtWPnMIfyA9fYJb9ON+Q==</latexit>u1
<latexit sha1_base64="X0VayV7OzHye7JlFKtnvq0I3+mQ=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4Ckm1tb0VvHisaD+gDWWz3bRLN5uwuxFK6E/w4kERr/4ib/4bN20EFX0w8Hhvhpl5fsyZ0o7zYa2srq1vbBa2its7u3v7pYPDjooSSWibRDySPR8rypmgbc00p71YUhz6nHb96VXmd++pVCwSd3oWUy/EY8ECRrA20m0yrAxLZcd2FkCOfd6oV+sZadSqTqOG3NwqQ47WsPQ+GEUkCanQhGOl+q4Tay/FUjPC6bw4SBSNMZniMe0bKnBIlZcuTp2jU6OMUBBJU0Kjhfp9IsWhUrPQN50h1hP128vEv7x+ooO6lzIRJ5oKslwUJBzpCGV/oxGTlGg+MwQTycytiEywxESbdIomhK9P0f+kU7Hdml29uSg3W3kcBTiGEzgDFy6hCdfQgjYQGMMDPMGzxa1H68V6XbauWPnMEfyA9fYJcVeN+g==</latexit>u2

<latexit sha1_base64="HmpnUWTbdmhXcVjFp93LOFci/ds=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0iqre2t4MVjRfsBbSib7bZdutmE3U2hhP4ELx4U8eov8ua/cdNGUNEHA4/3ZpiZ50ecKe04H1ZubX1jcyu/XdjZ3ds/KB4etVUYS0JbJOSh7PpYUc4EbWmmOe1GkuLA57TjT69TvzOjUrFQ3Ot5RL0AjwUbMYK1ke5mg/KgWHJsZwnk2Bf1WqWWknq14tSryM2sEmRoDorv/WFI4oAKTThWquc6kfYSLDUjnC4K/VjRCJMpHtOeoQIHVHnJ8tQFOjPKEI1CaUpotFS/TyQ4UGoe+KYzwHqifnup+JfXi/Wo5iVMRLGmgqwWjWKOdIjSv9GQSUo0nxuCiWTmVkQmWGKiTToFE8LXp+h/0i7bbtWu3F6WGs0sjjycwCmcgwtX0IAbaEILCIzhAZ7g2eLWo/Viva5ac1Y2cww/YL19AnLdjfs=</latexit>v2

Figure 5: Positions of little letter aliases (case g1 ≥ g2).

Now, we derive the upper bound of f ∗A. Observe that it is upper bounded by the global
minimum of f over the four edges of square A. On each edge, by the convexity of fR and
fC, the value of fR or fC is bounded by the linear combination of the values at the vertices.
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This is exactly the linearization process stated in Appendix B.1. For example, on the edge
{(αx∗ + (1 − α)r1, y∗) : α ∈ [0, 1]}, we have

fC(αx∗ + (1 − α)r1, y∗)

=max{CT(αx∗ + (1 − α)r1)} − (αx∗ + (1 − α)r1)
TCy∗

≤α(max{CTx∗} − (x∗)TCy∗) + (1 − α)(max{CTr1} − rT1 Cy∗)
=α fC(x∗, y∗) + (1 − α) fC(r1, y∗).

Similarly, we have fR(αx∗ + (1 − α)r1, y∗) ≤ α fR(x∗, y∗) + (1 − α) fR(r1, y∗). Therefore, we obtain
an upper bound of f on this edge: s1 = minα∈[0,1] max{αg1 + (1 − α)u1, αg2 + (1 − α)u2}.

We can do similar discussions on other edges. On the edge {(αx∗ + (1 − α)r1, b2) : α ∈ [0, 1]},
the upper bound is s2 = minα∈[0,1] max{αv1 + (1 − α)h1, αv2 + (1 − α)h2}. On the edge {(x∗, βy∗ +
(1 − β)b2) : β ∈ [0, 1]}, the upper bound is s3 = minβ∈[0,1] max{βg1 + (1 − β)h1, βg2 + (1 − β)h2}.
On the edge {(r1, βy∗ + (1 − β)b2) : β ∈ [0, 1]}, the upper bound is s4 = minβ∈[0,1] max{βu1 +
(1 − β)v1, βu2 + (1 − β)v2}. Therefore, f ∗A is upper bounded by the minimum of the four upper
bounds of f on the edges of A, i.e.,

f ∗A ≤ min{s1, s2, s3, s4} = h∗.

It should be noted that the analysis until now has nothing to do with the property of the
strategies in the search phase. Besides, the presented upper bound is only related to the value
of fR and fC on the vertices of A. Therefore, the approximation bound of Example 4.3 is totally
determined by the search phase and has nothing to do with the mixing phase!

Step 2: Extract relations from the search phase.
Then, we extract the relations of fR and fC values on the vertices.
From Example 3.1, we obtain the following properties: r1 ∈ brR(y∗), b2 ∈ brC(r1), (x∗, y∗) is

the NE of game (R − C, C − R), and g1 ≥ g2.
According to the definition of br, u1 = v2 = 0. Besides, since we have supposed that all the

elements of R, C are in [0, 1], we have that for any x ∈ ∆m, y ∈ ∆n, 0 ≤ xTRy ≤ 1, 0 ≤ xTCy ≤ 1,
0 ≤ max{Ry} ≤ 1, 0 ≤ max{CTx} ≤ 1, 0 ≤ fR(x, y) ≤ 1, and 0 ≤ fC(x, y) ≤ 1.

Then, since (x∗, y∗) is the NE of game (R − C, C − R), for any i, j ∈ [n],

(x∗)TRej − (x∗)TCej ≥ (x∗)TRy∗ − (x∗)TCy∗ ≥ eTi Ry∗ − eTi Cy∗. (3)

Specifically, take ei = r1, we get rT1 Cy∗ ≥ rT1 Ry∗ − (x∗)TRy∗ + (x∗)TCy∗. But we know that
rT1 Ry∗ − (x∗)TRy∗ = g1, thus:

rT1 Cy∗ ≥ g1 + (x∗)TCy∗ ≥ g1.

Therefore, u2 = max{CTr1} − rT1 Cy∗ ≤ 1 − g1.
A summary of relations is as follows.

u1 = v2 = 0,
0 ≤ g1, g2, h1, h2, u2, v1 ≤ 1,

g1 ≥ g2,
u2 ≤ 1 − g1.
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Step 3: Write down the optimization problem of the upper bound.
To produce a constant approximation bound s, we require that no matter what values these

fR and fC have, they cannot have a greater approximation than s. Thus, we have to maximize all
these fR’s and fC’s. Therefore, we can write down the following optimization problem of h∗. The
optimal value is the desired s.

max
g1,g2,h1,h2,u1,u2,v1,v2

min
α1,α2,α3,α4

min{s1, s2, s3, s4}

s.t. s1 = max{α1g1 + (1 − α1)u1, α1g2 + (1 − α1)u2},
s2 = max{α2g1 + (1 − α2)h1, α2g2 + (1 − α2)h2},
s3 = max{α3v1 + (1 − α3)h1, α3v2 + (1 − α3)h2},
s4 = max{α4v1 + (1 − α4)u1, α4v2 + (1 − α4)u2},
0 ≤ α1, α2, α3, α4 ≤ 1,
u1 = v2 = 0, 0 ≤ g1, g2, h1, h2, u2, v1 ≤ 1, g1 ≥ g2, u2 ≤ 1 − g1.

(4)

Now, if we can solve the optimization problem (4), then we can finish the approximation
analysis. However, on the one hand, directly solving this expression in Mathematica is extremely
slow (it takes hours). On the other hand, it is inconvenient for further proving the correctness of
the calculated bound. Thus, below we divide the calculation into two steps.

Step 4-1: Eliminate the minimum operator over αi’s in h∗.
Now, we use the relations in Step 2 to eliminate the minimum operator over αi’s. Then h∗ can

be explicitly expressed using fR’s and fC’s on the vertices. Note that this step can be automated
as well: In Appendix B.3, we provide a search-phase-independent expression for such si’s while
eliminating the minimum operator. This is sufficient for our program to solve the optimization
problem (4) and obtain the approximation bound of 0.38. However, to prove that the bound is
correct, we show the exact expression concerning the relations of the fR’s and fC’s below.

Since u1 = 0, g1 ≥ g2, s1 = minα∈[0,1] max{αg1 + (1 − α)u1, αg2 + (1 − α)u2} = u2g1
u2+g1−g2

.

Similarly, on the edge {(αx∗ + (1 − α)r1, b2) : α ∈ [0, 1]}, s2 is min{v1, h1} (if h1 ≥ h2) or v1h2
v1+h2−h1

(if h1 < h2). On the edge {(x∗, βy∗ + (1 − β)b2) : β ∈ [0, 1]}, s3 is min{g1, h1} (if h1 ≥ h2) or
g1h2−h1g2

g1+h2−h1−g2
(if h1 < h2). On the edge {(r1, βy∗ + (1 − β)b2) : β ∈ [0, 1]}, s4 = u2v1

u2+v1
.

Now we collect the bounds above. The optimization (4) is now simplified to maximize h∗

given by the following expression:

min
{

u2g1

u2 + g1 − g2
, v1, h1, g1,

u2v1

u2 + v1

}
, if h1 ≥ h2,

min
{

u2g1

u2 + g1 − g2
,

v1h2

v1 + h2 − h1
,

g1h2 − h1g2

g1 + h2 − h1 − g2
,

u2v1

u2 + v1

}
, otherwise.

(5)

Step 4-2: Obtain the constant upper bound.
Finally, we maximize h∗ given in (5) under constraints presented in (4). The step can also be

accomplished by a computer program. Here we demonstrate a hand-written procedure.
First, note that either h1 ≥ h2 or h1 < h2. The bound can be relaxed to min

{
u2g1

u2+g1−g2
, u2v1

u2+v1

}
.

Then, since g1 ≥ g2, u2g1
u2+g1−g2

≤ g1. By 0 ≤ v1 ≤ 1, 0 ≤ u2 ≤ 1 − g1, we have u2v1
u2+v1

≤ 1−g1
2−g1

.
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Therefore, the bound is finally relaxed to min
{

g1, 1−g1
2−g1

}
. Note that the solution of g1 = 1−g1

2−g1

is g1 = 3−
√

5
2 . Moreover, 1−g1

2−g1
is decreasing in g1 when 0 ≤ g1 ≤ 1. Thus, for any possible g1, we

have min
{

g1, 1−g1
2−g1

}
≤ 3−

√
5

2 . This implies that f ∗A ≤ 3−
√

5
2 ≈ 0.38, as desired.

Although the process of our analysis seems complex, we can see that the upper bound can be
completely calculated by a computer program. For instance, such a program can be written in
Mathematica. More importantly, this analysis method works for general algorithms following the
novel search-and-mix paradigm! See the last paragraph of this section.

Another advantage of our procedure is that it shows a clear structure of the tight cases. Since
each step of relaxation is very clear, we can easily deduce a necessary condition for tight cases as
illustrated below.

One more step: Derive the tightness conditions.
Denote α = (3 −

√
5)/2. In a tight case, we must have g1 = α. Besides, each step of relaxation

should be tight. Therefore, we have v1 = 1, u2 = 1 − α, g1 = g2 = α, max{CTr1} = 1, and
(x∗)TCy∗ = 0. These properties together give a computable necessary condition for the tight case,
which helps to further derive ad hoc algorithms to improve the approximation bound. Benefiting
from a similar discussion, [9] is even able to give a tight instance generator for the TS algorithm
[48].

After the tightness analysis, we might ask if we can improve the approximation by modifying
the search phase. As a motivating example, we show a very simple approach to modify the search
phase of the BBM algorithm. Our goal is not to improve the approximation, but to show that our
framework allows giving a result very quickly for the newly modified search phase (which does
not occur in the literature to the best of our knowledge).

Beyond the BBM algorithm: Modify the search phase.
We make a very naive change: Let the returned (x∗, y∗) of the BBM algorithm to be a NE of

the zero-sum game (R − C/t, C/t − R), where t > 0. Note that now we cannot suppose without
harm that g1 ≥ g2. So, we make discussions in cases g1 ≥ g2 and g1 < g2.

We note that the only change it brings is that now (3) is transformed to

(x∗)TRej − (x∗)TC/tej ≥ (x∗)TRy∗ − (x∗)TC/ty∗ ≥ eTi Ry∗ − eTi C/ty∗.

In this way, the bound of u2 is changed to u2 ≤ 1 − tg1. Thus, the final bound is changed
to min{g1, (1 − tg1)/(2 − tg1)}. By solving a similar equation, the upper bound is given by(
(t + 2)−

√
(t + 2)2 − 4t

)
/(2t).

The case of g1 < g2 is symmetric, where the inequality is changed to u2 ≤ 1 − g1/t. The upper
bound is given by

(
(1 + 2t)−

√
(1 + 2t)2 − 4t

)
/2.

In the worst case, the upper bound h∗ is

max

{
(t + 2)−

√
(t + 2)2 − 4t

2t
,
(1 + 2t)−

√
(1 + 2t)2 − 4t
2

}
.

We can easily show that the former term is increasing in t, while the latter one is decreasing in t. In
this way, the bound is minimized when t = 1, which happens to be the case of the BBM algorithm.
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So, we have actually seen that the choice of form R − C leads to an optimal approximation bound
for the BBM algorithm!

We have the following remarks on the extensions of our analysis approach.

Remark 5.2. In the above modification, we introduce a parameter t in the search phase. Then
using our framework, we are able to obtain an expression of the approximation bound with a
parameter t. This is a usual way to modify the search phase. Indeed, there are other modifications
for the BBM algorithm, where a successful one is given by [4]. It changes the choice of b2 to a pure
strategy in brC((1 − δ1)x∗ + δ1r1) with δ1 specifically chosen. In this way, it managed to obtain an
improved approximation of 0.36. In our framework, δ1 is just like t, and thus our framework can
also be used to provide quick results for such modifications.

Remark 5.3. It is worth mentioning that instead of only scanning over the boundary as shown
in Example 5.1 above, there is an alternative way to derive a stronger upper bound by scanning
over the whole region. This method is stated in Proposition B.6. However, due to the difficulty in
eliminating the minimum operators in Step 4-1, we practically only apply it to several examples
in a restricted form, as described in Appendix D.

Finally, we also provide more examples on other algorithms. In Appendix B.3 and Ap-
pendix B.4, we respectively show how to prove that the approximation bounds of the modified
TS algorithm and the modified DFM algorithm are still 0.3393 + δ and 1/3 + δ. We also provide
a tightness analysis for these examples. To show our method can indeed be automated, for
all algorithms in Table 3, we give details about the formalization of approximation analysis in
Appendix D. We then implement Mathematica code to derive the corresponding approximation
bounds. The results are presented in Table 1.

6 The mixing problems

In this section, we further discuss the mixing problems defined in Definition 4.1. It turns out that
this class of problems brings new algorithmic and computational complexity issues related to
approximate Nash equilibria.

First, note that Definition 4.1 states the problem in a functional optimization style, that is, we
try to find mixing coefficients (i.e., a witness) that minimizes function f . Due to our divide-and-
conquer strategy stated in Section 4 and Appendix A.2, from an optimization perspective, the
mixing problem can be reduced to a special kind of quadratic constraint quadratic programming
(QCQP). More precisely, the mixing problem can be reduced to a bilinear program with one
bilinear equality constraint.

The main result in Section 4 (i.e., Theorem 4.2) shows that the (s, t)-mixing problem has a
polynomial-time algorithm when (s, t) is one of (1, w), (v, 1), (2, 2), (2, 3), and (3, 2). It is natural
to ask whether we could have a better result.

Actually, it highly depends on the relation between s, t and the number of pure strategies, i.e.,
n, m. If s = Θ(m) and t = Θ(n), we cannot expect the existence of polynomial-time algorithms.
This claim relies on the following complexity result on Nash equilibria: It is NP-hard to decide
whether there is a Nash equilibrium without a certain support [12]. Suppose the (Θ(m), Θ(n))-
mixing problem has a polynomial-time algorithm A. Then we can input A with pure strategies
that we want to become the support of a Nash equilibrium but without the others. Then A can
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compute the minimum approximation f ∗ of these input pure strategies. From the definition of f ,
these strategies can form a Nash equilibrium if and only if f ∗ = 0. The above argument shows
that such A can hardly exist.

On the other hand, if s, t are constant with respect to m, n, numerical difficulty arises even for
(s, t) = (3, 3). In this case, the QCQP that we reduce to has the form g(α, β) = ∑1≤i,j≤2 aijαiβ j +

∑1≤i≤2 biαi + ∑1≤i≤2 ciβi + d for both the objective function and the quadratic equality constraint.
This forms a quadratic surface in R4 and the minimum might be obtained at points that are the
solutions of a quintic equation. Thus, this solution could not be written in a radical form [23], and
therefore is not representable by a Turing machine.

Thus, it is more proper to ask for an approximate solution for the mixing problem. To fit the
tradition in computational complexity, we write the decision version of the mixing problem
MixStgy as follows: Decide whether there exist rational mixing coefficients α and β such that the
corresponding f value is less than a given ϵ > 0. Note that the problem of computing approximate
Nash equilibria then becomes a special case of MixStgy.

To understand the difficulty of MixStgy over input parameters m, n, s, and t, we make an
analogy to the Sat problem. Sat has two input parameters: the number of clauses, p, and the
number of proposition variables, q. The hardness of Sat actually comes from q, but not p. This is
because when q is fixed, the simple truth enumeration algorithm takes poly(p) time to decide a
Sat instance.

Similarly, m, n in MixStgy can be viewed as p, and s, t in MixStgy can be viewed as q. When s
and t become larger, difficulty arises. At last, when s = Θ(m) and t = Θ(n), the problem becomes
NP-hard as discussed above. Thus, even for small and fixed s and t, MixStgy is harder than one
may expect.

People try to consider various restricted versions of Sat, which thrive in computational
complexity theory. Just like the situation of Sat, we hope our considerations on MixStgy can
bring new perspectives on equilibrium computation as well as computational complexity.

bal

7 Conclusion and Discussion

In this paper, we formalize the search-and-mix paradigm of polynomial-time algorithms for
approximate Nash equilibria in bimatrix games. We call it paradigm because all algorithms in
the literature follow it. We reformulate the mixing phase and propose a generally applicable
polynomial-time subroutine for the reformed mixing phase. We also present an automated method
to derive the approximation bound of any search-and-mix algorithm when suitable information
from the search phase is provided. After this paper, researchers are freed from the cumbersome
inequality calculations in the mixing phase and can solely focus on the search phase.

Our procedure of the search-and-mix paradigm shown in Figure 4 can be extended to mul-
tiplayer scenarios by simply adding players. Moreover, the method of approximation analysis
presented in Section 5 can be extended as well. This is because it only relies on the edges of the
mixing region, each of which is solely determined by one player. There are very few works in
the literature that calculate ϵ-NE for games with more than two players. Our work opens up a
possible approach to designing and analyzing multiplayer approximation algorithms.

We also realize and promote the optimization viewpoint of approximate Nash equilibria. We
provide a detailed discussion on a basic problem from this viewpoint: the mixing problem. We

21



relate the mixing problem to the Sat problem to capture its role in approximate Nash equilibria.
Other problems in approximate Nash equilibria should benefit from this perspective.
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A Mixing algorithms

A.1 Linear piece partitioning

In this part, we provide the solution for the first difficulty concerning (2). The idea is to partition
the domain into regions where both fR and fC are linear in α and β, respectively. To make a
concise description, for a function F : X → R, we say a linear piece of F is the maximal region
Ω ⊆ X such that F is linear in each variable on Ω.

Consider function max{R(β1y1 + · · ·+ βtyt)}. We have:

max{R(β1y1 + · · ·+ βtyt)} = max{β1Ry1 + · · ·+ βtRyt} = max
1≤i≤m

{β1(Ry1)i + · · ·+ βt(Ryt)i} (6)

It is the maximum of m linear functions in β. Therefore, we can partition the domain into several
linear pieces, as illustrated in Figure 6.
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Figure 6: Linear pieces.

An important observation is that the linear pieces can be expressed by linear inequalities.
When the ith linear function attains the maximum, we have

∀j ∈ [m], j ̸= i, β1(Ry1)i + · · ·+ βt(Ryt)i ≥ β1(Ry1)j + · · ·+ βt(Ryt)j.

Namely,
∀j ∈ [m], j ̸= i, β1[(Ry1)i − (Ry1)j] + · · ·+ βt[(Ryt)i − (Ryt)j] ≥ 0.

Thus, each linear piece of the max{Ry} term can be determined by m − 1 inequalities, and
forming a (possibly empty) polytope (see Appendix E for the formal definition). There are m such
polytopes, denoted by PC

1 , . . . , PC
m , where notation C means that they are collections of the column

player’s strategies.
Similarly, the linear pieces of max{CTx} term can be determined by n − 1 inequalities. We

denote the polytopes by PR
1 , . . . , PR

n .
Our solution is to divide the problem into each polytope PR

i × PC
j (i, j ∈ [n]× [m]), which we

call the separated polytope. In this way, we can eliminate the inner max term of (2) and obtain the
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following problem:

min
α∈(∆s∩PR

i ),β∈(∆t∩PC
j )

max{β1(Ry1)i + · · ·+ βt(Ryt)i − (α1x1 + · · ·+ αsxs)
TR(β1y1 + · · ·+ βtyt),

α1(CTx1)j + · · ·+ αs(CTxs)j − (α1x1 + · · ·+ αsxs)
TC(β1y1 + · · ·+ βtyt)}.

(7)

To meet further needs, we also care about solving and expressing the separated polytopes
efficiently. Formally, we want to solve the following problem:

Definition A.1 ((t, m)-separation algorithm).

• Input: dimension m, t vectors x1, . . . , xt in Rm.

• Output: an appropriate representation14 of P1, . . . , Pm such that Pi is the polytope {β ∈ ∆t :
β1[(x1)i − (x1)j] + · · ·+ βt[(xt)i − (xt)j] ≥ 0, ∀j ∈ [m]}.

When t ≤ 3, we represent the polytopes with a clockwise enumeration of its vertices. In this
case, the separation problem can be restated as a famous problem in computational geometry
called the half-plane intersection problem [36]. Benefiting from geometric intuitions, we obtain
polynomial-time algorithms for t ≤ 3, as stated below.

Theorem A.2. There exists a (2, m)-separation algorithm in time O(m log m).

Theorem A.3. There exists a (3, m)-separation algorithm in time O(m2 log m).

The algorithm and complexity analysis are presented in Appendix C.1 and Appendix C.2.
We also note that if we only require the "appropriate" expression in Definition A.1 to be a

vertex enumeration of the polytope, then in general cases, it can be stated in the famous vertex
enumeration problem.

Suppose we are given a polytope in Rt determined by m inequalities, then McMullen’s upper
bound theorem [38] gives a close upper bound A(mt/2) on the number of its vertices |V|.

Several algorithms are proposed for the vertex enumeration problem. Using the pivoting
method, Dyer [24] proposed an O(mt2|V|)-time algorithm. Then, Avis and Fukuda [3] proposed
an O(mt|V|)-time algorithm, which has remained state-of-the-art since then. For a brief summary
of this subject, see [2] as a reference.

We note that our algorithms (Algorithm 2 and Algorithm 3) are faster than these algorithms in
the corresponding cases. Indeed, when t = 2, the time complexity of vertex enumeration is O(m3).
For t = 3, the time complexity is O(m3.5).

It is also worth mentioning the complexity results regarding this problem. For the unbounded
case (polyhedra), vertex enumeration has been proven to be NP-hard [31]. However, for the
bounded case (the case of our problem, which is bounded in ∆t), it is still an open problem. There
is a strong indication of NP-hardness, though, as [30] proved that uniformly sampling the vertices
is NP-hard.

14For example, when t = 2, this can be given by a clockwise enumeration of vertices of the polytope. For other cases,
see Appendix C.2.
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A.2 Optimization over polytopes

Using linear piece separation, we have transferred the form of the problem into solving the
subproblem (7). To solve this subproblem, we first derive optimal conditions for a slightly
generalized problem. For differentiable functions g1, g2 and polytope S, consider the following
optimization problem:

minimize max{g1(x), g2(x)}
s.t. x ∈ S.

(8)

We begin our preparation by a direct application of the KKT condition (see theorem 12.1 in
[43] for details).

Lemma A.4. Consider U ∈ Rk×n, V ∈ Rk, R ∈ Rj×n, T ∈ Rj, where every row of U, R is not zero.
Define a convex polytope S = {x ∈ Rn : Ux ≤ V, Rx = T} . Suppose g1 and g2 are two real-valued
differentiable functions defined on S. Set g = max{g1, g2}. If the ranges of g1,g2 on S are [m1, M1] and
[m2, M2], respectively, then we have:

1. If m1 ≥ M2, minS g(x) = m1. The minimum is attained precisely on set g−1
1 (m1).

2. If m2 ≥ M1, minS g(x) = m2. The minimum is attained precisely on set g−1
2 (m2).

3. Otherwise, minS g(x) = minS∗ g(x) , where S∗ is the union of following sets:

{x ∈ S : g1(x) = g2(x)},{
x ∈ S : g1(x) > g2(x), ∃λ ≥ 0

(
∇g1(x) + λT

(
U
R

)
= 0 and ∀i ∈ [k], λi(Uix − Vi) = 0

)}
,{

x ∈ S : g2(x) > g1(x), ∃λ ≥ 0
(
∇g2(x) + λT

(
U
R

)
= 0 and ∀i ∈ [k], λi(Uix − Vi) = 0

)}
.

And the minimum must be attained on S∗.

The proof is presented in Appendix C.3.
Now we turn to polytopes. For concepts in polytopes, see Appendix E and textbook [51]. The

following proposition captures the relationship of geometric properties and constraint expressions,
which helps in the further analysis of the minimization problem on a certain polytope.

Proposition A.5. Consider the polytope S =
{

x ∈ Rn : aTi x ≤ bi, ∀i ∈ [k]
}

, where ai ∈ Rn \ {0},
bi ∈ R. Suppose the dimension of S, denoted by dim(S), is m ≤ n. Then we have

1. The affine hull aff(S) of S can be written in the form
{

x ∈ Rn : uT
i x = vi, ∀i ∈ [n − m]

}
.

2. Vector d is parallel to S (denoted by d ∥ S) if and only if for every i ∈ [n − m], uT
i d = 0.

The representations of geometric concepts about S can be presented in the following order.

3. (Representation of S) There exists a set W ⊆ [k] of indices such that:

S =
{

x ∈ Rn : uT
i x = vi, ∀i ∈ [n − m]

}
∩
{

x ∈ Rn : aTi x ≤ bi, ∀i ∈ W
}

.
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4. (Representation of boundary ∂S and interior S◦) Moreover:

∂S = {x ∈ S : ∃i ∈ W, aTi x = bi}, S◦ = {x ∈ S : ∀i ∈ W, aTi x < bi}.

5. (Representation of facets of S) For every j ∈ W, S′
j :=

{
x ∈ S : aTj x = bj

}
is a distinct facet of S,

and every facet of S coincides with exactly one S′
j.

6. (Representation of faces of S) For any face T of S, dim(T) ≤ m − 1, and T can be expressed as the
intersection of facets of S.

The proof is presented in Appendix C.4.
Now we combine discrete geometry and optimization. We derive three corollaries from

Lemma A.4 to deal with simpler cases.

Corollary A.6. For any convex polytope S ∈ Rn such that dim(S) = n, suppose without loss of generality
that it has a form that S = {x ∈ Rn : Ux ≤ V}, where U ∈ Rm×n, V ∈ Rm and no rows of U are zero.
We have the following statements.

1. The minimum of g on S must be obtained on

S+ = ∂S ∪ {x ∈ S : ∇g1(x) = 0} ∪ {x ∈ S : ∇g2(x) = 0} ∪ {x ∈ S : g1(x) = g2(x)}.

2. Let e1, . . . , en be the standard orthonormal basis. For any ei, we can divide the facets of S into
two collections: Pi and Ni according to whether they are parallel to ei. Define ∂SP =

⋃
T∈Pi

T and
∂ST =

⋃
T∈Ni

T. ∂SP ∪ ∂ST = ∂S. For any index i, statement 1 still holds if we substitute ∂S with(
∂SP

⋂ ⋃
k=1,2

{
x ∈ S :

∂gk

∂xi
(x) = 0

})⋃
∂ST.

3. If the polytope S has the form [m1, M1]× [m2, M2]× · · · × [mn, Mn] with mi < Mi, then the minimum
must be obtained on

S+ = {x ∈ Rn : ∀i, xi ∈ {mi, Mi}}
⋃

⋃
i∈[n],k∈{1,2}

({
x ∈ S :

∂gk

∂xi
(x) = 0

})⋃
{x ∈ S : g1(x) = g2(x)} .

The proof is presented in Appendix C.5.
Statement 1 can be used to compute the minimum of g on any polytope S with recursion.

Since all components of S+ have at most (n − 1) dimensions (∂S can be split into many facets), we
can compress certain dimensions and recursively compute the (n − 1)-dimensional case. Although
we only present algorithms to solve cases where t ≤ 3, we present statements 2 and 3 in a very
general form. They are useful for further investigation of cases with t > 3.
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A.3 Detailed algorithms

With all above preparations, we are now able to derive our algorithms for the mixing problem
defined in Definition 4.1.

We first consider the (1, w)-mixing problem. Note that this problem can be directly transformed
into a linear program given by Algorithm 1. We denote the complexity of solving a standard-form
linear program with w variables and m inequalities by L(w, m), which is polynomial in w and m.
See, e.g. [11]. Then, the complexity of our (1, w)-mixing algorithm is O(mnw + L(w, m)).

ALGORITHM 1: (1, w)-mixing algorithm

Input: An m × n bimatrix game (R, C), mixed strategies x1 for the row player and y1, y2, . . . , yw for the
column player.

Output: β ∈ ∆w that minimizes f (x1, β1y1 + · · ·+ βwyw).
Calculate and store the m-dimensional vectors Ry1, . . . , Ryw and the values xT1 Ry1 . . . xTw Ryw. // This

can be done by direct matrix multiplication within O(mnw + mw) time.
Solve the optimal α of the following linear program and output it.

min
α

t

s.t. t ≥ max(CTx1)− α1(xT1 Cy1)− · · · − αw(xTwCyw),

for every i ∈ [m], t ≥ α1(Ry1)i + · · ·+ αw(Ryw)i − α1(xT1 Ry1)− · · · − αw(xTw Ryw),
for every j ∈ [w], αj ≥ 0,

α1 + · · ·+ αw = 1.

// The complexity is equivalent to solving a non-negative linear programming
problem with m + 1 constraints and w + 1 variables.

To avoid detailed case-by-case discussions, we only give sketches of the (2, 2) and (2, 3)-
mixing algorithms here in Algorithm 2 and Algorithm 3. The full process, correctness, and
time-complexity analysis are presented in Appendix C.6 and Appendix C.7.

A.4 Examples

From the procedure given in Figure 3, we can modify the TS algorithm [48] and the DFM
algorithm [20] with the mixing algorithms.

Both algorithms try to minimize the objective function f (x, y) by a descent procedure. The
difficulty of such an attempt is that f (x, y) is a nonconvex nonsmooth function. Gradients cannot
be defined at non-differentiable points. Even worse, local minima are usually non-differentiable.
Fortunately, we can calculate directional derivatives of the function f at each point and in each
direction. Furthermore, we can compute the steepest descent direction using a linear program.
Here, the "steepest descent direction" refers to a direction vector (x′ − x, y′ − y) such that

(x′, y′) ∈ argmin
(x′,y′)

D f (x, y, x′, y′),

where D f (x, y, x′, y′) is the Dini directional derivative defined as the following limit:

lim
α↓0

f (x + α(x′ − x), y + β(y′ − y))− f (x, y)
α

.
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ALGORITHM 2: (2, 2)-mixing algorithm

Input: A size m × n bimatrix game (R, C), mixed strategies x1, x2 for the row player and y1, y2 for the
column player.

Output: α, β ∈ ∆2 that minimizes f (α1x1 + α2x2, β1y1 + β2y2).
Apply the (2, n)-separation algorithm (see Appendix C.1) for α that outputs separated polytopes PR

i ,
where i ∈ [n] (actually intervals of α1). // Time complexity O(n log n)

Apply the (2, m)-separation algorithm (see Appendix C.1) for β that outputs separated polytopes PC
j ,

where j ∈ [m] (actually intervals of β1). // Time complexity O(m log m)
Compute the exact form of Fi(α, β) = fi(αx1 + (1 − α)x2, βy1 + (1 − β)y2), where i ∈ {R, C}. // Time

complexity O(mn)
for i = 1 : n, j = 1 : m do

Minimize f in each grid PR
i × PC

j . Apply statement 3 in Corollary A.6. It suffices to scan the
following regions:

(1) Points with ∂Fk(α, β)/∂α = 0 or ∂Fk(α, β)/∂β = 0, where k = R, C.
(2) The four vertices of its domain.
(3) Points with FR(α, β) = FC(α, β).
// For details, see Appendix C.6.

end
// We can show that each case can be done in constant time over m, n. Thus, the time

complexity is O(mn).
Finally, compare the f -values of the minimum on the mn grids and obtain the global minimum of f on

∆2 × ∆2. // Time complexity O(mn)

Such a descent process will stop if the minimum directional derivative at (x, y) is zero. If that
is the case, we call (x, y) a stationary point. Usually, stationary points are hard to reach. Hence, the
descent procedure actually tries to find a δ-stationary point, at which min(x′,y′) D f (x, y, x′, y′) ≥ −δ.
[48] showed that the descent procedure finds a δ-stationary point in time polynomial of m, n and
1/δ. Since we calculate the steepest descent direction by a linear program, we can also calculate
the optimal solution of its dual program. The dual solution can be expressed as (ρ, w, z), where
ρ ∈ [0, 1], w ∈ brR(y) and z ∈ brC(x).

Example A.7 (The modified TS algorithm [48]).

• Search phase: Use the descent procedure to compute a δ-approximate stationary point (xs, ys)
of the function f . Then, by linear programming, compute the dual strategy profile (w, z) as
well as the dual parameter ρ.

• Mixing phase: Directly apply the (2, 2)-mixing algorithm on the strategies xs, w of the row
player and ys, z of the column player. The algorithm outputs the optimal mixing parameters
α∗, β∗ that minimize the f value on all possible mixing.

Example A.8 (The modified DFM algorithm [20]).

• Search phase15: The DFM algorithm is an adjustment of the TS algorithm. Besides the found
(xs, ys), (w, z) pairs, if fR(w, z) ≥ fC(w, z), it also considers the strategy ŷ = 1

2 (ys + z) and
selects ŵ ∈ brC(ŷ). The operations in the case fR(w, z) < fC(w, z) are symmetric.

15To simplify the further discussions, we state it in a slightly different form from the original literature.
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ALGORITHM 3: (2, 3)-mixing algorithm

Input: A size m × n bimatrix game (R, C), mixed strategies x1, x2 for the row player and y1, y2, y3 for
the column player.

Output: α ∈ ∆2, β ∈ ∆3 that minimizes f (α1x1 + α2x2, β1y1 + β2y2 + β3y3).
Apply the (2, n)-separation algorithm (Appendix C.1) for α that outputs separated polytopes PR

i , i ∈ [n]
(Actually are intervals for α1). // Time complexity O(n log n)

Apply the (3, m)-separation algorithm (Appendix C.2) for β that outputs separated polytopes
PC

j , j ∈ [m]. // Time complexity O(m2 log m)

Compute the exact form of Fi(α, β, γ) = fi(αx1 + (1 − α)x2, βy1 + γy2 + (1 − β − γ)y3), i ∈ R, C.
// Time complexity O(mn)

for i = 1 : n, j = 1 : m do
Minimize f in each grid PR

i × PC
j . Apply statement 2 in Corollary A.6, it suffices to scan the

following regions:
1. (α, β) belongs to side surfaces of S and

(a) either there exists k ∈ R, C such that ∂Fk/∂γ = 0, or

(b) (α, β) is in the intersection of side surfaces and top/bottom surfaces.

2. (α, β) belongs to top/bottom surfaces of S and

(a) there exists k ∈ R, C such that either ∂Fk/∂α = 0 or ∂Fk/∂β = 0, or

(b) (α, β) is in the intersection of side surfaces and top/bottom surfaces.

3. FR(α, β) = FC(α, β).

4. ∇FR(α, β) = 0 or ∇FC(α, β) = 0.
// For details, see Appendix C.7

end
// We can show that each case can be done in O(m) time. Thus, the time complexity is

O(m2n).
Finally, compare the f -values of the minimum on the mn grids, and obtain the global minimum of f on

∆2 × ∆3. // Time complexity O(mn)
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• Mixing phase: Directly apply the (2, 3)-mixing algorithm on the strategies xs, w, ŵ of the row
player and ys, z of the column player. The algorithm outputs the optimal mixing parameters
α, β that minimize the f value over all the possible mixes.

B Approximation analysis

B.1 Linearization

To begin with, we propose some basic notions for linearization. Recall the concept of barycentric
coordination in mixing operation defined in Section 2. In the discussion below, if we refer to
"barycentric coordination", we mean the operation defined by this coordination.

Linearization aims at giving an upper bound of a convex function which meets the function
values on the vertices, illustrated in Figure 7 below.

x
y
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e

Figure 7: The value of a convex function controlled by the linear function over the vertices.

Proposition B.1. For any convex function h(α) defined on ∆w and any α ∈ ∆w, h(α) ≤ α1h(e1) + · · ·+
αwh(ew). The equality holds if h is linear in α.

Proof. By the definition of convexity, we note that for any β1, β2 ∈ ∆w and α ∈ ∆2, we have h(α1β1 +
α2β2) ≤ α1h(β1) + α2h(β2). Thus, we can gradually decompose h(α) onto the components of
e1, . . . , ew, and obtain the conclusion.

Besides, if h is linear, then by linearity, h(α1β1 + α2β2) = α1h(β1) + α2h(β2) holds for any
β1, β2 ∈ ∆w and α ∈ ∆2. Similarly, by the decomposition, we obtain the equality condition.

B.2 Designing an upper bound constructor

As the counterpart to (1, w), (2, 2), (2, 3)-mixing algorithms, in this part, we propose upper bound
constructors for cases (1, w), (2, 2), (2, 3) to analyze the approximation bound. In fact, we are able
to propose the upper bound constructor for arbitrary general case (v, w). The idea is to use the
linearization approach proposed in Appendix B.1 to give an upper bound to f with respect to its
values over the vertices.
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B.2.1 A brief overview of the techniques

For case (1, w), the upper bound can be derived easily. Our task is to give an upper bound for the
minimum of f on the region A = {(x1, α1y1 + · · ·+ αwyw), β ∈ ∆w}, denoted by f ∗A. We can show
that both fR and fC are convex in α. Thus a direct use of the linearization gives a linear upper
bound function for both fR and fC, and further an upper bound for fA∗ by linear programming.

For general case (v, w), the region A is modified to {(α1x1 + · · ·+ αvxv, β1y1 + · · ·+ βwyw), α ∈
∆v, β ∈ ∆w}. However, in functions fR, fC, only max terms are convex in (α, β), while the bi-linear
term xTRy and xTCy contains the cross term of α, β, and thus is no longer convex.

To overcome this difficulty, we only apply linearization to the max term of fR and fC, but we
leave the bilinear term unaltered. Then, we propose two solutions:

1. Simple upper bound constructor: We restrict f to the boundary16 of A and consider the faces of
this boundary one by one. On each face, either α or β is fixed. Thus, the bilinear function
deteriorates to a linear function, which allows us to apply the result in case (1, w) (or (v, 1)).
The upper bound given in this way is the minimum of several linear programs (LP).

2. Strong upper bound constructor: We do not restrict f . The upper bound given in this way
becomes the minimum of several quadratically constrained linear programs (QCLP).

Clearly, simple upper bound constructors are easier to analyze and computationally tractable
than the stronger ones. In fact, most works in the literature follow a similar but ad hoc analysis
approach to our simple upper bound constructors.

The detailed algorithms are given in the follows sections.

B.2.2 Case (1, w)

Proposition B.2 ((1, w)-upper bound constructor). Given strategies x1 ∈ ∆m and y1, . . . , yw ∈ ∆n,
the region defined by their convex combinations is A = {(x1, α1y1 + · · ·+ αwyw) | α ∈ ∆w}. Let fA∗ be
the minimum of f on A. Solve the following linear program:

min h
s.t. h ≥ α1 fR(x1, y1) + · · ·+ αw fR(x1, yw),

h ≥ α1 fC(x1, y1) + · · ·+ αw fC(x1, yw),
α ∈ ∆w.

Denote by α∗, h∗ the optimal solution and objective value to the linear program above. Then we have:
fA∗ ≤ f (x1, α∗

1y1 + · · ·+ α∗
wyw) ≤ h∗. The inequalities hold simultaneously when fR is linear in α.

Proof. Over the region A, we have fC(x1, α1y1 + · · ·+ αwyw) = max{CTx1} − xT
1 C(α1y1 + · · ·+

αwyw) = α1 fC(x1, y1) + · · · + αw fC(x1, yw), which is linear on α. Besides, fR(x1, α1y1 + · · · +
αwyw) = max{R(α1y1 + · · ·+ αwyw)} − xT

1 R(α1y1 + · · ·+ αwyw), which is convex on α. Thus, by
linearization in Proposition B.1, on region A, fR(x1, α1y1 + · · · + αwyw) ≤ α1 fR(x1, y1) + · · · +
αw fR(x1, yw).

From the deduction above, the optimal solution h∗ of the linear program in the proposition
gives an upper bound of f . Specifically, taking α = α∗ in the inequalities above, we have

16For a formal definition of these geometric concepts, see Appendix E.
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f (x1, α∗
1y1 + ... + α∗

wyw) ≤ h∗. Besides, from Proposition B.1, the equalities hold when fR is
linear.

The readers can refer to Figure 8 as an illustration for the case w = 2.

α1

fC

fR

linearized fR

0
(x1, y1) (x1, y2)

global minimum

upper bound

Figure 8: Illustration of (1, 2)-upper bound constructor.

Remark B.3. One of the key properties of linear programming is that there exists an optimal
solution on the boundary of the domain. Applying this property reversely, we can actually show
that Proposition B.2 is equivalent to using the (1, 2)-upper bound constructor on each edge of the
domain.

B.2.3 Case (v, w)

As discussed in Appendix B.2.1, there are two approaches for the general case (v, w). One gives a
simple upper bound constructor and another gives a strong upper bound constructor. In Figure 9,
we illustrate the relationship between the minimum f , simple upper bound constructor, and
strong upper bound constructor on a section.

α1 = β1

fR

linearized fR

fC

linearized fC

0
(x1, y1) (x2, y2)

global minimum

simple upper bound

strong upper bound

Figure 9: Relationships of function f , simple upper bound, and strong upper bound in case (2, 2).
We only show a section of figure on line α1 = β1. The linearization approach only applies on
max terms. The simple upper bound only considers the boundary (i.e., two endpoints) while the
strong upper bound considers the whole domain (i.e., the whole interval).

35



Proposition B.4 (simple (v, w)-upper bound constructor). Consider strategies x1, . . . , xv ∈ ∆m,
y1, . . . , yw ∈ ∆n. On the region A = {(α1x1 + · · · + αvxv, β1y1 + · · · + βwyw), α ∈ ∆v, β ∈ ∆w},
denote the minimum of f by fA∗ .

An upper bound of fA∗ is given by the minimum of f over all the faces of A, given by following v + w
regions:

{(xi, β1y1 + · · ·+ βwyw), β ∈ ∆w}, i ∈ [v],
{(α1x1 + · · ·+ αvxv, yj), α ∈ ∆v}, j ∈ [w].

Moreover, on each region, the minimum of f is bounded by the output of the (1, w) or (v, 1)-upper bound
constructor.

Proof. Denote the boundary of A by ∂A. By the property of simplex, ∂A is composed of the facets
of A, namely {(xi, β1y1 + · · ·+ βwyw) : β ∈ ∆w}, i ∈ [v] and {(α1x1 + · · ·+ αvxv, yj) : α ∈ ∆v},
j ∈ [w]. Since ∂A ⊆ A, fA∗ ≤ f ∂A

∗ .
Now, on each facet, directly apply the results in Proposition B.2 and obtain an upper bound

given by a linear program. Combine all these upper bounds, we obtain an upper bound of f ∂A
∗ ,

which is also an upper bound of fA∗ .

Remark B.5. Due to Remark B.3, by further decomposing the (1, w) and (v, 1)-upper bound
constructors, the (v, w)-upper bound constructor can be decomposed into (1, 2) or (2, 1)-upper
bound constructors over all edges of the domain.

Proposition B.6 (strong (v, w)-upper bound constructor). Consider strategies x1, . . . , xv ∈ ∆m,
y1, . . . , yw ∈ ∆n. On the region A = {(α1x1 + · · · + αvxv, β1y1 + · · · + βwyw), α ∈ ∆v, β ∈ ∆w},
denote the minimum of f by fA∗ . An upper bound of fA∗ is given by the following program:

min h

s.t. h ≥
v

∑
i=1

w

∑
j=1

αiβ j fR(xi, yj),

h ≥
v

∑
i=1

w

∑
j=1

αiβ j fC(xi, yj),

α ∈ ∆w,
β ∈ ∆v.

Proof. The idea is to only apply the linearization on the max terms. For any point in A, we have:

fR(α1x1 + · · ·+ αvxv, β1y1 + · · ·+ βwyw)

=max{R(β1y1 + · · ·+ βwyw)} − (α1x1 + · · ·+ αvxv)
TR(β1y1 + · · ·+ βwyw)

≤β1 max{Ry1}+ · · ·+ βw max{Ryw} − (α1x1 + · · ·+ αvxv)
TR(β1y1 + · · ·+ βwyw)

=
v

∑
i=1

w

∑
j=1

αiβ j fR(xi, yj).

Similarly, we have fC(α1x1 + · · ·+ αvxv, β1y1 + · · ·+ βwyw) ≤ ∑v
i=1 ∑w

j=1 αiβ j fC(xi, yj). Thus,
fA∗ = min(x,y)∈A max{ fR(x, y), fC(x, y)} is bounded by the optimal value of the program above.
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Note that the upper bound constructed above only depends on the fR, fC values on the vertices
of the domain, i.e., the strategy profiles given by the search phase. However, this QCLP is much
harder to solve than LP in Proposition B.4.

Remark B.7. The relationship between simple upper bound constructors and the strong ones is
as follows. Set β j = 1 and other βi’s to 0. Then constraints of the program in Proposition B.6
becomes h ≥ ∑v

i=1 αi fR(xi, yj), h ≥ ∑v
i=1 αi fR(xi, yj), and α ∈ ∆v, which are exactly constraints in

the program of simple (w, 1)-upper bound constructor (Proposition B.4). Thus, the simple upper
bound constructor is a strong upper bound constructor additionally constrained on the boundary
of the domain.

Remark B.8. A more practical consideration of the strong (2, 2)-upper bound constructor is to
add an additional constraint α = β in the program of Proposition B.6. With more constraints, the
optimal h in Proposition B.6 can only be larger, which is thus again an upper bound. As a return,
the program now becomes a univariate program, which is much easier to solve.

Remark B.9. In the spirit of Proposition B.4, we can also have a hybrid version of Proposition B.6.
For example, a hybrid strong (w, v)-upper bound constructor can be given by strong (2, 2)-upper
bound constructors as follows. Suppose the region to be minimized on is A = {(α1x1 + · · ·+
αvxv, β1y1 + · · ·+ βwyw), α ∈ ∆v, β ∈ ∆w}. Then an upper bound of fA∗ is given by the minimum
of upper bounds on the following regions: Ai1,i2,j1,j2 = {(αxi1 + (1 − α)xi2 , βyj1 + (1 − β)yj2), α ∈
[0, 1], β ∈ [0, 1]}, where i1, i2 ∈ [v] and j1, j2 ∈ [w].

B.3 Analyzing an upper bound constructor

After the intuitive linear programming description of the upper bound constructor, now we
compute the explicit form of (v, w)-upper bound.

From Remark B.5, we know that any upper bound constructor can be viewed as taking the
minimum of the output of several (1, 2)-upper bound constructors. Therefore, we only need to
present the explicit solution of the (1, 2)-upper bound constructor.

Proposition B.10. Given strategies x1 ∈ ∆m and y1, y2 ∈ ∆n, denote aR = fR(x1, y1), aC = fC(x1, y1),
bR = fR(x1, y2), bC = fC(x1, y2). The solution h∗ of (1, 2)-upper bound constructor on strategy is:

1. If aC ≤ aR and bC ≤ bR, then h∗ = min{aR, bR}.

2. If aR ≤ aC and bR ≤ bC, then h∗ = min{aC, bC}.

3. If aR + bC − aC − bR = 0, then h∗ = min{max{aC, bC}, max{aR, bR}}.

4. Otherwise, h∗ = aRbC−aCbR
aR+bC−aC−bR

.

Conversely, when fR and fC are both linear in parameter t, the equalities of f AB
∗ in all three cases hold.

The proof is given in Appendix C.8.
For (hybrid) strong upper bound constructors, the explicit form also exists and is purely given

by the fR, fC values over the vertices of the domain. Of course, it can be solved by a symbolic
calculator, such as Mathematica. However, there is no neat expression for general cases. For
practical use, we almost always use hybrid upper bound constructors given by the strong (2, 2)-
upper bound constructor in with an additional constraint α = β, as stated in Remark B.8. Now
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the optimal h is in the form of minα∈[0,1] max{a1α2 + a2α + a3, b1α2 + b2α + b3}, i.e., the minimum
value of the maximum of two univariate quadratic functions. Using Corollary A.6, the minimum
value of this program can be easily solved even by hand.

B.4 Examples

In this part, we analyze the approximation of the modified TS algorithm in Example A.7 and the
modified DFM algorithm in Example A.8.

Example B.11 (Approximation analysis of the modified TS algorithm). In this example, we analyze
the approximation bound of the modified TS algorithm in Example A.7. Additionally, we provide
a tight instance for the modified TS algorithm. The mixing region is A := {(αxs + (1 − α)w, βy∗ +
(1 − β)b2) : α, β ∈ [0, 1]]}. Now, we derive an upper bound of f ∗A following the same procedure as
in Section 5.

Step 1: Construct the upper bound.
First, give the name alias of the vertices. Denote a = fR(xs, ys), b = fC(xs, ys), c = fR(xs, z),

d = fC(xs, z), e = fR(w, ys), f = fC(w, ys), g = fR(w, z), h = fC(w, z). The positions of them are
illustrated in Figure 10.

<latexit sha1_base64="EKQCe7BCKDsu3fW9pd1ZdCMzbNw=">AAAB6nicdVDLTgJBEOzFF+IL9ehlIjHxRHZBHnsj8cIRHyAJbMjsMAsTZmc3M7MmhPAJXjxojFe/yJt/4yxgokYr6aRS1Z3uLj/mTGnb/rAya+sbm1vZ7dzO7t7+Qf7wqKOiRBLaJhGPZNfHinImaFszzWk3lhSHPqd3/uQy9e/uqVQsErd6GlMvxCPBAkawNtJNMLge5At20badqltChlTccsk1xKmV3XIdOcZKUYAVWoP8e38YkSSkQhOOleo5dqy9GZaaEU7nuX6iaIzJBI9oz1CBQ6q82eLUOTozyhAFkTQlNFqo3ydmOFRqGvqmM8R6rH57qfiX10t0UPdmTMSJpoIsFwUJRzpC6d9oyCQlmk8NwUQycysiYywx0SadnAnh61P0P+mUik61WLm6KDSaqziycAKncA4O1KABTWhBGwiM4AGe4Nni1qP1Yr0uWzPWauYYfsB6+wSWH44M</latexit>

fR
<latexit sha1_base64="IwNIRuhptZbqhqhTyyF6fZMM33I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2MglxwjmgckS5id9CZDZmeXmVkhLH6CFw+KePWLvPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8GkPvM7j6g0j+WDmSboR3QkecgZNVa6Dwf1QbniVt05yCrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCbwqdRPNSaUTegIe5ZKGqH2s/mpT+TMKkMSxsqWNGSu/p7IaKT1NApsZ0TNWC97M/E/r5ea8NbPuExSg5ItFoWpICYms7/JkCtkRkwtoUxxeythY6ooMzadkg3BW355lbQvqt519eruslJr5HEU4QRO4Rw8uIEaNKAJLWAwgmd4hTdHOC/Ou/OxaC04+cwx/IHz+QMQmo2w</latexit>

fC

<latexit sha1_base64="iou1sRhTE3Jx6/4128x8n9ew/HE=">AAAB8HicbVDLSsNAFL2pr1pfVZduBotQQUoivpZFNy4r2Ie0IUymk3boZBJmJmII/Qo3LhRx6+e482+ctllo64ELh3Pu5d57/JgzpW372yosLa+srhXXSxubW9s75d29looSSWiTRDySHR8rypmgTc00p51YUhz6nLb90c3Ebz9SqVgk7nUaUzfEA8ECRrA20kP1yVMnqaeOvXLFrtlToEXi5KQCORpe+avXj0gSUqEJx0p1HTvWboalZoTTcamXKBpjMsID2jVU4JAqN5sePEZHRumjIJKmhEZT9fdEhkOl0tA3nSHWQzXvTcT/vG6igys3YyJONBVktihIONIRmnyP+kxSonlqCCaSmVsRGWKJiTYZlUwIzvzLi6R1WnMuaud3Z5X6dR5HEQ7gEKrgwCXU4RYa0AQCITzDK7xZ0nqx3q2PWWvBymf24Q+szx8O4I/w</latexit>

(xs, ys)

<latexit sha1_base64="bTu278BLL7wJCdDQDLI76XflLeE=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQQcKu+DoGvXiMYB6QLGF2MpsMmZldZmbFuOQjvHhQxKvf482/cZLsQRMLGoqqbrq7gpgzbVz328ktLa+sruXXCxubW9s7xd29ho4SRWidRDxSrQBrypmkdcMMp61YUSwCTpvB8GbiNx+o0iyS92YUU1/gvmQhI9hYqVl+7OqTp+NuseRW3CnQIvEyUoIMtW7xq9OLSCKoNIRjrdueGxs/xcowwum40Ek0jTEZ4j5tWyqxoNpPp+eO0ZFVeiiMlC1p0FT9PZFiofVIBLZTYDPQ895E/M9rJya88lMm48RQSWaLwoQjE6HJ76jHFCWGjyzBRDF7KyIDrDAxNqGCDcGbf3mRNE4r3kXl/O6sVL3O4sjDARxCGTy4hCrcQg3qQGAIz/AKb07svDjvzsesNedkM/vwB87nD4K+jws=</latexit>

(xs, z)
<latexit sha1_base64="XtnP+uDCUa/ZeSI48nh6TS437TI=">AAAB7HicbVBNS8NAEJ3Ur1q/oh69LBahgpRE/DoWvXisYNpCG8pmu2mXbjZhd6PU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmBQlnSjvOt1VYWl5ZXSuulzY2t7Z37N29hopTSahHYh7LVoAV5UxQTzPNaSuRFEcBp81geDPxmw9UKhaLez1KqB/hvmAhI1gbyas8njwdd+2yU3WmQIvEzUkZctS79lenF5M0okITjpVqu06i/QxLzQin41InVTTBZIj7tG2owBFVfjY9doyOjNJDYSxNCY2m6u+JDEdKjaLAdEZYD9S8NxH/89qpDq/8jIkk1VSQ2aIw5UjHaPI56jFJieYjQzCRzNyKyABLTLTJp2RCcOdfXiSN06p7UT2/OyvXrvM4inAAh1ABFy6hBrdQBw8IMHiGV3izhPVivVsfs9aClc/swx9Ynz/04o4k</latexit>

(w, z)

<latexit sha1_base64="GbouPYtcaxqti5L0kaxoj3bMUVA=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAiSNgVX8egF48RzAOSJcxOZpMhs7PDzKyyLPkILx4U8er3ePNvnCR70MSChqKqm+6uQHKmjet+O0vLK6tr64WN4ubW9s5uaW+/qeNEEdogMY9VO8CaciZowzDDaVsqiqOA01Ywup34rUeqNIvFg0kl9SM8ECxkBBsrtSpPp2lPn/RKZbfqToEWiZeTMuSo90pf3X5MkogKQzjWuuO50vgZVoYRTsfFbqKpxGSEB7RjqcAR1X42PXeMjq3SR2GsbAmDpurviQxHWqdRYDsjbIZ63puI/3mdxITXfsaETAwVZLYoTDgyMZr8jvpMUWJ4agkmitlbERlihYmxCRVtCN78y4ukeVb1LqsX9+fl2k0eRwEO4Qgq4MEV1OAO6tAAAiN4hld4c6Tz4rw7H7PWJSefOYA/cD5/AH9Wjwk=</latexit>

(w, ys)

<latexit sha1_base64="QR8X6qVd3rq1sQsINTLf66zjQEw=">AAAB8XicdVDLSgMxFL1TX7W+qi7dBIvgapjpS7sruHFZwT6wHUomzbShmcyQZIQy9C/cuFDErX/jzr8x01ZQ0QOBwzn3knOPH3OmtON8WLm19Y3Nrfx2YWd3b/+geHjUUVEiCW2TiEey52NFORO0rZnmtBdLikOf064/vcr87j2VikXiVs9i6oV4LFjACNZGuhuEWE/8IMXzYbHk2M4CyLGr5Uq9WjOkUas06jXkrqwSrNAaFt8Ho4gkIRWacKxU33Vi7aVYakY4nRcGiaIxJlM8pn1DBQ6p8tJF4jk6M8oIBZE0T2i0UL9vpDhUahb6ZjJLqH57mfiX1090cOmlTMSJpoIsPwoSjnSEsvPRiElKNJ8ZgolkJisiEywx0aakginh61L0P+mUbbdu126qpWZrVUceTuAUzsGFC2jCNbSgDQQEPMATPFvKerRerNflaM5a7RzDD1hvnzjFkVo=</latexit>a

<latexit sha1_base64="EEd6pZ0lwH+HHtq21C3EoI51JdE=">AAAB8XicdVDLSgMxFL1TX7W+qi7dBIvgapjpS7sruHFZwT6wHUomzbShmcyQZIQy9C/cuFDErX/jzr8x01ZQ0QOBwzn3knOPH3OmtON8WLm19Y3Nrfx2YWd3b/+geHjUUVEiCW2TiEey52NFORO0rZnmtBdLikOf064/vcr87j2VikXiVs9i6oV4LFjACNZGuhuEWE/8ICXzYbHk2M4CyLGr5Uq9WjOkUas06jXkrqwSrNAaFt8Ho4gkIRWacKxU33Vi7aVYakY4nRcGiaIxJlM8pn1DBQ6p8tJF4jk6M8oIBZE0T2i0UL9vpDhUahb6ZjJLqH57mfiX1090cOmlTMSJpoIsPwoSjnSEsvPRiElKNJ8ZgolkJisiEywx0aakginh61L0P+mUbbdu126qpWZrVUceTuAUzsGFC2jCNbSgDQQEPMATPFvKerRerNflaM5a7RzDD1hvnzvPkVw=</latexit>c<latexit sha1_base64="3gqn9TOeZyqSB8oxOZ16FalQqMc=">AAAB8XicdVDLSgMxFL1TX7W+qi7dBIvgqkwfU+2u4MZlBfvAdiiZNNOGZjJDkhHK0L9w40IRt/6NO//GTDuCih4IHM65l5x7vIgzpW37w8qtrW9sbuW3Czu7e/sHxcOjrgpjSWiHhDyUfQ8rypmgHc00p/1IUhx4nPa82VXq9+6pVCwUt3oeUTfAE8F8RrA20t0wwHrq+clkMSqW7LK9BLLL9WqtUXcMaTq1ZsNBlcwqQYb2qPg+HIckDqjQhGOlBhU70m6CpWaE00VhGCsaYTLDEzowVOCAKjdZJl6gM6OMkR9K84RGS/X7RoIDpeaBZybThOq3l4p/eYNY+5duwkQUayrI6iM/5kiHKD0fjZmkRPO5IZhIZrIiMsUSE21KKpgSvi5F/5NutVxplJ2beqnVzurIwwmcwjlU4AJacA1t6AABAQ/wBM+Wsh6tF+t1NZqzsp1j+AHr7RNB45Fg</latexit>g

<latexit sha1_base64="8sS1sE5Cicgpxp2dl981KyFuCzo=">AAAB8XicdVDLSgMxFL1TX7W+qi7dBIvgapjpS7sruHFZwT6wHUomzbShmcyQZIQy9C/cuFDErX/jzr8x01ZQ0QOBwzn3knOPH3OmtON8WLm19Y3Nrfx2YWd3b/+geHjUUVEiCW2TiEey52NFORO0rZnmtBdLikOf064/vcr87j2VikXiVs9i6oV4LFjACNZGuhuEWE/8IKXzYbHk2M4CyLGr5Uq9WjOkUas06jXkrqwSrNAaFt8Ho4gkIRWacKxU33Vi7aVYakY4nRcGiaIxJlM8pn1DBQ6p8tJF4jk6M8oIBZE0T2i0UL9vpDhUahb6ZjJLqH57mfiX1090cOmlTMSJpoIsPwoSjnSEsvPRiElKNJ8ZgolkJisiEywx0aakginh61L0P+mUbbdu126qpWZrVUceTuAUzsGFC2jCNbSgDQQEPMATPFvKerRerNflaM5a7RzDD1hvnz7ZkV4=</latexit>e
<latexit sha1_base64="iou1sRhTE3Jx6/4128x8n9ew/HE=">AAAB8HicbVDLSsNAFL2pr1pfVZduBotQQUoivpZFNy4r2Ie0IUymk3boZBJmJmII/Qo3LhRx6+e482+ctllo64ELh3Pu5d57/JgzpW372yosLa+srhXXSxubW9s75d29looSSWiTRDySHR8rypmgTc00p51YUhz6nLb90c3Ebz9SqVgk7nUaUzfEA8ECRrA20kP1yVMnqaeOvXLFrtlToEXi5KQCORpe+avXj0gSUqEJx0p1HTvWboalZoTTcamXKBpjMsID2jVU4JAqN5sePEZHRumjIJKmhEZT9fdEhkOl0tA3nSHWQzXvTcT/vG6igys3YyJONBVktihIONIRmnyP+kxSonlqCCaSmVsRGWKJiTYZlUwIzvzLi6R1WnMuaud3Z5X6dR5HEQ7gEKrgwCXU4RYa0AQCITzDK7xZ0nqx3q2PWWvBymf24Q+szx8O4I/w</latexit>

(xs, ys)

<latexit sha1_base64="bTu278BLL7wJCdDQDLI76XflLeE=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQQcKu+DoGvXiMYB6QLGF2MpsMmZldZmbFuOQjvHhQxKvf482/cZLsQRMLGoqqbrq7gpgzbVz328ktLa+sruXXCxubW9s7xd29ho4SRWidRDxSrQBrypmkdcMMp61YUSwCTpvB8GbiNx+o0iyS92YUU1/gvmQhI9hYqVl+7OqTp+NuseRW3CnQIvEyUoIMtW7xq9OLSCKoNIRjrdueGxs/xcowwum40Ek0jTEZ4j5tWyqxoNpPp+eO0ZFVeiiMlC1p0FT9PZFiofVIBLZTYDPQ895E/M9rJya88lMm48RQSWaLwoQjE6HJ76jHFCWGjyzBRDF7KyIDrDAxNqGCDcGbf3mRNE4r3kXl/O6sVL3O4sjDARxCGTy4hCrcQg3qQGAIz/AKb07svDjvzsesNedkM/vwB87nD4K+jws=</latexit>

(xs, z)
<latexit sha1_base64="XtnP+uDCUa/ZeSI48nh6TS437TI=">AAAB7HicbVBNS8NAEJ3Ur1q/oh69LBahgpRE/DoWvXisYNpCG8pmu2mXbjZhd6PU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmBQlnSjvOt1VYWl5ZXSuulzY2t7Z37N29hopTSahHYh7LVoAV5UxQTzPNaSuRFEcBp81geDPxmw9UKhaLez1KqB/hvmAhI1gbyas8njwdd+2yU3WmQIvEzUkZctS79lenF5M0okITjpVqu06i/QxLzQin41InVTTBZIj7tG2owBFVfjY9doyOjNJDYSxNCY2m6u+JDEdKjaLAdEZYD9S8NxH/89qpDq/8jIkk1VSQ2aIw5UjHaPI56jFJieYjQzCRzNyKyABLTLTJp2RCcOdfXiSN06p7UT2/OyvXrvM4inAAh1ABFy6hBrdQBw8IMHiGV3izhPVivVsfs9aClc/swx9Ynz/04o4k</latexit>

(w, z)

<latexit sha1_base64="GbouPYtcaxqti5L0kaxoj3bMUVA=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAiSNgVX8egF48RzAOSJcxOZpMhs7PDzKyyLPkILx4U8er3ePNvnCR70MSChqKqm+6uQHKmjet+O0vLK6tr64WN4ubW9s5uaW+/qeNEEdogMY9VO8CaciZowzDDaVsqiqOA01Ywup34rUeqNIvFg0kl9SM8ECxkBBsrtSpPp2lPn/RKZbfqToEWiZeTMuSo90pf3X5MkogKQzjWuuO50vgZVoYRTsfFbqKpxGSEB7RjqcAR1X42PXeMjq3SR2GsbAmDpurviQxHWqdRYDsjbIZ63puI/3mdxITXfsaETAwVZLYoTDgyMZr8jvpMUWJ4agkmitlbERlihYmxCRVtCN78y4ukeVb1LqsX9+fl2k0eRwEO4Qgq4MEV1OAO6tAAAiN4hld4c6Tz4rw7H7PWJSefOYA/cD5/AH9Wjwk=</latexit>

(w, ys)

<latexit sha1_base64="lGTSAjyokRIHe5Jf3jVFc1JIehA=">AAAB8XicdVDLSgMxFL1TX7W+qi7dBIvgapjpS7sruHFZwT6wHUomzbShmcyQZIQy9C/cuFDErX/jzr8x01ZQ0QOBwzn3knOPH3OmtON8WLm19Y3Nrfx2YWd3b/+geHjUUVEiCW2TiEey52NFORO0rZnmtBdLikOf064/vcr87j2VikXiVs9i6oV4LFjACNZGuhuEWE/8IPXnw2LJsZ0FkGNXy5V6tWZIo1Zp1GvIXVklWKE1LL4PRhFJQio04VipvuvE2kux1IxwOi8MEkVjTKZ4TPuGChxS5aWLxHN0ZpQRCiJpntBooX7fSHGo1Cz0zWSWUP32MvEvr5/o4NJLmYgTTQVZfhQkHOkIZeejEZOUaD4zBBPJTFZEJlhiok1JBVPC16Xof9Ip227drt1US83Wqo48nMApnIMLF9CEa2hBGwgIeIAneLaU9Wi9WK/L0Zy12jmGH7DePgE6SpFb</latexit>

b

<latexit sha1_base64="V6nf4n9eHbe85BpDMCIlN+pBqVo=">AAAB8XicdVDLSgMxFL1TX7W+qi7dBIvgapjpS7sruHFZwT6wHUomk2lDM5khyQhl6F+4caGIW//GnX9j+hBU9EDgcM695NzjJ5wp7TgfVm5tfWNzK79d2Nnd2z8oHh51VJxKQtsk5rHs+VhRzgRta6Y57SWS4sjntOtPruZ+955KxWJxq6cJ9SI8EixkBGsj3Q0irMd+mAWzYbHk2M4CyLGr5Uq9WjOkUas06jXkrqwSrNAaFt8HQUzSiApNOFaq7zqJ9jIsNSOczgqDVNEEkwke0b6hAkdUedki8QydGSVAYSzNExot1O8bGY6Umka+mZwnVL+9ufiX1091eOllTCSppoIsPwpTjnSM5uejgElKNJ8agolkJisiYywx0aakginh61L0P+mUbbdu126qpWZrVUceTuAUzsGFC2jCNbSgDQQEPMATPFvKerRerNflaM5a7RzDD1hvnz1UkV0=</latexit>

d
<latexit sha1_base64="eLv95UaGAN9ODiSe8SHW1z/3yp0=">AAAB8XicdVDLSgMxFL1TX7W+qi7dBIvgapjpS7sruHFZwT6wHUomzbShmcyQZIQy9C/cuFDErX/jzr8x01ZQ0QOBwzn3knOPH3OmtON8WLm19Y3Nrfx2YWd3b/+geHjUUVEiCW2TiEey52NFORO0rZnmtBdLikOf064/vcr87j2VikXiVs9i6oV4LFjACNZGuhuEWE/8IJ3Mh8WSYzsLIMeuliv1as2QRq3SqNeQu7JKsEJrWHwfjCKShFRowrFSfdeJtZdiqRnhdF4YJIrGmEzxmPYNFTikyksXiefozCgjFETSPKHRQv2+keJQqVnom8ksofrtZeJfXj/RwaWXMhEnmgqy/ChIONIRys5HIyYp0XxmCCaSmayITLDERJuSCqaEr0vR/6RTtt26XbuplpqtVR15OIFTOAcXLqAJ19CCNhAQ8ABP8Gwp69F6sV6XozlrtXMMP2C9fQJDaJFh</latexit>

h

<latexit sha1_base64="ER1Kl8bUps/49ygb8/bbD1Px0Xg=">AAAB8XicdVDLSgMxFL1TX7W+qi7dBIvgapjpS7sruHFZwT6wHUomzbShmcyQZIQy9C/cuFDErX/jzr8x01ZQ0QOBwzn3knOPH3OmtON8WLm19Y3Nrfx2YWd3b/+geHjUUVEiCW2TiEey52NFORO0rZnmtBdLikOf064/vcr87j2VikXiVs9i6oV4LFjACNZGuhuEWE/8IA3mw2LJsZ0FkGNXy5V6tWZIo1Zp1GvIXVklWKE1LL4PRhFJQio04VipvuvE2kux1IxwOi8MEkVjTKZ4TPuGChxS5aWLxHN0ZpQRCiJpntBooX7fSHGo1Cz0zWSWUP32MvEvr5/o4NJLmYgTTQVZfhQkHOkIZeejEZOUaD4zBBPJTFZEJlhiok1JBVPC16Xof9Ip227drt1US83Wqo48nMApnIMLF9CEa2hBGwgIeIAneLaU9Wi9WK/L0Zy12jmGH7DePgFAXpFf</latexit>

f

Figure 10: Positions of little letter aliases in the modified TS algorithm.

Then, by directly taking v = w = 2 in Proposition B.4 and Remark B.3, we can derive the
(2, 2)-upper bound constructor. Then f ∗A is bounded by h∗ given by the optimal value of the
following optimization problem:

min
α1,α2,α3,α4

min{b1, b2, b3, b4}

s.t. b1 ≥ α1a + (1 − α1)e, b1 ≥ α1b + (1 − α1)f,
b2 ≥ α2a + (1 − α2)c, b2 ≥ α2b + (1 − α2)d,
b3 ≥ α3g + (1 − α3)c, b3 ≥ α3h + (1 − α3)d,
b4 ≥ α4g + (1 − α4)e, b4 ≥ α4h + (1 − α4)f,
0 ≤ α1, α2, α3, α4 ≤ 1.

Step 2: Extract relations from the search phase.

38



Although the descent algorithm in fact finds a δ-stationary point, we actually consider station-
ary points when we make the bound analysis. The upper bound will increase by at most δ. In this
way, we can simplify notations.

For the strategies xs, ys, w, and z given by the search phase of the TS algorithm, we can prove
the following properties:

Lemma B.12 (Proposition 1 in [9]).

fR(xs, ys) = fC(xs, ys) = f (xs, ys) ≤ρ(wTRy′ − (x′)TRys − xT
s Ry′ + xT

s Rys)+

(1 − ρ)((x′)TCz − (x′)TCys − xT
s Cy′ + xT

s Cys).

We can also rewrite it in the form of objective functions:

f (xs, ys) ≤ρ( fR(xs, y′)− fR(w, y′) + fR(x′, ys)− fR(xs, ys))+

(1 − ρ)( fC(x′, ys)− fC(x′, z) + fC(xs, y′)− fC(xs, ys)).

Define

FI(α, β) := f I (αw + (1 − α)xs, βz + (1 − β)ys) , I ∈ {R, C},
F(α, β) := max {FR(α, β), FC(α, β)} ,

where α, β ∈ [0, 1]. Then we can directly use the coordinates (α, β) of each point to express the
value of f on it. The following lemmas can be derived from Lemma B.12:

Lemma B.13. 1. F(0, 0) = FR(0, 0) = FC(0, 0).

2. FR(1, 0) = FC(0, 1) = 0.

3. 0 ≤ FI(α, β) ≤ 1, for I ∈ {R, C} and ∀α, β ∈ [0, 1].

Lemma B.14 (Lemma 2 in [9]). For the functions FR and FC defined above:

1. Given β, FC(α, β) is increasing, convex, and linear-piecewise in α; FR(α, β) is decreasing and linear
in α.

2. Given α, FR(α, β) is increasing, convex, and linear-piecewise in β; FC(α, β) is decreasing and linear
in β.

We mention that these inequalities fully characterize strategies xs, ys, w, and z, thus providing
crucial tools for the bound analysis.

Now we can find relations of these fR’s and fC’s. We notice that a = b, d = e = 0,
a, b, c, d, e, f, g, h ∈ [0, 1] (Lemma B.13), c ≥ g, c ≥ a, f ≥ h, f ≥ b (Lemma B.14). By symmetry, we
assume without loss of generality that g ≥ h. Finally, we have a ≤ ρ(c − g), a ≤ (1 − ρ)(f − h)
(Lemma B.12).

Step 3: Write down the optimization problem of the upper bound.
By the relations derived above, we can directly write down the optimization problem of the

approximation bound. See Appendix D.8 for details.
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z=br(x), w=br(y)



Step 4-1: Eliminate the minimum operator over αi’s in h∗.
On the edge {(αxs + (1 − α)w, ys) : α ∈ [0, 1]}, since a = b, e = 0, f ≥ b ≥ 0, by Propo-

sition B.10, the optimal value is a, which is obtained at α∗ = 1. Similarly, we can show that
the optimal value on {(αxs + (1 − α)w, z) : α ∈ [0, 1]} is g, obtained at α∗ = 0; the optimal
value on {(xs, βys + (1 − β)z) : β ∈ [0, 1]} is b, obtained at β∗ = 1; the optimal value on
{(w, βys + (1 − β)z) : β ∈ [0, 1]} is fg

f+g−h , obtained at β∗ = g−h
f−h+g .

Thus, the upper bound h∗ is simplified to

min
{

a,
fg

f + g − h

}
.

Step 4-2: Obtain the constant upper bound.
Now the optimization problem of the approximation bound becomes

maximize min
{

a,
fg

f + g − h

}
,

s.t. 0 ≤ a, c, d, f, g, h, ρ ≤ 1,
a ≤ ρ(c − g),
a ≤ (1 − ρ)(f − h),
f ≥ a.

This can be solved by a computer program. Below we show the solution manually. Let
λ = c − g and µ = f − h. Then,

h∗ =min
{

a,
fg

f + g − h

}
≤min

{
ρλ, (1 − ρ)µ,

f(c − λ)

c + µ − λ

}
(9)

≤min
{

λµ

λ + µ
,

1 − λ

1 + µ − λ

}
. (10)

By the same argument in [48], the optimal value of (10) is b ≈ 0.3393, obtained when
λ = λ∗ ≈ 0.5825 and µ = µ∗ ≈ 0.8128. That is the desired upper bound of the approximation.

Therefore, we have shown that:

Theorem B.15. The approximation bound of the modified TS algorithm is 0.3393 + δ.

One more step: Derive the tightness conditions.
The analysis also provides us with the necessary condition for tightness. Tracing each step of

the relaxation, we can easily obtain the tightness condition. From step (10), we have f∗ = c∗ = 1,
ρ∗ = µ∗/(λ∗ + µ∗) ≈ 0.5825. Thus, g∗ = c∗ − λ∗ ≈ 0.4175, h∗ = f∗ − µ∗ ≈ 0.1872. From step (9),
we have a∗ ≈ 0.3393. In this way, we uniquely determine the value at each point in the tight case.
A more elaborate consideration is provided by [9], which is further able to devise a generator that
generates all tight instances.

40



We also mention that Theorem 1 in [9] gives a game instance (R, C):

R =

 0.1 0 0
0.1 + b 1 1
0.1 + b λ∗ λ∗

 , C =

0.1 0.1 + b 0.1 + b
0 1 µ∗

0 1 µ∗

 ,

such that on the square A defined by xs = ys = (1, 0, 0)T, z = w = (0, 0, 1)T, f ∗A is exactly
b ≈ 0.3393. Therefore, the approximation bound is tight.

Example B.16 (Approximation analysis of the modified DFM algorithm). In this example, we
analyze the approximation bound of the modified DFM algorithm in Example A.8. Additionally,
we provide a tight instance for the modified DFM algorithm. Due to symmetry, we only present
the case where g ≥ h, namely fR(w, z) ≥ fC(w, z).

Note that the mixing region is A := {(α1xs + α2w + α3ŵ, β1ys + β2z + β3ŷ) | α ∈ ∆3, β ∈ ∆3}.
Now, we derive an upper bound of f ∗A following the same procedure as in Section 5.

Step 1: Construct the upper bound.
First, we present the following alias table.

original notation new alias
fR(xs, ys) a
fC(xs, ys) b
fR(xs, z) c
fC(xs, z) d
fR(w, ys) e
fC(w, ys) f
fR(w, z) g
fC(w, z) h

condition original notation new alias

g ≥ h

fR(ŵ, z) i
fR(ŵ, ys) j
fC(ŵ, z) k
fC(ŵ, ys) l
fR(w, ŷ) m
fR(xs, ŷ) n

g < h

fC(w, ẑ) i
fC(xs, ẑ) j
fR(w, ẑ) k
fR(xs, ẑ) l
fC(x̂, ys) m
fC(x̂, z) n

Here, we draw the prism A to show the positions of little letter aliases, as shown in Figure 11.
Then, directly using Proposition B.4 and Remark B.5, we can derive the (3, 3)-upper bound

constructor, which is decomposed into (1, 2)-upper bound constructors among all the edges of the
triangular prism A. The form is very complicated so we omit it here.

Step 2: Extract relations from the search phase.
Similar to Example B.11, to simplify the notations, we here consider stationary points rather

than δ-stationary points. The relations is presented below. The proof is given in Appendix C.9.

Lemma B.17. Let b = fC(xs, ys), d = fC(xs, z), e = fR(w, ys). We have the following relations.

1. d = e = 0, a = b.

2. a, b, c, f, g, h, i, j, k, l, n, m ∈ [0, 1].
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<latexit sha1_base64="6PxbmV3U3Kt8wtmeat1g7P2wG5A=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RiXLJAMoadTkzTp6Rm6e4Qw5BO8eFDEq1/kzb+xk8xBow8KHu9VUVUvSATXxnW/nMLS8srqWnG9tLG5tb1T3t1r6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WDGSfoR3QgecgZNVa6D3t3vXLFrbozkL/Ey0kFctR75c9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TIKn0SxsqWNGSm/pzIaKT1OApsZ0TNUC96U/E/r5Oa8NLPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3z5L2meVL3z6tntaaV2lcdRhAM4hGPw4AJqcAN1aACDATzBC7w6wnl23pz3eWvByWf24Recj28liI25</latexit>

fR

<latexit sha1_base64="Naw3pze8kw/7kJy2cAU+lQyc06g=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBEqSEmkfhwLXjxWsB/QhrLZbtulm03cnVRC6O/w4kERr/4Yb/4bt20O2vpg4PHeDDPz/EhwjY7zba2srq1vbOa28ts7u3v7hYPDhg5jRVmdhiJULZ9oJrhkdeQoWCtSjAS+YE1/dDv1m2OmNA/lAyYR8wIykLzPKUEjeaXOkGD6NDlPuvqsWyg6ZWcGe5m4GSlChlq38NXphTQOmEQqiNZt14nQS4lCTgWb5DuxZhGhIzJgbUMlCZj20tnRE/vUKD27HypTEu2Z+nsiJYHWSeCbzoDgUC96U/E/rx1j/8ZLuYxiZJLOF/VjYWNoTxOwe1wxiiIxhFDFza02HRJFKJqc8iYEd/HlZdK4KLtX5cv7SrFayeLIwTGcQAlcuIYq3EEN6kDhEZ7hFd6ssfVivVsf89YVK5s5gj+wPn8AUy+RyA==</latexit>

(ŵ, ys)

<latexit sha1_base64="mrPS1uQLVSGzE6t4bPlLPqACKBw=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBItQQUoi9bEsuHFZwT6gDWUynbRDJ5MwM7GUmE9x40IRt36JO//GaZqFth643MM59zJ3jhcxKpVtfxuFtfWNza3idmlnd2//wCwftmUYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6TjTW7nfueRCElD/qBmEXEDNOLUpxgpLQ3McrU/RiqZpudZn6VnA7Ni1+wM1ipxclKBHM2B+dUfhjgOCFeYISl7jh0pN0FCUcxIWurHkkQIT9CI9DTlKCDSTbLTU+tUK0PLD4UurqxM/b2RoEDKWeDpyQCpsVz25uJ/Xi9W/o2bUB7FinC8eMiPmaVCa56DNaSCYMVmmiAsqL7VwmMkEFY6rZIOwVn+8ippX9Scq9rlfb3SqOdxFOEYTqAKDlxDA+6gCS3AMIVneIU348l4Md6Nj8Vowch3juAPjM8fGzOT4A==</latexit>

(ŵ, ŷ)
<latexit sha1_base64="Coj0S1u13A5Dyc+Cz+xlqsay2bk=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAiSNiV+DgGvHiMYB6QLGF2MpsMmZ1ZZmaVZclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BTFn2rjut7Oyura+sVnYKm7v7O7tlw4OW1omitAmkVyqToA15UzQpmGG006sKI4CTtvB+Hbqtx+p0kyKB5PG1I/wULCQEWys1K48nad9fdYvld2qOwNaJl5OypCj0S999QaSJBEVhnCsdddzY+NnWBlGOJ0Ue4mmMSZjPKRdSwWOqPaz2bkTdGqVAQqlsiUMmqm/JzIcaZ1Gge2MsBnpRW8q/ud1ExPe+BkTcWKoIPNFYcKRkWj6OxowRYnhqSWYKGZvRWSEFSbGJlS0IXiLLy+T1kXVu6pe3tfK9VoeRwGO4QQq4ME11OEOGtAEAmN4hld4c2LnxXl3PuatK04+cwR/4Hz+AHsgjvs=</latexit>

(w, ys)

<latexit sha1_base64="IcovjK8M2b6hKOeBebTUSNeOmt8=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBAiSNiV+DgGvHiMYB6wWcLsZJIMmZ1ZZnqVZclnePGgiFe/xpt/4yTZgyYWNBRV3XR3hbHgBlz321lZXVvf2CxsFbd3dvf2SweHLaMSTVmTKqF0JySGCS5ZEzgI1ok1I1EoWDsc30799iPThiv5AGnMgogMJR9wSsBKfuXpvDsikKWTs16p7FbdGfAy8XJSRjkavdJXt69oEjEJVBBjfM+NIciIBk4FmxS7iWExoWMyZL6lkkTMBNns5Ak+tUofD5S2JQHP1N8TGYmMSaPQdkYERmbRm4r/eX4Cg5sg4zJOgEk6XzRIBAaFp//jPteMgkgtIVRzeyumI6IJBZtS0YbgLb68TFoXVe+qenlfK9dreRwFdIxOUAV56BrV0R1qoCaiSKFn9IreHHBenHfnY9664uQzR+gPnM8fwK6Q4g==</latexit>

(w, ŷ)

<latexit sha1_base64="XbJMQ7FKuxnYtaXAzncHms6dY2s=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpRE6sex4MVjBdMW2lA22027dLMJuxulhv4GLx4U8eoP8ua/cdPmoK0PBh7vzTAzz485U9q2v63Cyura+kZxs7S1vbO7V94/aKkokYS6JOKR7PhYUc4EdTXTnHZiSXHoc9r2xzeZ336gUrFI3OtJTL0QDwULGMHaSG718ezptF+u2DV7BrRMnJxUIEezX/7qDSKShFRowrFSXceOtZdiqRnhdFrqJYrGmIzxkHYNFTikyktnx07RiVEGKIikKaHRTP09keJQqUnom84Q65Fa9DLxP6+b6ODaS5mIE00FmS8KEo50hLLP0YBJSjSfGIKJZOZWREZYYqJNPiUTgrP48jJpndecy9rFXb3SqOdxFOEIjqEKDlxBA26hCS4QYPAMr/BmCevFerc+5q0FK585hD+wPn8A8KyOFg==</latexit>

(w, z)

<latexit sha1_base64="/LBiXUvaiyMjFsb+sMI4qzG+Tv0=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQQcKuxMcx4MVjBPOAZAmzk9lkyOzsMDMrxiUf4cWDIl79Hm/+jZNkD5pY0FBUddPdFUjOtHHdbye3srq2vpHfLGxt7+zuFfcPmjpOFKENEvNYtQOsKWeCNgwznLalojgKOG0Fo5up33qgSrNY3JuxpH6EB4KFjGBjpVb5safPnk57xZJbcWdAy8TLSAky1HvFr24/JklEhSEca93xXGn8FCvDCKeTQjfRVGIywgPasVTgiGo/nZ07QSdW6aMwVraEQTP190SKI63HUWA7I2yGetGbiv95ncSE137KhEwMFWS+KEw4MjGa/o76TFFi+NgSTBSztyIyxAoTYxMq2BC8xZeXSfO84l1WLu6qpVo1iyMPR3AMZfDgCmpwC3VoAIERPMMrvDnSeXHenY95a87JZg7hD5zPH36Ijv0=</latexit>

(xs, z)

<latexit sha1_base64="mt9dhwQyS3SVcVkpX/A07zlL7wI=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBEqSEmkfhwLXjxWsB/QhrLZbtulm03cnRRD6O/w4kERr/4Yb/4bt20O2vpg4PHeDDPz/EhwjY7zba2srq1vbOa28ts7u3v7hYPDhg5jRVmdhiJULZ9oJrhkdeQoWCtSjAS+YE1/dDv1m2OmNA/lAyYR8wIykLzPKUEjeaWnrj7vDAmmyeSsWyg6ZWcGe5m4GSlChlq38NXphTQOmEQqiNZt14nQS4lCTgWb5DuxZhGhIzJgbUMlCZj20tnRE/vUKD27HypTEu2Z+nsiJYHWSeCbzoDgUC96U/E/rx1j/8ZLuYxiZJLOF/VjYWNoTxOwe1wxiiIxhFDFza02HRJFKJqc8iYEd/HlZdK4KLtX5cv7SrFayeLIwTGcQAlcuIYq3EEN6kDhEZ7hFd6ssfVivVsf89YVK5s5gj+wPn8AU5SRyQ==</latexit>

(xs, ŷ)

<latexit sha1_base64="3C5ZGc3iihOO+pvSM3hqaWxDk/c=">AAAB8HicbVDLSsNAFL2pr1pfVZduBotQQUoi9bEsuHFZwT6kDWEynbRDJ5MwMxFD6Fe4caGIWz/HnX/jtM1CWw9cOJxzL/fe48ecKW3b31ZhZXVtfaO4Wdra3tndK+8ftFWUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57Tjj2+mfueRSsUica/TmLohHgoWMIK1kR6qT546Sz116pUrds2eAS0TJycVyNH0yl/9QUSSkApNOFaq59ixdjMsNSOcTkr9RNEYkzEe0p6hAodUudns4Ak6McoABZE0JTSaqb8nMhwqlYa+6QyxHqlFbyr+5/USHVy7GRNxoqkg80VBwpGO0PR7NGCSEs1TQzCRzNyKyAhLTLTJqGRCcBZfXibt85pzWbu4q1ca9TyOIhzBMVTBgStowC00oQUEQniGV3izpPVivVsf89aClc8cwh9Ynz8Kqo/i</latexit>

(xs, ys)

<latexit sha1_base64="nAjJl9VnUa/3BCn+0FrPO78L4vE=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoMQQcKuxMcx4MVjBPOAZAmzk9lkyOzMMtOrxCWf4cWDIl79Gm/+jZNkD5pY0FBUddPdFcSCG3Ddbye3srq2vpHfLGxt7+zuFfcPmkYlmrIGVULpdkAME1yyBnAQrB1rRqJAsFYwupn6rQemDVfyHsYx8yMykDzklICVOuXukED6ODl7Ou0VS27FnQEvEy8jJZSh3it+dfuKJhGTQAUxpuO5Mfgp0cCpYJNCNzEsJnREBqxjqSQRM346O3mCT6zSx6HStiTgmfp7IiWRMeMosJ0RgaFZ9Kbif14ngfDaT7mME2CSzheFicCg8PR/3OeaURBjSwjV3N6K6ZBoQsGmVLAheIsvL5PmecW7rFzcVUu1ahZHHh2hY1RGHrpCNXSL6qiBKFLoGb2iNwecF+fd+Zi35pxs5hD9gfP5A8OBkOM=</latexit>

(ŵ, z)

<latexit sha1_base64="fy+qIbZNEK02BXAN3yGQtevTuzQ=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPDBZwuxkNhkyO7vM9IphyV948aCIV//Gm3/jJNmDJhY0FFXddHcFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwZuI3H7k2Ilb3OEq4H9G+EqFgFK300EH+hEGYiXG3VHYr7hRkkXg5KUOOWrf01enFLI24QiapMW3PTdDPqEbBJB8XO6nhCWVD2udtSxWNuPGz6cVjcmyVHgljbUshmaq/JzIaGTOKAtsZURyYeW8i/ue1Uwyv/EyoJEWu2GxRmEqCMZm8T3pCc4ZyZAllWthbCRtQTRnakIo2BG/+5UXSOK14F5Xzu7Ny9TqPowCHcAQn4MElVOEWalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8fE1GRMg==</latexit>

i

<latexit sha1_base64="Urqz99Aob/QPIU8ocgDv1kuaPnQ=">AAAB8XicbVDJSgNBEO2JW4xb1KOXxiB4CjPidgx68RjBLJgMoadTk7Tp6Rm6a8Qw5C+8eFDEq3/jzb+xsxw08UHB470qquoFiRQGXffbyS0tr6yu5dcLG5tb2zvF3b26iVPNocZjGetmwAxIoaCGAiU0Ew0sCiQ0gsH12G88gjYiVnc4TMCPWE+JUHCGVrpvIzxhEGYPo06x5JbdCegi8WakRGaodopf7W7M0wgUcsmMaXlugn7GNAouYVRopwYSxgesBy1LFYvA+Nnk4hE9skqXhrG2pZBO1N8TGYuMGUaB7YwY9s28Nxb/81ophpd+JlSSIig+XRSmkmJMx+/TrtDAUQ4tYVwLeyvlfaYZRxtSwYbgzb+8SOonZe+8fHZ7WqpczeLIkwNySI6JRy5IhdyQKqkRThR5Jq/kzTHOi/PufExbc85sZp/8gfP5AxTWkTM=</latexit>

j

<latexit sha1_base64="rKPMC+2n1m55P8kDLAi1ggaEEmo=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlANoTZSW8yZHZ2mekVw5Lf8OJBEa/+jDf/xkmyB40WNBRV3XR3BYkUBl33yyksLa+srhXXSxubW9s75d29polTzaHBYxnrdsAMSKGggQIltBMNLAoktILRzdRvPYA2Ilb3OE6gG7GBEqHgDK3k+wiPGIQZTK7cXrniVt0Z6F/i5aRCctR75U+/H/M0AoVcMmM6nptgN2MaBZcwKfmpgYTxERtAx1LFIjDdbHbzhB5ZpU/DWNtSSGfqz4mMRcaMo8B2RgyHZtGbiv95nRTDy24mVJIiKD5fFKaSYkynAdC+0MBRji1hXAt7K+VDphlHG1PJhuAtvvyXNE+q3nn17O60UrvO4yiSA3JIjolHLkiN3JI6aRBOEvJEXsirkzrPzpvzPm8tOPnMPvkF5+MbBTeRrw==</latexit>

e = 0

<latexit sha1_base64="6hz1Lgt/cLnZ9YOrlak6JDXW1Q0=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYhA8hV3xdQx68RjBPDBZwuykNxkyM7vM9IphyV948aCIV//Gm3/jJNmDJhY0FFXddHeFieAGPe/bWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQZ3FItatkBoQXEEdOQpoJRqoDAU0w+HNxG8+gjY8Vvc4SiCQtK94xBlFKz10EJ4wjDI57pbKXsWbwl0kfk7KJEetW/rq9GKWSlDIBDWm7XsJBhnVyJmAcbGTGkgoG9I+tC1VVIIJsunFY/fYKj03irUthe5U/T2RUWnMSIa2U1IcmHlvIv7ntVOMroKMqyRFUGy2KEqFi7E7ed/tcQ0MxcgSyjS3t7psQDVlaEMq2hD8+ZcXSeO04l9Uzu/OytXrPI4COSRH5IT45JJUyS2pkTphRJFn8kreHOO8OO/Ox6x1yclnDsgfOJ8/GWWRNg==</latexit>m

<latexit sha1_base64="nFJI4+Nwwizd2222/mqSry0TXUM=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hV3xdQx68RjBPDBZwuykNxkyO7vM9IphyV948aCIV//Gm3/jJNmDJhY0FFXddHcFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQ53HMtatgBmQQkEdBUpoJRpYFEhoBsObid98BG1ErO5xlIAfsb4SoeAMrfTQQXjCIMz6426p7FbcKegi8XJSJjlq3dJXpxfzNAKFXDJj2p6boJ8xjYJLGBc7qYGE8SHrQ9tSxSIwfja9eEyPrdKjYaxtKaRT9fdExiJjRlFgOyOGAzPvTcT/vHaK4ZWfCZWkCIrPFoWppBjTyfu0JzRwlCNLGNfC3kr5gGnG0YZUtCF48y8vksZpxbuonN+dlavXeRwFckiOyAnxyCWpkltSI3XCiSLP5JW8OcZ5cd6dj1nrkpPPHJA/cD5/ABBHkTA=</latexit>g

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0

linear direction

<latexit sha1_base64="uwluLKCRatvA6mmoU5CpM9mKmOE=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPDBZwuxkNhkyO7vM9IphyV948aCIV//Gm3/jJNmDJhY0FFXddHcFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwZuI3H7k2Ilb3OEq4H9G+EqFgFK300EH+hEGY0XG3VHYr7hRkkXg5KUOOWrf01enFLI24QiapMW3PTdDPqEbBJB8XO6nhCWVD2udtSxWNuPGz6cVjcmyVHgljbUshmaq/JzIaGTOKAtsZURyYeW8i/ue1Uwyv/EyoJEWu2GxRmEqCMZm8T3pCc4ZyZAllWthbCRtQTRnakIo2BG/+5UXSOK14F5Xzu7Ny9TqPowCHcAQn4MElVOEWalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8fBymRKg==</latexit>a

<latexit sha1_base64="ofazr5+D2TOOAy0Y/qChp6vKaOM=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPDBZwuxkNhkyO7vM9IphyV948aCIV//Gm3/jJNmDJhY0FFXddHcFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwZuI3H7k2Ilb3OEq4H9G+EqFgFK300EH+hEGYsXG3VHYr7hRkkXg5KUOOWrf01enFLI24QiapMW3PTdDPqEbBJB8XO6nhCWVD2udtSxWNuPGz6cVjcmyVHgljbUshmaq/JzIaGTOKAtsZURyYeW8i/ue1Uwyv/EyoJEWu2GxRmEqCMZm8T3pCc4ZyZAllWthbCRtQTRnakIo2BG/+5UXSOK14F5Xzu7Ny9TqPowCHcAQn4MElVOEWalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8fCjORLA==</latexit>c

<latexit sha1_base64="Naw3pze8kw/7kJy2cAU+lQyc06g=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBEqSEmkfhwLXjxWsB/QhrLZbtulm03cnVRC6O/w4kERr/4Yb/4bt20O2vpg4PHeDDPz/EhwjY7zba2srq1vbOa28ts7u3v7hYPDhg5jRVmdhiJULZ9oJrhkdeQoWCtSjAS+YE1/dDv1m2OmNA/lAyYR8wIykLzPKUEjeaXOkGD6NDlPuvqsWyg6ZWcGe5m4GSlChlq38NXphTQOmEQqiNZt14nQS4lCTgWb5DuxZhGhIzJgbUMlCZj20tnRE/vUKD27HypTEu2Z+nsiJYHWSeCbzoDgUC96U/E/rx1j/8ZLuYxiZJLOF/VjYWNoTxOwe1wxiiIxhFDFza02HRJFKJqc8iYEd/HlZdK4KLtX5cv7SrFayeLIwTGcQAlcuIYq3EEN6kDhEZ7hFd6ssfVivVsf89YVK5s5gj+wPn8AUy+RyA==</latexit>

(ŵ, ys)

<latexit sha1_base64="mrPS1uQLVSGzE6t4bPlLPqACKBw=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBItQQUoi9bEsuHFZwT6gDWUynbRDJ5MwM7GUmE9x40IRt36JO//GaZqFth643MM59zJ3jhcxKpVtfxuFtfWNza3idmlnd2//wCwftmUYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6TjTW7nfueRCElD/qBmEXEDNOLUpxgpLQ3McrU/RiqZpudZn6VnA7Ni1+wM1ipxclKBHM2B+dUfhjgOCFeYISl7jh0pN0FCUcxIWurHkkQIT9CI9DTlKCDSTbLTU+tUK0PLD4UurqxM/b2RoEDKWeDpyQCpsVz25uJ/Xi9W/o2bUB7FinC8eMiPmaVCa56DNaSCYMVmmiAsqL7VwmMkEFY6rZIOwVn+8ippX9Scq9rlfb3SqOdxFOEYTqAKDlxDA+6gCS3AMIVneIU348l4Md6Nj8Vowch3juAPjM8fGzOT4A==</latexit>

(ŵ, ŷ)
<latexit sha1_base64="Coj0S1u13A5Dyc+Cz+xlqsay2bk=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAiSNiV+DgGvHiMYB6QLGF2MpsMmZ1ZZmaVZclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BTFn2rjut7Oyura+sVnYKm7v7O7tlw4OW1omitAmkVyqToA15UzQpmGG006sKI4CTtvB+Hbqtx+p0kyKB5PG1I/wULCQEWys1K48nad9fdYvld2qOwNaJl5OypCj0S999QaSJBEVhnCsdddzY+NnWBlGOJ0Ue4mmMSZjPKRdSwWOqPaz2bkTdGqVAQqlsiUMmqm/JzIcaZ1Gge2MsBnpRW8q/ud1ExPe+BkTcWKoIPNFYcKRkWj6OxowRYnhqSWYKGZvRWSEFSbGJlS0IXiLLy+T1kXVu6pe3tfK9VoeRwGO4QQq4ME11OEOGtAEAmN4hld4c2LnxXl3PuatK04+cwR/4Hz+AHsgjvs=</latexit>

(w, ys)

<latexit sha1_base64="IcovjK8M2b6hKOeBebTUSNeOmt8=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBAiSNiV+DgGvHiMYB6wWcLsZJIMmZ1ZZnqVZclnePGgiFe/xpt/4yTZgyYWNBRV3XR3hbHgBlz321lZXVvf2CxsFbd3dvf2SweHLaMSTVmTKqF0JySGCS5ZEzgI1ok1I1EoWDsc30799iPThiv5AGnMgogMJR9wSsBKfuXpvDsikKWTs16p7FbdGfAy8XJSRjkavdJXt69oEjEJVBBjfM+NIciIBk4FmxS7iWExoWMyZL6lkkTMBNns5Ak+tUofD5S2JQHP1N8TGYmMSaPQdkYERmbRm4r/eX4Cg5sg4zJOgEk6XzRIBAaFp//jPteMgkgtIVRzeyumI6IJBZtS0YbgLb68TFoXVe+qenlfK9dreRwFdIxOUAV56BrV0R1qoCaiSKFn9IreHHBenHfnY9664uQzR+gPnM8fwK6Q4g==</latexit>

(w, ŷ)

<latexit sha1_base64="XbJMQ7FKuxnYtaXAzncHms6dY2s=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpRE6sex4MVjBdMW2lA22027dLMJuxulhv4GLx4U8eoP8ua/cdPmoK0PBh7vzTAzz485U9q2v63Cyura+kZxs7S1vbO7V94/aKkokYS6JOKR7PhYUc4EdTXTnHZiSXHoc9r2xzeZ336gUrFI3OtJTL0QDwULGMHaSG718ezptF+u2DV7BrRMnJxUIEezX/7qDSKShFRowrFSXceOtZdiqRnhdFrqJYrGmIzxkHYNFTikyktnx07RiVEGKIikKaHRTP09keJQqUnom84Q65Fa9DLxP6+b6ODaS5mIE00FmS8KEo50hLLP0YBJSjSfGIKJZOZWREZYYqJNPiUTgrP48jJpndecy9rFXb3SqOdxFOEIjqEKDlxBA26hCS4QYPAMr/BmCevFerc+5q0FK585hD+wPn8A8KyOFg==</latexit>

(w, z)

<latexit sha1_base64="/LBiXUvaiyMjFsb+sMI4qzG+Tv0=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQQcKuxMcx4MVjBPOAZAmzk9lkyOzsMDMrxiUf4cWDIl79Hm/+jZNkD5pY0FBUddPdFUjOtHHdbye3srq2vpHfLGxt7+zuFfcPmjpOFKENEvNYtQOsKWeCNgwznLalojgKOG0Fo5up33qgSrNY3JuxpH6EB4KFjGBjpVb5safPnk57xZJbcWdAy8TLSAky1HvFr24/JklEhSEca93xXGn8FCvDCKeTQjfRVGIywgPasVTgiGo/nZ07QSdW6aMwVraEQTP190SKI63HUWA7I2yGetGbiv95ncSE137KhEwMFWS+KEw4MjGa/o76TFFi+NgSTBSztyIyxAoTYxMq2BC8xZeXSfO84l1WLu6qpVo1iyMPR3AMZfDgCmpwC3VoAIERPMMrvDnSeXHenY95a87JZg7hD5zPH36Ijv0=</latexit>

(xs, z)

<latexit sha1_base64="mt9dhwQyS3SVcVkpX/A07zlL7wI=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBEqSEmkfhwLXjxWsB/QhrLZbtulm03cnRRD6O/w4kERr/4Yb/4bt20O2vpg4PHeDDPz/EhwjY7zba2srq1vbOa28ts7u3v7hYPDhg5jRVmdhiJULZ9oJrhkdeQoWCtSjAS+YE1/dDv1m2OmNA/lAyYR8wIykLzPKUEjeaWnrj7vDAmmyeSsWyg6ZWcGe5m4GSlChlq38NXphTQOmEQqiNZt14nQS4lCTgWb5DuxZhGhIzJgbUMlCZj20tnRE/vUKD27HypTEu2Z+nsiJYHWSeCbzoDgUC96U/E/rx1j/8ZLuYxiZJLOF/VjYWNoTxOwe1wxiiIxhFDFza02HRJFKJqc8iYEd/HlZdK4KLtX5cv7SrFayeLIwTGcQAlcuIYq3EEN6kDhEZ7hFd6ssfVivVsf89YVK5s5gj+wPn8AU5SRyQ==</latexit>

(xs, ŷ)

<latexit sha1_base64="3C5ZGc3iihOO+pvSM3hqaWxDk/c=">AAAB8HicbVDLSsNAFL2pr1pfVZduBotQQUoi9bEsuHFZwT6kDWEynbRDJ5MwMxFD6Fe4caGIWz/HnX/jtM1CWw9cOJxzL/fe48ecKW3b31ZhZXVtfaO4Wdra3tndK+8ftFWUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57Tjj2+mfueRSsUica/TmLohHgoWMIK1kR6qT546Sz116pUrds2eAS0TJycVyNH0yl/9QUSSkApNOFaq59ixdjMsNSOcTkr9RNEYkzEe0p6hAodUudns4Ak6McoABZE0JTSaqb8nMhwqlYa+6QyxHqlFbyr+5/USHVy7GRNxoqkg80VBwpGO0PR7NGCSEs1TQzCRzNyKyAhLTLTJqGRCcBZfXibt85pzWbu4q1ca9TyOIhzBMVTBgStowC00oQUEQniGV3izpPVivVsf89aClc8cwh9Ynz8Kqo/i</latexit>

(xs, ys)

<latexit sha1_base64="nAjJl9VnUa/3BCn+0FrPO78L4vE=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoMQQcKuxMcx4MVjBPOAZAmzk9lkyOzMMtOrxCWf4cWDIl79Gm/+jZNkD5pY0FBUddPdFcSCG3Ddbye3srq2vpHfLGxt7+zuFfcPmkYlmrIGVULpdkAME1yyBnAQrB1rRqJAsFYwupn6rQemDVfyHsYx8yMykDzklICVOuXukED6ODl7Ou0VS27FnQEvEy8jJZSh3it+dfuKJhGTQAUxpuO5Mfgp0cCpYJNCNzEsJnREBqxjqSQRM346O3mCT6zSx6HStiTgmfp7IiWRMeMosJ0RgaFZ9Kbif14ngfDaT7mME2CSzheFicCg8PR/3OeaURBjSwjV3N6K6ZBoQsGmVLAheIsvL5PmecW7rFzcVUu1ahZHHh2hY1RGHrpCNXSL6qiBKFLoGb2iNwecF+fd+Zi35pxs5hD9gfP5A8OBkOM=</latexit>

(ŵ, z)

<latexit sha1_base64="AM1A2JVoB57/JIGcd/rShM+JZzU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2MwF48RzQOSJcxOZpMhs7PLTK8QlnyCFw+KePWLvPk3TpI9aLSgoajqprsrSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj+sxvP3JtRKwecJJwP6JDJULBKFrpPuzX++WKW3XnIH+Jl5MK5Gj0y5+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiUnVhmQMNa2FJK5+nMio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll/+S1pnVe+yenF3Xqnd5HEU4QiO4RQ8uIIa3EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsOzI2q</latexit>

fC

<latexit sha1_base64="vDuIAMQ6Er+3AK0BuYK756o3OAk=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPDBZwuxkNhkyO7vM9IphyV948aCIV//Gm3/jJNmDJhY0FFXddHcFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwZuI3H7k2Ilb3OEq4H9G+EqFgFK300EH+hEGYyXG3VHYr7hRkkXg5KUOOWrf01enFLI24QiapMW3PTdDPqEbBJB8XO6nhCWVD2udtSxWNuPGz6cVjcmyVHgljbUshmaq/JzIaGTOKAtsZURyYeW8i/ue1Uwyv/EyoJEWu2GxRmEqCMZm8T3pCc4ZyZAllWthbCRtQTRnakIo2BG/+5UXSOK14F5Xzu7Ny9TqPowCHcAQn4MElVOEWalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8fF+CRNQ==</latexit>

l

<latexit sha1_base64="a2OD4mSg/frXHSKWlX4uszqPxec=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hV3xdQx68RjBPDBZwuykNxkyO7vM9IphyV948aCIV//Gm3/jJNmDJhY0FFXddHcFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQ53HMtatgBmQQkEdBUpoJRpYFEhoBsObid98BG1ErO5xlIAfsb4SoeAMrfTQQXjCIMyG426p7FbcKegi8XJSJjlq3dJXpxfzNAKFXDJj2p6boJ8xjYJLGBc7qYGE8SHrQ9tSxSIwfja9eEyPrdKjYaxtKaRT9fdExiJjRlFgOyOGAzPvTcT/vHaK4ZWfCZWkCIrPFoWppBjTyfu0JzRwlCNLGNfC3kr5gGnG0YZUtCF48y8vksZpxbuonN+dlavXeRwFckiOyAnxyCWpkltSI3XCiSLP5JW8OcZ5cd6dj1nrkpPPHJA/cD5/ABZbkTQ=</latexit>

k

<latexit sha1_base64="MLqoZ9FgbqlpSOTXVmbQZ2SVl8I=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hV3xdQx68RjBPDBZwuykNxkyO7vM9IphyV948aCIV//Gm3/jJNmDJhY0FFXddHcFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQ53HMtatgBmQQkEdBUpoJRpYFEhoBsObid98BG1ErO5xlIAfsb4SoeAMrfTQQXjCIMzCcbdUdivuFHSReDkpkxy1bumr04t5GoFCLpkxbc9N0M+YRsEljIud1EDC+JD1oW2pYhEYP5tePKbHVunRMNa2FNKp+nsiY5ExoyiwnRHDgZn3JuJ/XjvF8MrPhEpSBMVni8JUUozp5H3aExo4ypEljGthb6V8wDTjaEMq2hC8+ZcXSeO04l1Uzu/OytXrPI4COSRH5IR45JJUyS2pkTrhRJFn8kreHOO8OO/Ox6x1yclnDsgfOJ8/DsKRLw==</latexit>

f

<latexit sha1_base64="DFQG8wl7vtpGNIKHLmNnhJUiQyY=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hV3xdQx68RjBPDBZwuykNxkyO7vM9IphyV948aCIV//Gm3/jJNmDJhY0FFXddHcFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQ53HMtatgBmQQkEdBUpoJRpYFEhoBsObid98BG1ErO5xlIAfsb4SoeAMrfTQQXjCIMwG426p7FbcKegi8XJSJjlq3dJXpxfzNAKFXDJj2p6boJ8xjYJLGBc7qYGE8SHrQ9tSxSIwfja9eEyPrdKjYaxtKaRT9fdExiJjRlFgOyOGAzPvTcT/vHaK4ZWfCZWkCIrPFoWppBjTyfu0JzRwlCNLGNfC3kr5gGnG0YZUtCF48y8vksZpxbuonN+dlavXeRwFckiOyAnxyCWpkltSI3XCiSLP5JW8OcZ5cd6dj1nrkpPPHJA/cD5/ABHMkTE=</latexit>

h <latexit sha1_base64="qa7qDGAfjVEIf59o/92AW+eH0Fc=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSTi10UoevFYwX5AE8pms2mXbjZhdyKW0L/hxYMiXv0z3vw3btsctPpg4PHeDDPzglRwjY7zZZWWlldW18rrlY3Nre2d6u5eWyeZoqxFE5GobkA0E1yyFnIUrJsqRuJAsE4wupn6nQemNE/kPY5T5sdkIHnEKUEjeR6yRwyiPJxcOf1qzak7M9h/iVuQGhRo9qufXpjQLGYSqSBa91wnRT8nCjkVbFLxMs1SQkdkwHqGShIz7eezmyf2kVFCO0qUKYn2TP05kZNY63EcmM6Y4FAvelPxP6+XYXTp51ymGTJJ54uiTNiY2NMA7JArRlGMDSFUcXOrTYdEEYompooJwV18+S9pn9Td8/rZ3WmtcV3EUYYDOIRjcOECGnALTWgBhRSe4AVercx6tt6s93lrySpm9uEXrI9vA7CRrg==</latexit>

d = 0

<latexit sha1_base64="wSgxgibjGHBpUZ7tsorPJrOx1oM=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hV3xdQx68RjBPDBZwuykNxkyO7vM9IphyV948aCIV//Gm3/jJNmDJhY0FFXddHcFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQ53HMtatgBmQQkEdBUpoJRpYFEhoBsObid98BG1ErO5xlIAfsb4SoeAMrfTQQXjCIMyCcbdUdivuFHSReDkpkxy1bumr04t5GoFCLpkxbc9N0M+YRsEljIud1EDC+JD1oW2pYhEYP5tePKbHVunRMNa2FNKp+nsiY5ExoyiwnRHDgZn3JuJ/XjvF8MrPhEpSBMVni8JUUozp5H3aExo4ypEljGthb6V8wDTjaEMq2hC8+ZcXSeO04l1Uzu/OytXrPI4COSRH5IR45JJUyS2pkTrhRJFn8kreHOO8OO/Ox6x1yclnDsgfOJ8/CK6RKw==</latexit>

b

<latexit sha1_base64="I7GpbyL/W2uHL/hZK6K6WDbAX30=">AAACCXicbZDJSgNBEIZ74pbEbdSjl8YgCEKYCbgcg148RjALZkLo6fQkTXoWumskYZirF5/AdxDEgyJefQNvPo12FkETf2j4+KuK6vrdSHAFlvVpZBYWl5ZXsrn86tr6xqa5tV1TYSwpq9JQhLLhEsUED1gVOAjWiCQjvitY3e2fj+r1GyYVD4MrGEas5ZNuwD1OCWirbWIHPElo4gAbgOsl/fTwB0WaJqW0bRasojUWngd7CoVyLrq/fhx8Vdrmh9MJaeyzAKggSjVtK4JWQiRwKliad2LFIkL7pMuaGgPiM9VKxpekeF87HeyFUr8A8Nj9PZEQX6mh7+pOn0BPzdZG5n+1ZgzeaSvhQRQDC+hkkRcLDCEexYI7XDIKYqiBUMn1XzHtEZ0M6PDyOgR79uR5qJWK9nHx6NIulM/QRFm0i/bQAbLRCSqjC1RBVUTRLXpAz+jFuDOejFfjbdKaMaYzO+iPjPdvRzifFg==</latexit>

k+l
2

<latexit sha1_base64="A61/gNaNdZ/6bn4sL1wzxUWaof4=">AAACCXicbZDJSgNBEIZ74pbEbdSjl8YgCEKYCbgcg148RjALZkLo6fQkTXoWumskYZirF5/AdxDEgyJefQNvPo12FkETf2j4+KuK6vrdSHAFlvVpZBYWl5ZXsrn86tr6xqa5tV1TYSwpq9JQhLLhEsUED1gVOAjWiCQjvitY3e2fj+r1GyYVD4MrGEas5ZNuwD1OCWirbWIHPElo4gAbgOslXnr4g700TUpp2yxYRWssPA/2FArlXHR//Tj4qrTND6cT0thnAVBBlGraVgSthEjgVLA078SKRYT2SZc1NQbEZ6qVjC9J8b52OtgLpX4B4LH7eyIhvlJD39WdPoGemq2NzP9qzRi801bCgygGFtDJIi8WGEI8igV3uGQUxFADoZLrv2LaIzoZ0OHldQj27MnzUCsV7ePi0aVdKJ+hibJoF+2hA2SjE1RGF6iCqoiiW/SAntGLcWc8Ga/G26Q1Y0xndtAfGe/fOTCfDQ==</latexit>

f+h
2

<latexit sha1_base64="FcXVg6UR4ke8kSnJTKwk+BbEouU=">AAAB/nicbVDJSgNBEO1xjeM2Kp68NAbBU5gJuFzEoBePEcwCmSH0dHqSJj0L3TViGAb8FRE8KOLVP/DuRfwbO8tBEx8UPN6roqqenwiuwLa/jbn5hcWl5cKKubq2vrFpbW3XVZxKymo0FrFs+kQxwSNWAw6CNRPJSOgL1vD7l0O/ccuk4nF0A4OEeSHpRjzglICW2tauC4EkNHOB3YEfZH6eZ+W8bRXtkj0CniXOhBTPP8yz5PHLrLatT7cT0zRkEVBBlGo5dgJeRiRwKlhuuqliCaF90mUtTSMSMuVlo/NzfKCVDg5iqSsCPFJ/T2QkVGoQ+rozJNBT095Q/M9rpRCcehmPkhRYRMeLglRgiPEwC9zhklEQA00IlVzfimmP6DhAJ2bqEJzpl2dJvVxyjktH106xcoHGKKA9tI8OkYNOUAVdoSqqIYoy9ICe0YtxbzwZr8bbuHXOmMzsoD8w3n8ApH+Zlg==</latexit>

b
2

lin
ea

r d
ire

ct
io

n

<latexit sha1_base64="NDPkfu+WvQlUiMxpgGXDlM+XvRw=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9oFtKZk004ZmMkNyRyhD/8KNC0Xc+jfu/Bsz7Sy09UDgcM695Nzjx1IYdN1vp7Cyura+UdwsbW3v7O6V9w+aJko04w0WyUi3fWq4FIo3UKDk7VhzGvqSt/zxbea3nrg2IlIPOIl5L6RDJQLBKFrpsRtSHPlBqqb9csWtujOQZeLlpAI56v3yV3cQsSTkCpmkxnQ8N8ZeSjUKJvm01E0Mjykb0yHvWKpoyE0vnSWekhOrDEgQafsUkpn6eyOloTGT0LeTWUKz6GXif14nweC6lwoVJ8gVm38UJJJgRLLzyUBozlBOLKFMC5uVsBHVlKEtqWRL8BZPXibNs6p3Wb24P6/UbvI6inAEx3AKHlxBDe6gDg1goOAZXuHNMc6L8+58zEcLTr5zCH/gfP4A8UeRHA==</latexit>n

Figure 11: Positions of little letter aliases in the modified DFM algorithm (case g ≥ h).

3. c ≥ g, g ≥ m, c ≥ n ≥ a, f ≥ h, f ≥ b.

4. a ≤ ρ(c − g), b ≤ (1 − ρ)(f − h), a ≤ ρj + (1 − ρ)(l − k).

5. fR(ŵ, ŷ) = 0.

6. g ≥ i + j.

7. fC(ŵ, ŷ) = 1
2 (l + k).

Step 3: Write down the optimization problem of the upper bound.
With these relations, we can write down the optimization problem of the approximation bound.

See Appendix D.9 for details.

Step 4-1: Eliminate the minimum operator over αi’s in h∗.
Now we give the explicit solution of the (3, 3)-upper bound constructor h∗. Each (1, 2)-

upper bound composing the (3, 3)-upper bound constructor can be completely determined by
Proposition B.10. This can be calculated by a computer program. Again, since there are too many
cases to present, we omit it here.

Step 4-2: Obtain the constant upper bound.
Now, the form of the optimization problem of the upper bound has no inner minαi operator

and thus can be solved by a numerical optimization solver, such as Mathematica.
The output of the computer program shows that the approximation bound of the modified

DFM algorithm in Example A.8 is 1/3. However, the correctness of the numerical optimization
procedure is somewhat hard to check, so we also prove manually that the bound is exactly 1/3 in
Appendix C.10.

Theorem B.18. The approximation bound of the modified DFM algorithm is 1/3 + δ.

Remark B.19. One may wonder if it is possible to improve the approximation by choosing different
ŷ and x̂. Indeed, we can generalize them to a parameterized form, e.g., ŷθ = θw + (1 − θ)ys. The
letter θ can be regarded as a parameter. Involving θ, Lemma B.17 and Lemma C.12 will change
correspondingly. The optimization problem will also change, including a new variable θ. However,
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numerical computation shows that the optimal value of the optimization problem is still 1/3,
attained at θ = 1/2. Thus, the modified DFM algorithm in Example A.8 makes the optimal choice.
Once again, our method demonstrates its power to provide a quick result here.

One more step: Derive the tightness conditions.
Based on the approximation analysis above, we identify a tight instance (R, C) with the

following matrices:

R =

 0 0 0
0 0 1

1/3 2/3 2/3

 , C =

0 1/3 1/3
0 0 1/3
0 1 2/3

 , (11)

By considering the degraded triangular prism A, constructed with xs = ys = (1, 0, 0)T,
z = w = ŵ = (0, 0, 1)T, and ρ = 1/2, we find that f ∗A = 1/3. We note that this tight instance is
stronger than that provided in [10], which is only tight for the original DFM algorithm but not for
the modified DFM algorithm in Example A.8. Thus, our method for tightness analysis is much
stronger and generally applicable.

The proof of tightness is provided in Appendix C.11.
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C Missing proofs and algorithms

C.1 The (2, m)-separation algorithm

This problem can be restated as a famous problem in computational geometry called envelope
problem, which is a special case of half-plane intersection problem. The half-plane intersection problem
can be solved with the plane sweep method in time O(n log n), see, e.g., Section 4.2 of [36]. For
completeness, we restate the full algorithm here.

Specifically, suppose we are given two series {ai}k
i=1, {bi}k

i=1. We want to compute the break-
points of function h(x) = maxi∈[k]{aix + bi}(x ∈ [0, 1]) and the value of h on these points. We
present a method based on ideas from computational geometry.

First, we turn the case into a1 < a2 < ... < ak. To do so, reorder functions {aix + bi}i so that
a1 ≤ a2 ≤ ... ≤ ak. Then we check all contiguous pairs (ai, ai+1). If ai = ai+1, then we delete the
function with smaller bi, since it is strictly smaller that the other one. By this procedure, we obtain
a1 < a2 < ... < ak in time O(k log k).

Let us use a list w to memorize the breakpoints and a list t to memorize the value of h(x)
on these points. Define hs(x) = maxi∈[s]{aix + bi}. We use a recursion method to find the
breakpoints by gradually updating the set of breakpoints from h1(x) to hk(x) = h(x). For the
beginning, since h1(x) = a1x + b1, we can initialize list w with w(0) = 0, w(1) = 1 and list t with
t(0) = b1, t(1) = a1 + b1. Then we consider how to update from hs(x) to hs+1(x).

By assumption a1 < a2 < ... < as < as+1, function ∆hs(x) = hs(x)− as+1x − bs+1 is continuous
on [0, 1] and decreasing on every linear piece. So ∆hs is decreasing on [0, 1] and has at most
one zero point. Therefore, hs(x) has at most one intersection point with as+1x + bs+1. If such
point exists, say x∗, then we have hs(x) ≤ as+1x + bs+1 if and only if x ≥ x∗. So, we only need to
add x∗ into list w and delete all the points in list w which belong to [x∗, 1). Similarly, we add
as+1x∗ + bs+1 into the list t, update the value corresponding to 1 with as+1 + bs+1 and delete all
values between them. The geometric illustration of such a procedure is given in Figure 12.
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x⇤

Figure 12: Illustration of the update procedure from h3 (orange line on the left) to h4 (orange line
on the right). We try to add term a3x + b3 (dashed line on the left) into the max operator in h3.
a4x + b4 intersects h3 at a2x + b2. Thus x∗ (yellow dot) is calculated and the breakpoints larger
than x∗ are deleted. Equivalently, a3x + b3 is removed (dashed line on the right).

To find such x∗, we use a binary search on index t to locate the proper line atx + bt forming
the intersection point x∗. Such a search costs only logarithm time of the number of lines.

Now we analyze the time complexity of this algorithm. There are in total k rounds of binary
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searches, with the ith round using time O(log i). In total, the time complexity is O
(

∑k
i=1 log i

)
=

O(k log k). We collect the above arguments into the following proposition.

Proposition C.1. There exists an algorithm that outputs all the breakpoints of h(x) and their corresponding
function values in time O(k log k).

C.2 The (3, m)-separation algorithm

Note that since t = 3, β can be represented by two free variables, i.e., β = (x, y, 1− x− y). Then the
polytope Pi in Definition A.1 is actually a polygon on the plane. The (3, m)-separation algorithm
needs to find a clockwise enumeration of vertices of Pi. This problem, again, can be stated by the
half-plane intersection. For completeness, we present the algorithm here.

In fact, a proper application of the (2, m)-separation algorithm will give us the desired
algorithm. A key observation is that the boundary of a polygon can be expressed as a union of
four parts: left boundary, right boundary, upper semi-boundary and lower semi-boundary. If we
write all constraints of Pi in the form lj := ãjx + b̃jy + c̃j ≥ 0, j ∈ [k], then each constraint belongs
to exactly one part of the boundary:

1. When b̃j = 0, lj = 0 is a candidate of the left (right) boundary if ãj > 0 (< 0).

2. When b̃j ̸= 0, lj = 0 is a candidate of the upper (lower) semi-boundary if b̃j < 0 (> 0).

In the second case, we write the boundary into the form y = ãx + b̃. Then we can apply
Proposition C.1 on the upper (lower) semi-boundary to obtain ordered vertices in time O(k log k).
Next, we combine the two semi-boundaries to obtain the leftmost and rightmost vertices.

Now we determine the vertical boundaries. The left (right) boundary, if exists, has the
maximum (minimum) −c̃j/ãj, which can be found in O(k) time. If the left (right) boundary does
not rule out the leftmost (rightmost) vertex, then there is no left (right) boundary. Otherwise, by a
binary search on vertices of the two semi-boundaries, we can find two segments adjacent to the
left (right) boundary in O(log k) time. An illustration of this procedure is presented in Figure 13.
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Figure 13: Illustration of the procedure computing ordered vertices (vertical line cases). On the
left, the lower semi-boundary and the upper one is colored with green and orange, respectively.
The vertices are labeled clockwise on each semi-boundary. On the right, we try to add vertical
lines. The black dashed line does not change the structure at all, so it is omitted. The black solid
line will change the structure, and the new labels of vertices are computed (and in the bracket is
the original labels).

We collect the above arguments into the following proposition.
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Proposition C.2. There exists an algorithm that outputs all vertices in a clockwise order of the polygon Pi
in time O(k log k).

C.3 Proof of Lemma A.4

In case 1, take any x ∈ S. Then g2(x) ≤ M2 ≤ m1 ≤ g1(x). Therefore, minS g(x) = minS g1(x) =
m1. The minimum is obtained exactly in {x ∈ S : g1(x) = m1}, namely g−1

1 (m1).
Case 2 is symmetric to case 1, so we omit it.
For case 3, we consider which set function g reaches the minimum. Suppose that x is a

minimum, and g1(x) ̸= g2(x), then suppose without loss of generality that g1(x) > g2(x). By the
continuity of g1, g2, g1 > g2 in some neighborhood of x. Therefore, g = g1 in this neighborhood,
so x must be a local minimum for g1. The problem becomes solving the first-order condition for
optimization with linear constraints. Thus x must also be a KKT point of g1 and satisfy the KKT
condition given in the statement.

C.4 Proof of Proposition A.5

We prove the statement in the order of 1, 2, 3, 5, 4, and 6.

Proof of Statement 1 and 2. For statement 1, we note that notation dim(S) = m means that the
smallest affine space containing it has dimension m. Therefore, the space can be expressed by
the solution of (n − m) linear equations, say uT

i x = vi, i ∈ [n − m]. Moreover, the remaining
constraints cannot contain any equation like uTx = v; otherwise, dim(S) ≤ m − 1, which violates
the definition of the affine hull.

For statement 2, by the definition of parallel, d ∥ S if and only if there exists a line segment
defined by x0, x1 ∈ S such that x1 = x0 + δd, where δ is a nonzero constant. Since x0, x1 ∈ S, we
have for every i ∈ [n − m], uT

i x0 = vi and uT
i (x0 + δd) = vi, so uT

i d = 0.

To prove statements 3, 5 and 4, we need the representation theorem for polytopes. We say a
halfspace (inequality) aTx ≤ b is facet-defining (for polytope P) if P ∩ {x ∈ Rn : aTx ≥ b} defines a
facet of P.

Theorem C.3 (Representation theorem for polytopes, Theorem 2.15 in [51]). A subset P ⊆ Rn is a
polytope if and only if it can be described as a bounded intersection of facet-defining halfspaces, one for each
facet, and of the affine hull of P. Moreover, the facet-defining inequalities are uniquely determined (if we
write them as aTi x ≤ 1), and none of them can be deleted.

Proof of Statement 3 and 5. By Theorem C.3, we can write S in the form

aff(S) ∩
⋂

i∈W̃

{
x ∈ Rn : ãTi x ≤ 1

}
.

Here, inequalities ãTi x ≤ 1 are facet-defining. Since they are unique and cannot be deleted, each
inequality ãTi x ≤ 1 corresponds to a constraint aTj x ≤ bj with aj = bj ãi. For each i ∈ W̃, pick such
a j. Then we have already selected an index subset W of [k]. By statement 1, aff(S) can be written
in the form of

{
x ∈ Rn : uT

i x = vi, ∀i ∈ [n − m]
}

. Now we have proved statement 3.
For statement 5, since constraint aTj x ≤ bj, j ∈ W is fact-defining, again by Theorem C.3,

S′
j = aff(S) ∩

{
x ∈ Rn : aTj x ≤ bj

}
exactly represents a facet and vice versa.

46



Now we prove statement 4.

Proof of statement 4. We first prove that

S1 :=
{

x ∈ S : ∀k ∈ W, aTk x < bk

}
⊆ S◦.

Pick x ∈ S1. By the continuity of aTk x, there exists a small neighborhood U of x such that
U ∩ S ⊆ S1. Therefore, x is an interior point of S. Since x is arbitrary, S1 ⊆ S◦ holds.

Second, we show that

S2 :=
{

x ∈ S : ∃k ∈ W, aTk x = bk

}
⊆ ∂S.

Note that by the construction of statement 3, all constraints indexed in W in S can not be deleted.
It then guarantees that for every k ∈ W, there exists x0 ∈ Rn \ S such that aTk x0 > bk and aTj x0 ≤ bj

holds for each j ∈ W \ {k}. Suppose x1 ∈ S2. Then aTk x1 = bk for some k ∈ W. Consider

the direction d = x0 − x1. Notice that the set
{

x ∈ Rn : aTk x ≥ bk and ∀j ∈ W \ {k}, aTj x ≤ bj

}
is

convex. Since x1, x0 are both in it, the line segment defined by x1, x0 also lies in it. Therefore, for
arbitrarily small ϵ > 0,

aTk (x1 + ϵ(x0 − x1)) = (1 − ϵ) aTk x1︸︷︷︸
=bk

+ϵ aTk x0︸︷︷︸
>bk

> bk.

Hence x1 + ϵ(x0 − x1) /∈ S and thus x1 ∈ ∂S. Since x1 is arbitrary, S2 ⊂ ∂S holds.
Now we combine these two results. Clearly S1 ∩ S2 = ∅ and S1 ∪ S2 = S = ∂S ∪ S◦. So we

must have S1 = S◦ and S2 = ∂S.

Finally, statement 6 is the direct corollary of a result on face lattice.

Definition C.4. A graded lattice is a finite partially ordered set (S,≤) if it shares all the following
properties.

• It has a unique minimal element 0̂ and a unique maximal element 1̂.

• Every maximal chain has the same length.

• Every two elements x, y ∈ S have a unique minimal upper bound in S, called the join x ∨ y,
and every two elements x, y ∈ S have a unique maximal lower bound in S, called the meet
x ∧ y.

For a graded lattice, the minimal elements of S \ 0̂ are called atoms, and the maximal elements
of S \ 1̂ are called coatoms.

A lattice is atomic if every element is a join x = a1 ∨ · · · ∨ ak of k ≥ 0 of atoms. Similarly, a
lattice is coatomic if every element is a meet of coatoms.

Theorem C.5 (Proposition 2.3 and Theorem 2.7 in [51]). Let P be a convex polytope. Consider the set
of all faces L(P), partially ordered by inclusion.

1. Set L(P) is a graded lattice of length dim(P) + 1. The meet operation is exactly the intersection of
sets.
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2. The face lattice L(P) is both atomic and coatomic.

3. The faces of F are exactly the faces of P that are contained in F.

Proof of statement 6. By Theorem C.5, L(S) is a graded lattice. Suppose F is a face in L(S). Then
since L(S) is coatomic, F is the meet (i.e., intersection) of coatoms, i.e., facets.

C.5 Proof of Corollary A.6

We prove the corollary by discussing all possible cases that achieve the minimum. Since g(x) =
max{g1(x), g2(x)}, we partition the domain into three parts according to whether g1(x) is greater
than, smaller than or equal to g2(x).

Proof of Statement 1. By symmetry, we only need to consider the case of

S1 :=
{

x ∈ S : g1(x) > g2(x), ∃λ ≥ 0,∇g1(x) + λTU = 0 and ∀i ∈ [m], λi(Uix − Vi) = 0
}

.

It suffices to show that for every x ∈ S1, either ∇g1(x) = 0 or x ∈ ∂S.
For a given x ∈ S1, if ∇g1(x) = 0, then λ = 0 is a solution for the KKT conditions given

in Theorem 12.1 in [43]. Otherwise, since ∇g1(x) = −λTU ̸= 0, there must exist i such that
λi ̸= 0. Therefore, we must have Uix = Vi. By definition, every x ∈ S satisfies Uix ≤ Vi. By
our assumption on U, Ui ̸= 0. So there is a vector d ∈ Rn such that Uid > 0. For any ϵ > 0,
Ui(x + ϵd) > Vi. Hence x + ϵd /∈ S, i.e., x ∈ ∂S.

To prove the rest statements, we need the following claim.

Claim C.6. For any face T of S, if T is parallel to ei, we have: for any x ∈ T ∩ S1, if the minimum of f
can be obtained at x, then either x is contained in a facet not parallel to ei or ∂g1(x)/∂xi = 0.

Proof. Since x ∈ S1, by the KKT condition given in S1, there exists λ such that ∇g1(x) = −λTU.
Thus ∂g1(x)/∂xi = ∇g1(x)Tei = −λTUei. Note that by the definition of parallel, there exists a
line l such that l ⊆ aff(T) and l ∥ ei. Therefore, for any x ∈ T, there exists a line lx ⊆ aff(T) such
that x ∈ lx and lx ∥ ei. Define l̃x := lx ∩ T.

If x is not an endpoint of the line segment l̃x, then ±ei are both feasible directions for x,
namely for any sufficiently small ϵ > 0, x ± ϵei ∈ T. We show that in this case, x must satisfy
∂g1(x)/∂xi = 0. The KKT condition implies that for any j ∈ [n], we either have λj = 0 or Ujx = Vj.
If Ujx = Vj, since x ± ϵei ∈ S, Uj(x ± ϵei) ≤ Vj = Ujx, which means Ujei = 0. Therefore, either
λj = 0 or Ujei = 0, we have λTUei = ∑j λjUjei = 0. Thus ∂g1(x)/∂xi = −λTUei = 0 as desired.

To finish our proof, it suffices to show that if x ∈ S1 ∩ T is an endpoint of l̃x, then either x
is contained in a facet N of S not parallel to ei or ∂g1(x)/∂xi = 0. We prove it by induction on
dim(T).

Suppose dim(T) = 1. By the definition of polytopes, T must be a one-dimensional bounded
and closed convex set, i.e., a line segment. In this case, ei ∥ T, so for any x0 ∈ T, l̃x0 is exactly
T. Thus, x0 is the endpoint of l̃x0 if and only if {x0} is a face of T. By Theorem C.5, {x0} is a
face of S. Then by statement 6 in Proposition A.5, {x0} is the intersection of several facets of
S. Since S =

{
x ∈ Rn : UT

i x ≤ Vi, i ∈ [m]
}

, by statement 5 in Proposition A.5, the facets of S can
be expressed as S′

i =
{

x ∈ S : UT
i x = Vi

}
, i ∈ W for some index subset W. Thus there exists a

nonempty subset of W, denoted by I, such that {x0} =
⋂

i∈I S′
i and x0 /∈ S′

j for every j ∈ W \ I.
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Note that by assumption dim(S) = n, we have aff(S) = Rn. By statement 3 in Proposition A.5,
S =

{
x ∈ Rn : UT

i x ≤ Vi, ∀i ∈ W
}

. Then we have

{x0} =
⋂
i∈I

S′
i

=
⋂
i∈I

(
S ∩

{
x ∈ Rn : UT

i x = Vi

})
=S ∩

⋂
i∈I

({
x ∈ Rn : UT

i x = Vi

})
=
{

x ∈ Rn : UT
i x = Vi, i ∈ I, UT

j x < Vj, j ∈ W \ I }.

Now we show that there exists a facet S′
i , i ∈ I not parallel to ei. Suppose on the contrary that for

any i ∈ I, S′
i is parallel to ei, then we have UT

i ei = 0 by the definition of parallel. Thus for any
k ∈ R, we have UT

i (x0 + kei) = Vi for every i ∈ I. Note that by continuity there exists a sufficiently
small ϵ > 0 such that for every j ∈ W \ I, UT

j (x + ϵei) < Vj. Thus x0 + ϵei is also contained in

the set
{

x ∈ Rn : UT
i x = Vi, i ∈ I, UT

j x < Vj, j ∈ W \ I
}
= {x0}, a contradiction. So we finish the

proof of the case dim(T) = 1.
Now we suppose that the result holds on every h-dimensional face with h = m − 1 ≤ n − 1,

and let dim(T) = m. Note that for any x ∈ T◦, there exists ϵ > 0 such that every d ∥ aff(T)
satisfies x + ϵd ∈ T. So x must be an interior point of l̃x and thus not be an endpoint of l̃x. We have
assumed that x is the endpoint of l̃x, so this is not the case. We must have x ∈ ∂T. By statement 4
and 5 in Proposition A.5, x must be contained in a face T′ ⊆ ∂T of T with dim(T′) = m − 1. By
Theorem C.5, T′ is also a face of S. If T′ ∥ ei, then line lx ⊆ aff(T′) with x ∈ lx. Let l̃′x = lx ∩ T′.
By the same argument, l̃′x is a line segment. If x is not an endpoint of this segment, then we
have proved that ∂g1(x)/∂xi = 0 as desired. If x is an endpoint, then by the induction hypothesis
either x is contained in a facet N of S not parallel to ei or ∂g1(x)/∂xi = 0. Thus the induction
holds. If face T′ is not parallel to ei, then we show that T′ is contained in some facet N of S
not parallel to ei. Note that since face T′ is not parallel to ei, lx ∩ T′ = {x}. If all facets S′ of S
containing T′ are parallel to ei, by the same argument on the case of dim(T) = 1, for sufficiently
small ϵ > 0, x + ϵei ∈ T′. However, clearly x + ϵei ∈ lx and thus x + ϵei ∈ lx ∩ T′, which leads to a
contradiction.

Now we can continue the main proof.

Proof of Statement 2. For statement 2, it suffices to show that for every x ∈ ∂S ∩ S1, either x ∈ ∂SN
or both x ∈ ∂SP and ∂g1(x)/∂xi = 0 hold. Equivalently, we show that for every x ∈ P ∩ S1, where
P is a facet parallel to ei, either there exists a facet N which is not parallel to ei such that x ∈ N, or
∂g1(x)/∂xi = 0. This immediately follows by taking m = n − 1 in Claim C.6.

Proof of Statement 3. We first show that any face T of S must have the form

TI1,I2 := ∏
i∈[n]

Si.

Here, Si = {mi} for every i ∈ I1, Si = {Mi} for every i ∈ I2 and Si = [mi, Mi] for every
i ∈ [n] \ (I1 ∪ I2), where I1, I2 ⊆ [n] and I1 ∩ I2 = ∅.
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By applying statement 3 in Proposition A.5, S can be written into {x ∈ Rn : xi ≤ Mi,−xi ≤
−mi, ∀i ∈ [n]}. Therefore, by statement 5 in Proposition A.5, the facets of S is given by S ∩ {x ∈
Rn : xi = mi} or S ∩ {x ∈ Rn : xi = Mi}. By statement 6 in Proposition A.5, any face T of S can
be expressed as the intersection of several facets. Thus there exist index subsets I1, I2 such that

T = S ∩
⋂
i∈I1

{x ∈ Rn : xi = mi} ∩
⋂
i∈I2

{x ∈ Rn : xi = Mi}.

If I1 ∩ I2 = ∅, then exactly T = TI1,I2 ; otherwise, if i ∈ I1 ∩ I2, by mi ̸= Mi, T = ∅. Now, it
suffices to show that any TI1,I2 is a face of S. For any TI1,I2 , consider a = −∑i∈I1

ei + ∑i∈I2
ei, b =

−∑i∈I1
mi + ∑i∈I2

Mi. On the one hand, for any x ∈ S, we have mi ≤ xTei = xi ≤ Mi, so
aTx = ∑i∈I1

(−xi) + ∑i∈I2
xi ≤ −∑i∈I1

mi + ∑i∈I2
Mi = b. On the other hand, we can see that the

equality holds if and only if xi = mi for every i ∈ I1 and xi = Mi for every i ∈ I2. This set is
exactly given by TI1,I2 , so TI1,I2 is the face of S determined by a, b, and we finish our proof.

With the clear description of all the faces of S by TI1,I2 , we can easily see that a face TI1,I2 is a
single point if and only if I1 ∪ I2 = [n]. Also, for any face T that is not a single point, there exists
i ∈ [n] such that i /∈ I1 ∪ I2. So, for any y = (y1, ..., yn) in T, ∏j ̸=i{yj}× [mi, Mi] ⊆ T, which defines
a line from (y1, . . . , yi−1, mi, yi+1, . . . , yn) to (y1, . . . , yi−1, Mi, yi+1, . . . , yn) parallel to ei. Therefore,
by the definition of parallel, ei ∥ T. So every face T of S is parallel to some ei.

Suppose x ∈ ∂S. We show that either x is a single point face, or x belongs to the interior
of some face T parallel to some ei. Note that x must belong to some face T of S. We prove
it by induction on the dimension of T. When dim(T) = 0, T = {x} is a single point face.
For dim(T) = n, we only need to consider the case that x /∈ T◦. Immediately, x ∈ ∂T, so by
Proposition A.5 and Theorem C.5, x belongs to some face of S with lower dimension. The result
then follows by the induction hypothesis.

Thus, either x is a single point face given by {x ∈ Rn : ∀i, xi ∈ {mi, Mi}}, or x belongs to the
interior of a face T parallel to some ei. We now apply the result in Claim C.6. Suppose x is
not a single point face that attains the minimum of f . If g1(x) > g2(x), then ∂g1(x)/∂xi = 0;
if g1(x) < g2(x), then ∂g2(x)/∂xi = 0. So, x must be contained in the set S+ given in this
statement.

C.6 The (2, 2)-mixing algorithm

We first give some notations Let FR(α, β) = fR(αx1 + (1 − α)x2, βy1 + (1 − β)y2). Define FC(α, β)
similarly. Then let F(α, β) = max{FR(α, β), FC(α, β)}. The goal of the (2, 2)-mixing algorithm is to
calculate the minimum of F on square A = [0, 1]× [0, 1]. Now we state the algorithm.

Applying the (2, m)-separation algorithm in Appendix C.1, we can construct a mesh grid of
(α, β) so that on each grid, both FR and FC are linear in α and β respectively. Then both FR and FC
have the form x1 + x2α + x3β + x4αβ, where xi’s are constants determined by FR or FC values on
four vertices of the grid. Our next step is then to give a method computing the minimum point of
F(α, β) on each grid.

On each grid, by statement 3 in Corollary A.6, it suffices to minimize F = max{FR, FC} over:

1. points with ∂Fk(α, β)/∂α = 0 or ∂Fk(α, β)/∂β = 0, k ∈ {R, C},

2. the four vertices of the grid, and

3. points with FR = FC.

50



• (Case 1) Equations ∂Fk(α, β)/∂α = 0 and ∂Fk(α, β)/∂β = 0 have the form that α or β takes a
fixed value.17 Hence the problem becomes computing the minimum of two univariate linear
functions, which can be solved by statement 3 in Proposition C.13.

• (Case 2) We just need to enumerate the value of F on the four vertices.

• (Case 3) By solving the equation FR(α, β) = FC(α, β), we obtain an expression of β given
by a linear fraction of α. If the denominator linear function of α is zero, then we can solve
it just like in case 1. Otherwise, by substituting the expression of β into the expression of
F = FR, we convert this problem into finding the minimum of a function g(α) with the form
(a2α2 + a1α + a0)/(b1α + b0). This can be done by calculating its values at two boundary
points and points with zero derivatives. Note that g′(α) = 0 is equivalent to a quadratic
equation in α, which has at most two solutions. So in this case we can test at most four
points to find the minimum.

We collect the above arguments into the following proposition:

Proposition C.7. There exists an algorithm finding the minimum point of F(α, β) on any grid in O(1)
time.

With these results above, we can efficiently calculate the minimum point of f on each grid
where both FR and FC are linear in α and β respectively. Note that the numbers of breakpoints
of α and β are at most m and n respectively, so there are at most mn grids. On each grid the
minimization procedure takes O(1) time, implying a total O(mn) time on A. Thus time complexity
of calculating the minimum of f on A is O(max{m, n} log max{m, n}) + O(mn) = O(mn). We
summarize it as the following theorem.

Theorem C.8. Give any strategies x1, x2 ∈ ∆m and y1, y2 ∈ ∆n, let

F(α, β) = f (αx1 + (1 − α)x2, βy1 + (1 − β)y2), α, β ∈ [0, 1].

Then there exists an algorithm finding the minimum point of F(α, β) in time O(mn).

C.7 The (2, 3)-mixing algorithm

We begin by some notations. Let

FR(α, β, γ) =max{R(γy1 + (1 − γ)y2)} − (αx1 + βx2 + (1 − α − β)x3)
TR(γy1 + (1 − γ)y2),

FC(α, β, γ) =max
{

CT(αx1 + βx2 + (1 − α − β)x3)
}
−

(αx1 + βx2 + (1 − α − β)x3)
TC(γy1 + (1 − γ)y2).

Define F(α, β, γ) = max{FR(α, β, γ), FC(α, β, γ)}. Then the algorithm in this part minimizes F on
the prism A = {(α, β, γ) ∈ [0, 1]3 : α + β ≤ 1}.

Using (2, m)-separation algorithm in Appendix C.1 and (2, m)-separation algorithm in Ap-
pendix C.7, we can obtain the linear region18 of function F. Our next step is then to minimize
F on each linear region, in which both FR and FC have form a0αγ + a1βγ + a2γ + a3α + a4β + a5.
Note that every linear region S is given by the Cartesian product of a polygon P and an interval I.
Thus by statement 2 in Corollary A.6, the minimum of F must be obtained when:

17When the coefficient of α (or β) is zero, all or none of α (or β) solve the equation.
18To shorten statements, we say region X is a linear region of function F if F is linear in every variable on X.
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1. (α, β) belongs to side surfaces of S and

(a) either there exists k ∈ {R, C} such that ∂Fk/∂γ = 0, or
(b) (α, β) is in the intersection of side surfaces and top/bottom surfaces.

2. (α, β) belongs to top/bottom surfaces of S and

(a) there exists k ∈ {R, C} such that either ∂Fk/∂α = 0 or ∂Fk/∂β = 0, or
(b) (α, β) is in the intersection of side surfaces and top/bottom surfaces.

3. FR(α, β) = FC(α, β).

4. ∇FR(α, β) = 0 or ∇FC(α, β) = 0.

For case 1b and 2b, note that the boundary is formed by O(m) line segments. Furthermore, FR
and FC are linear on each segment. Thus it suffices to apply Proposition C.13 on each segment.

For case 2a and case 4, the equation of zero derivative gives a linear equation on γ. Then
γ takes a fixed value. Now we have to minimize F over the polygon P of (α, β). We can use
statement 2 in Corollary A.6 again, and minimize F at points on the boundary of P, with FR = FC,
and with zero partial derivative in α or β. The case of the boundary is similar to case 1b and 2b,
consuming time O(m). The rest cases are similar to discussions in Proposition C.7: We can turn
the problem into minimizing a univariate function g. The only difference here is the domain J of
g. By the same calculation in the proof of Proposition C.7, it can be shown that J is a segment (or
line) J̃ parallel or perpendicular to α = 0 when we ignore the restriction of P. Domain J then can
be determined by searching the intersection points of J̃ and the boundary of P in O(m) time.

For case 1a, the equation of zero derivative gives a linear equation on (α, β). Then the equation
produces a line l on (α, β). Now, the feasible set of (α, β) is a segment L determined by the
intersection of l and P. Similar to J, we can compute two endpoints of L in O(m) time. Note that
by a suitable linear transformation from (α, β) to (α′, β′), the equation of l becomes α′ = 0. Then
on L × I, F becomes a function of (β′, γ) being linear in β′ and γ, respectively. Now we can apply
Proposition C.7 to minimize F on L × I in O(1) time.

For case 3, by FR = FC, we obtain an expression of γ given by the fraction of linear functions
in α and β. A special case is that the denominator equals zero. We can deal with this case in the
same way as case 1a. Otherwise, by substituting this expression into FR, it suffices to minimize a
function h(α, β) with the form (c0 + c1α + c2β + c3α2 + c4αβ + c5β2)/(d0 + d1α + d2β) on a given
linear region.

When d1 = d2 = 0, this is to solve quadratic programming on a polygon with O(m) sides.
The minimum is taken either on the sides or at interior points with zero derivatives. Since it has
only two variables, we can cancel one of the variables via the linear equation of a side. Then
the minimization on the side is equivalent to minimizing a univariate quadratic function on a
segment. On the other hand, the zero-derivative condition is exactly two linear equations with
two variables. In both situations, the calculation can be completed within O(m) time.

Otherwise, we substitute the denominator with θ, and the expression is transformed into

G1(α, θ) :=
e0 + e1α + e2α2

θ
+ e3 + e4α + e5θ.

First, we consider the minimum about θ. By the property of hyperbolic function, the minimum
can only be obtained at the boundary points or at θ = ±

√
(e0 + e1α + e2α2) /e5 (if exists). Since θ
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is linear in (α, β) and the domain of (α, β) is a polygon P, the domain of θ is a interval given by
[Mmin(α), Mmax(α)], where Mmin, Mmax are piecewise linear functions with O(m) pieces. By con-
sidering vertices of P in order, we can calculate linear pieces of Mmin and Mmax in O(m) time, de-
noted by Imin

i and Imax
j , respectively. So we only need to consider O(m) cases that θ takes Mmin(α)

on α ∈ Imin
i , Mmax(α) on α ∈ Imax

j , or ±
√
(e0 + e1α + e2α2) /e5 when

(
e0 + e1α + e2α2) e5 ≥ 0. In

each case, it suffices to find the minimum of either

e0 + e1α + e2α2

t(α)
+ e3 + e4α + e5t(α), t ∈ {Mmin, Mmax} or e3 + e4α ± 2

√
e5 (e0 + e1α + e2α2),

where α belongs to a certain interval. Each case can be solved by calculating points on the
boundary and points with zero derivatives in O(m) time.

We conclude the discussion above with the following proposition.

Proposition C.9. There exists an algorithm finding the minimum point of F(α, β, γ) on linear region
S = P × I in O(m) time, where P is a polygon of (α, β) formed by O(m) linear constraints and I is a
closed interval of γ.

Now we come back to function F(α, β, γ). Using Proposition C.1 and Proposition C.2, we
can split the domain of F into O(mn) linear regions in time O(n log n + m2 log m). Then on each
region, we can use Proposition C.9 to compute the minimum value of F in time O(m). The total
time complexity is then O

(
m2(n + log m) + n log n

)
. We summarize it into the following theorem.

Theorem C.10. Give any x1, x2, x3 ∈ ∆m and y1, y2 ∈ ∆n, let

F(α, β, γ) = f (αx1 + βx2 + (1 − α − β)x3, γy1 + (1 − γ)y2) ,

where α, β, γ, α + β ∈ [0, 1]. Then there exists an algorithm finding the minimum point of F(α, β, γ) in
time O

(
m2(n + log m) + n log n

)
.

C.8 Proof of Proposition B.10

Here we prove a slightly generalized proposition:

Proposition C.11. Given any two points A = (xA, yA), B = (xB, yB) ∈ ∆m × ∆n, we can define a line
segment AB := {tA + (1 − t)B : t ∈ [0, 1]}. It has the following properties:

1. AB ⊆ ∆m × ∆n. Therefore the value of f is well-defined on AB.

2. Denote the value of f I on the vertices A and B by aI and bI respectively, where I ∈ {R, C}. Let f AB
∗

be the minimum of f on AB. Suppose

(xA − xB)
TR(yA − yB) ≤ 0 and (xA − xB)

TC(yA − yB) ≤ 0.

Specifically, this condition holds when xA = xB or yA = yB. We have the following properties.

(a) If aC ≤ aR and bC ≤ bR, then f AB
∗ ≤ min{ fR(A), fR(B)} = min{aR, bR}.

(b) If aR ≤ aC and bR ≤ bC, then f AB
∗ ≤ min{ fC(A), fC(B)} = min{aC, bC}.
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(c) If aR + bC − aC − bR = 0, then

f AB
∗ ≤ min{ f (A), f (B)) = min{max{aC, bC}, max{aR, bR}}.

(d) Otherwise, f AB
∗ ≤ f

(
bC−aC

aR+bC−aC−bR
A + aR−bR

aR+bC−aC−bR
B
)
≤ aRbC−aCbR

aR+bC−aC−bR
.

Conversely, when fR and fC are both linear in parameter t, the equalities of f AB
∗ in all three cases

hold.

We prove these properties one by one.

1. Since any standard simplex is convex and the Cartesian product of two convex sets is again
convex, the property follows directly from the convexity of ∆m × ∆n.

2. Define FAB
I (t) = f I(tA + (1 − t)B), t ∈ [0, 1], I ∈ {R, C}. Then

FAB
R (t) = max {R(tyA + (1 − t)yB)} − (txA + (1 − t)xB)

TR(tyA + (1 − t)yB), and

FAB
C (t) = max

{
CT(txA + (1 − t)xB)

}
− (txA + (1 − t)xB)

TC(tyA + (1 − t)yB).

First, we show the convexity of FAB
R and FAB

C in t. Note that for any vector u, v with identical
length, max{tu + v} is convex in t, so the first parts of both functions are convex. Besides, the
second parts of both functions are quadratic. So, it is clear that both functions are convex when
(xA − xB)

TR(yA − yB) ≤ 0 and (xA − xB)
TC(yA − yB) ≤ 0.

Recall that we define aI = f I(xA, yA), bI = f I(xB, yB), I ∈ {R, C}. By the convexity of FAB
R (t)

and FAB
C (t), we can bound the value of them on t ∈ [0, 1] by linear functions LAB

R (t) = taR + (1 −
t)bR and LAB

C = taC + (1 − t)bC. Thus, we have

f AB
∗ = min

t∈[0,1]

{
FAB

R (t), FAB
C (t)

}
≤ min

t∈[0,1]

{
LAB

R (t), LAB
C (t)

}
.

Now, we consider the exact expression of mint∈[0,1]
{

LAB
R (t), LAB

C (t)
}

.

(a) If aC ≤ aR and bC ≤ bR, then LAB
R is totally above LAB

C on t ∈ [0, 1]. Thus,

min
t∈[0,1]

{
LAB

R (t), LAB
C (t)

}
= min

{
LAB

R (0), LAB
R (1)

}
= min{aR, bR}.

The equality holds at t = 0.
(b) If aR ≤ aC and bR ≤ bC, analogously,

min
t∈[0,1]

{
LAB

R (t), LAB
C (t)

}
= min{aC, bC}.

The equality holds at t = 1.
(c) If aR + bC − aC − bR = 0, then lines defined by LAB

R and LAB
C on t ∈ [0, 1] are parallel. Thus

we have
min

t∈[0,1]

{
LAB

R (t), LAB
C (t)

}
= min{max{aC, bC}, max{aR, bR}}.

The equality holds at t = 0 if f AB(0) ≤ f AB(1) and at t = 1 if f AB(0) > f AB(1).
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(d) Otherwise, two lines intersect. We solve the equation LAB
R (t) = LAB

C (t) and get t0 =
bC−bR

aR+bC−aC−bR
. Thus,

min
t∈[0,1]

{
LAB

R (t), LAB
C (t)

}
= max

{
LAB

R (t0), LAB
C (t0)

}
=

aRbC − aCbR

aR + bC − aC − bR
.

When fR and fC are both linear, the equality holds at t0 since the minimum of the maximum
of two linear functions is obtained exactly at the intersection point.

C.9 Proof of Lemma B.17

Relation 1 follows from Lemma B.13. Relation 2 follows from the fact that fR, fC ∈ [0, 1]. Relation
3 follows from Lemma B.14. Relation 5 follows from the definition of ŵ. Thus we only prove
relations 4 and 6.

The three inequalities in relation 4 can be obtained by substituting (w, ys), (xs, z), (ŵ, ys) into
Lemma B.12, respectively.

It is convenient to draw a prism to show the positions of little letter aliases, as in Figure 14.
Relation 6 relies on the linearity of xTRy. Define m := fR(w, ŷ), u := max{Rz}, v := max{Rŷ},
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(ŵ, z)

<latexit sha1_base64="fy+qIbZNEK02BXAN3yGQtevTuzQ=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPDBZwuxkNhkyO7vM9IphyV948aCIV//Gm3/jJNmDJhY0FFXddHcFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwZuI3H7k2Ilb3OEq4H9G+EqFgFK300EH+hEGYiXG3VHYr7hRkkXg5KUOOWrf01enFLI24QiapMW3PTdDPqEbBJB8XO6nhCWVD2udtSxWNuPGz6cVjcmyVHgljbUshmaq/JzIaGTOKAtsZURyYeW8i/ue1Uwyv/EyoJEWu2GxRmEqCMZm8T3pCc4ZyZAllWthbCRtQTRnakIo2BG/+5UXSOK14F5Xzu7Ny9TqPowCHcAQn4MElVOEWalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8fE1GRMg==</latexit>

i

<latexit sha1_base64="Urqz99Aob/QPIU8ocgDv1kuaPnQ=">AAAB8XicbVDJSgNBEO2JW4xb1KOXxiB4CjPidgx68RjBLJgMoadTk7Tp6Rm6a8Qw5C+8eFDEq3/jzb+xsxw08UHB470qquoFiRQGXffbyS0tr6yu5dcLG5tb2zvF3b26iVPNocZjGetmwAxIoaCGAiU0Ew0sCiQ0gsH12G88gjYiVnc4TMCPWE+JUHCGVrpvIzxhEGYPo06x5JbdCegi8WakRGaodopf7W7M0wgUcsmMaXlugn7GNAouYVRopwYSxgesBy1LFYvA+Nnk4hE9skqXhrG2pZBO1N8TGYuMGUaB7YwY9s28Nxb/81ophpd+JlSSIig+XRSmkmJMx+/TrtDAUQ4tYVwLeyvlfaYZRxtSwYbgzb+8SOonZe+8fHZ7WqpczeLIkwNySI6JRy5IhdyQKqkRThR5Jq/kzTHOi/PufExbc85sZp/8gfP5AxTWkTM=</latexit>

j

<latexit sha1_base64="rKPMC+2n1m55P8kDLAi1ggaEEmo=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlANoTZSW8yZHZ2mekVw5Lf8OJBEa/+jDf/xkmyB40WNBRV3XR3BYkUBl33yyksLa+srhXXSxubW9s75d29polTzaHBYxnrdsAMSKGggQIltBMNLAoktILRzdRvPYA2Ilb3OE6gG7GBEqHgDK3k+wiPGIQZTK7cXrniVt0Z6F/i5aRCctR75U+/H/M0AoVcMmM6nptgN2MaBZcwKfmpgYTxERtAx1LFIjDdbHbzhB5ZpU/DWNtSSGfqz4mMRcaMo8B2RgyHZtGbiv95nRTDy24mVJIiKD5fFKaSYkynAdC+0MBRji1hXAt7K+VDphlHG1PJhuAtvvyXNE+q3nn17O60UrvO4yiSA3JIjolHLkiN3JI6aRBOEvJEXsirkzrPzpvzPm8tOPnMPvkF5+MbBTeRrw==</latexit>

e = 0

<latexit sha1_base64="6hz1Lgt/cLnZ9YOrlak6JDXW1Q0=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYhA8hV3xdQx68RjBPDBZwuykNxkyM7vM9IphyV948aCIV//Gm3/jJNmDJhY0FFXddHeFieAGPe/bWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQZ3FItatkBoQXEEdOQpoJRqoDAU0w+HNxG8+gjY8Vvc4SiCQtK94xBlFKz10EJ4wjDI57pbKXsWbwl0kfk7KJEetW/rq9GKWSlDIBDWm7XsJBhnVyJmAcbGTGkgoG9I+tC1VVIIJsunFY/fYKj03irUthe5U/T2RUWnMSIa2U1IcmHlvIv7ntVOMroKMqyRFUGy2KEqFi7E7ed/tcQ0MxcgSyjS3t7psQDVlaEMq2hD8+ZcXSeO04l9Uzu/OytXrPI4COSRH5IT45JJUyS2pkTphRJFn8kreHOO8OO/Ox6x1yclnDsgfOJ8/GWWRNg==</latexit>m

<latexit sha1_base64="nFJI4+Nwwizd2222/mqSry0TXUM=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hV3xdQx68RjBPDBZwuykNxkyO7vM9IphyV948aCIV//Gm3/jJNmDJhY0FFXddHcFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQ53HMtatgBmQQkEdBUpoJRpYFEhoBsObid98BG1ErO5xlIAfsb4SoeAMrfTQQXjCIMz6426p7FbcKegi8XJSJjlq3dJXpxfzNAKFXDJj2p6boJ8xjYJLGBc7qYGE8SHrQ9tSxSIwfja9eEyPrdKjYaxtKaRT9fdExiJjRlFgOyOGAzPvTcT/vHaK4ZWfCZWkCIrPFoWppBjTyfu0JzRwlCNLGNfC3kr5gGnG0YZUtCF48y8vksZpxbuonN+dlavXeRwFckiOyAnxyCWpkltSI3XCiSLP5JW8OcZ5cd6dj1nrkpPPHJA/cD5/ABBHkTA=</latexit>g

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0

linear direction

<latexit sha1_base64="uwluLKCRatvA6mmoU5CpM9mKmOE=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPDBZwuxkNhkyO7vM9IphyV948aCIV//Gm3/jJNmDJhY0FFXddHcFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwZuI3H7k2Ilb3OEq4H9G+EqFgFK300EH+hEGY0XG3VHYr7hRkkXg5KUOOWrf01enFLI24QiapMW3PTdDPqEbBJB8XO6nhCWVD2udtSxWNuPGz6cVjcmyVHgljbUshmaq/JzIaGTOKAtsZURyYeW8i/ue1Uwyv/EyoJEWu2GxRmEqCMZm8T3pCc4ZyZAllWthbCRtQTRnakIo2BG/+5UXSOK14F5Xzu7Ny9TqPowCHcAQn4MElVOEWalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8fBymRKg==</latexit>a

<latexit sha1_base64="ofazr5+D2TOOAy0Y/qChp6vKaOM=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPDBZwuxkNhkyO7vM9IphyV948aCIV//Gm3/jJNmDJhY0FFXddHcFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwZuI3H7k2Ilb3OEq4H9G+EqFgFK300EH+hEGYsXG3VHYr7hRkkXg5KUOOWrf01enFLI24QiapMW3PTdDPqEbBJB8XO6nhCWVD2udtSxWNuPGz6cVjcmyVHgljbUshmaq/JzIaGTOKAtsZURyYeW8i/ue1Uwyv/EyoJEWu2GxRmEqCMZm8T3pCc4ZyZAllWthbCRtQTRnakIo2BG/+5UXSOK14F5Xzu7Ny9TqPowCHcAQn4MElVOEWalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8fCjORLA==</latexit>c

<latexit sha1_base64="Naw3pze8kw/7kJy2cAU+lQyc06g=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBEqSEmkfhwLXjxWsB/QhrLZbtulm03cnVRC6O/w4kERr/4Yb/4bt20O2vpg4PHeDDPz/EhwjY7zba2srq1vbOa28ts7u3v7hYPDhg5jRVmdhiJULZ9oJrhkdeQoWCtSjAS+YE1/dDv1m2OmNA/lAyYR8wIykLzPKUEjeaXOkGD6NDlPuvqsWyg6ZWcGe5m4GSlChlq38NXphTQOmEQqiNZt14nQS4lCTgWb5DuxZhGhIzJgbUMlCZj20tnRE/vUKD27HypTEu2Z+nsiJYHWSeCbzoDgUC96U/E/rx1j/8ZLuYxiZJLOF/VjYWNoTxOwe1wxiiIxhFDFza02HRJFKJqc8iYEd/HlZdK4KLtX5cv7SrFayeLIwTGcQAlcuIYq3EEN6kDhEZ7hFd6ssfVivVsf89YVK5s5gj+wPn8AUy+RyA==</latexit>

(ŵ, ys)

<latexit sha1_base64="mrPS1uQLVSGzE6t4bPlLPqACKBw=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBItQQUoi9bEsuHFZwT6gDWUynbRDJ5MwM7GUmE9x40IRt36JO//GaZqFth643MM59zJ3jhcxKpVtfxuFtfWNza3idmlnd2//wCwftmUYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6TjTW7nfueRCElD/qBmEXEDNOLUpxgpLQ3McrU/RiqZpudZn6VnA7Ni1+wM1ipxclKBHM2B+dUfhjgOCFeYISl7jh0pN0FCUcxIWurHkkQIT9CI9DTlKCDSTbLTU+tUK0PLD4UurqxM/b2RoEDKWeDpyQCpsVz25uJ/Xi9W/o2bUB7FinC8eMiPmaVCa56DNaSCYMVmmiAsqL7VwmMkEFY6rZIOwVn+8ippX9Scq9rlfb3SqOdxFOEYTqAKDlxDA+6gCS3AMIVneIU348l4Md6Nj8Vowch3juAPjM8fGzOT4A==</latexit>

(ŵ, ŷ)
<latexit sha1_base64="Coj0S1u13A5Dyc+Cz+xlqsay2bk=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAiSNiV+DgGvHiMYB6QLGF2MpsMmZ1ZZmaVZclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BTFn2rjut7Oyura+sVnYKm7v7O7tlw4OW1omitAmkVyqToA15UzQpmGG006sKI4CTtvB+Hbqtx+p0kyKB5PG1I/wULCQEWys1K48nad9fdYvld2qOwNaJl5OypCj0S999QaSJBEVhnCsdddzY+NnWBlGOJ0Ue4mmMSZjPKRdSwWOqPaz2bkTdGqVAQqlsiUMmqm/JzIcaZ1Gge2MsBnpRW8q/ud1ExPe+BkTcWKoIPNFYcKRkWj6OxowRYnhqSWYKGZvRWSEFSbGJlS0IXiLLy+T1kXVu6pe3tfK9VoeRwGO4QQq4ME11OEOGtAEAmN4hld4c2LnxXl3PuatK04+cwR/4Hz+AHsgjvs=</latexit>

(w, ys)

<latexit sha1_base64="IcovjK8M2b6hKOeBebTUSNeOmt8=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBAiSNiV+DgGvHiMYB6wWcLsZJIMmZ1ZZnqVZclnePGgiFe/xpt/4yTZgyYWNBRV3XR3hbHgBlz321lZXVvf2CxsFbd3dvf2SweHLaMSTVmTKqF0JySGCS5ZEzgI1ok1I1EoWDsc30799iPThiv5AGnMgogMJR9wSsBKfuXpvDsikKWTs16p7FbdGfAy8XJSRjkavdJXt69oEjEJVBBjfM+NIciIBk4FmxS7iWExoWMyZL6lkkTMBNns5Ak+tUofD5S2JQHP1N8TGYmMSaPQdkYERmbRm4r/eX4Cg5sg4zJOgEk6XzRIBAaFp//jPteMgkgtIVRzeyumI6IJBZtS0YbgLb68TFoXVe+qenlfK9dreRwFdIxOUAV56BrV0R1qoCaiSKFn9IreHHBenHfnY9664uQzR+gPnM8fwK6Q4g==</latexit>

(w, ŷ)

<latexit sha1_base64="XbJMQ7FKuxnYtaXAzncHms6dY2s=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpRE6sex4MVjBdMW2lA22027dLMJuxulhv4GLx4U8eoP8ua/cdPmoK0PBh7vzTAzz485U9q2v63Cyura+kZxs7S1vbO7V94/aKkokYS6JOKR7PhYUc4EdTXTnHZiSXHoc9r2xzeZ336gUrFI3OtJTL0QDwULGMHaSG718ezptF+u2DV7BrRMnJxUIEezX/7qDSKShFRowrFSXceOtZdiqRnhdFrqJYrGmIzxkHYNFTikyktnx07RiVEGKIikKaHRTP09keJQqUnom84Q65Fa9DLxP6+b6ODaS5mIE00FmS8KEo50hLLP0YBJSjSfGIKJZOZWREZYYqJNPiUTgrP48jJpndecy9rFXb3SqOdxFOEIjqEKDlxBA26hCS4QYPAMr/BmCevFerc+5q0FK585hD+wPn8A8KyOFg==</latexit>

(w, z)

<latexit sha1_base64="/LBiXUvaiyMjFsb+sMI4qzG+Tv0=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQQcKuxMcx4MVjBPOAZAmzk9lkyOzsMDMrxiUf4cWDIl79Hm/+jZNkD5pY0FBUddPdFUjOtHHdbye3srq2vpHfLGxt7+zuFfcPmjpOFKENEvNYtQOsKWeCNgwznLalojgKOG0Fo5up33qgSrNY3JuxpH6EB4KFjGBjpVb5safPnk57xZJbcWdAy8TLSAky1HvFr24/JklEhSEca93xXGn8FCvDCKeTQjfRVGIywgPasVTgiGo/nZ07QSdW6aMwVraEQTP190SKI63HUWA7I2yGetGbiv95ncSE137KhEwMFWS+KEw4MjGa/o76TFFi+NgSTBSztyIyxAoTYxMq2BC8xZeXSfO84l1WLu6qpVo1iyMPR3AMZfDgCmpwC3VoAIERPMMrvDnSeXHenY95a87JZg7hD5zPH36Ijv0=</latexit>

(xs, z)

<latexit sha1_base64="mt9dhwQyS3SVcVkpX/A07zlL7wI=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBEqSEmkfhwLXjxWsB/QhrLZbtulm03cnRRD6O/w4kERr/4Yb/4bt20O2vpg4PHeDDPz/EhwjY7zba2srq1vbOa28ts7u3v7hYPDhg5jRVmdhiJULZ9oJrhkdeQoWCtSjAS+YE1/dDv1m2OmNA/lAyYR8wIykLzPKUEjeaWnrj7vDAmmyeSsWyg6ZWcGe5m4GSlChlq38NXphTQOmEQqiNZt14nQS4lCTgWb5DuxZhGhIzJgbUMlCZj20tnRE/vUKD27HypTEu2Z+nsiJYHWSeCbzoDgUC96U/E/rx1j/8ZLuYxiZJLOF/VjYWNoTxOwe1wxiiIxhFDFza02HRJFKJqc8iYEd/HlZdK4KLtX5cv7SrFayeLIwTGcQAlcuIYq3EEN6kDhEZ7hFd6ssfVivVsf89YVK5s5gj+wPn8AU5SRyQ==</latexit>

(xs, ŷ)

<latexit sha1_base64="3C5ZGc3iihOO+pvSM3hqaWxDk/c=">AAAB8HicbVDLSsNAFL2pr1pfVZduBotQQUoi9bEsuHFZwT6kDWEynbRDJ5MwMxFD6Fe4caGIWz/HnX/jtM1CWw9cOJxzL/fe48ecKW3b31ZhZXVtfaO4Wdra3tndK+8ftFWUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57Tjj2+mfueRSsUica/TmLohHgoWMIK1kR6qT546Sz116pUrds2eAS0TJycVyNH0yl/9QUSSkApNOFaq59ixdjMsNSOcTkr9RNEYkzEe0p6hAodUudns4Ak6McoABZE0JTSaqb8nMhwqlYa+6QyxHqlFbyr+5/USHVy7GRNxoqkg80VBwpGO0PR7NGCSEs1TQzCRzNyKyAhLTLTJqGRCcBZfXibt85pzWbu4q1ca9TyOIhzBMVTBgStowC00oQUEQniGV3izpPVivVsf89aClc8cwh9Ynz8Kqo/i</latexit>

(xs, ys)

<latexit sha1_base64="nAjJl9VnUa/3BCn+0FrPO78L4vE=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoMQQcKuxMcx4MVjBPOAZAmzk9lkyOzMMtOrxCWf4cWDIl79Gm/+jZNkD5pY0FBUddPdFcSCG3Ddbye3srq2vpHfLGxt7+zuFfcPmkYlmrIGVULpdkAME1yyBnAQrB1rRqJAsFYwupn6rQemDVfyHsYx8yMykDzklICVOuXukED6ODl7Ou0VS27FnQEvEy8jJZSh3it+dfuKJhGTQAUxpuO5Mfgp0cCpYJNCNzEsJnREBqxjqSQRM346O3mCT6zSx6HStiTgmfp7IiWRMeMosJ0RgaFZ9Kbif14ngfDaT7mME2CSzheFicCg8PR/3OeaURBjSwjV3N6K6ZBoQsGmVLAheIsvL5PmecW7rFzcVUu1ahZHHh2hY1RGHrpCNXSL6qiBKFLoGb2iNwecF+fd+Zi35pxs5hD9gfP5A8OBkOM=</latexit>

(ŵ, z)

<latexit sha1_base64="AM1A2JVoB57/JIGcd/rShM+JZzU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2MwF48RzQOSJcxOZpMhs7PLTK8QlnyCFw+KePWLvPk3TpI9aLSgoajqprsrSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj+sxvP3JtRKwecJJwP6JDJULBKFrpPuzX++WKW3XnIH+Jl5MK5Gj0y5+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiUnVhmQMNa2FJK5+nMio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll/+S1pnVe+yenF3Xqnd5HEU4QiO4RQ8uIIa3EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsOzI2q</latexit>

fC

<latexit sha1_base64="vDuIAMQ6Er+3AK0BuYK756o3OAk=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPDBZwuxkNhkyO7vM9IphyV948aCIV//Gm3/jJNmDJhY0FFXddHcFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwZuI3H7k2Ilb3OEq4H9G+EqFgFK300EH+hEGYyXG3VHYr7hRkkXg5KUOOWrf01enFLI24QiapMW3PTdDPqEbBJB8XO6nhCWVD2udtSxWNuPGz6cVjcmyVHgljbUshmaq/JzIaGTOKAtsZURyYeW8i/ue1Uwyv/EyoJEWu2GxRmEqCMZm8T3pCc4ZyZAllWthbCRtQTRnakIo2BG/+5UXSOK14F5Xzu7Ny9TqPowCHcAQn4MElVOEWalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8fF+CRNQ==</latexit>

l

<latexit sha1_base64="a2OD4mSg/frXHSKWlX4uszqPxec=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hV3xdQx68RjBPDBZwuykNxkyO7vM9IphyV948aCIV//Gm3/jJNmDJhY0FFXddHcFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQ53HMtatgBmQQkEdBUpoJRpYFEhoBsObid98BG1ErO5xlIAfsb4SoeAMrfTQQXjCIMyG426p7FbcKegi8XJSJjlq3dJXpxfzNAKFXDJj2p6boJ8xjYJLGBc7qYGE8SHrQ9tSxSIwfja9eEyPrdKjYaxtKaRT9fdExiJjRlFgOyOGAzPvTcT/vHaK4ZWfCZWkCIrPFoWppBjTyfu0JzRwlCNLGNfC3kr5gGnG0YZUtCF48y8vksZpxbuonN+dlavXeRwFckiOyAnxyCWpkltSI3XCiSLP5JW8OcZ5cd6dj1nrkpPPHJA/cD5/ABZbkTQ=</latexit>

k

<latexit sha1_base64="MLqoZ9FgbqlpSOTXVmbQZ2SVl8I=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hV3xdQx68RjBPDBZwuykNxkyO7vM9IphyV948aCIV//Gm3/jJNmDJhY0FFXddHcFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQ53HMtatgBmQQkEdBUpoJRpYFEhoBsObid98BG1ErO5xlIAfsb4SoeAMrfTQQXjCIMzCcbdUdivuFHSReDkpkxy1bumr04t5GoFCLpkxbc9N0M+YRsEljIud1EDC+JD1oW2pYhEYP5tePKbHVunRMNa2FNKp+nsiY5ExoyiwnRHDgZn3JuJ/XjvF8MrPhEpSBMVni8JUUozp5H3aExo4ypEljGthb6V8wDTjaEMq2hC8+ZcXSeO04l1Uzu/OytXrPI4COSRH5IR45JJUyS2pkTrhRJFn8kreHOO8OO/Ox6x1yclnDsgfOJ8/DsKRLw==</latexit>

f
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Figure 14: Positions of little letter aliases.

and w := max{Rys}. By relation 5, ŵTRys + ŵTRz = 2ŵTRŷ. Thus we have 2v = (u− i)+ (w− j).
By the definition of ŷ, wTRys + wTRz = 2wTRŷ and xTRys + xTRz = 2xTRŷ. Hence 2(v − m) =
(u − g) + (w − 0). By subtracting the second equation from the first one, we obtain the equation
m = (g − i − j)/2. Relation 6 then follows from that m is nonnegative.

Relation 7 relies on the linearity of xTCy and ŷ = 1
2 (ys + z). Note that

fC(ŵ, ŷ) =max{CTŵ} − ŵTCŷ

=
1
2
(max{CTŵ} − ŵTCys) +

1
2
(max{CTŵ} − ŵTCz)

=
1
2
( fC(ŵ, ys) + fC(ŵ, z)) =

1
2
(l + k).
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C.10 Proof of Theorem B.18

Now, we show the 1/3 + δ approximation of the modified DFM algorithm. Again, to simplify the
notations, we consider stationary points and omit δ in the proof.

The key observation is that we can drop several cases in the discussion. We choose cases to be
dropped according to the tight case computed by the numerical optimization solver.

We want to give an upper bound of f ∗A, the global minimum of f on the triangular prism
A = {(α1xs + α2w + α3ŵ, β1ys + β2z + β3ŷ), α ∈ ∆3, β ∈ ∆3}. To do so, we use the upper bound
constructor.

Lemma C.12. Suppose that g ≥ h. Define

D =


i(k+l)
2i+l−k , if i > k,

gk−ih
g+k−i−h , if i ≤ k.

Then
f ∗A ≤ min

{
ρ(c − g), (1 − ρ)(f − h), ρj + (1 − ρ)(l − k),

fg
f + g − h

, D
}

.

Proof. Note that the constructor gives an upper bound of f ∗A by applying the (1, 2)-upper bound
constructor on each edge of the prism. In this way, we can only pick certain edges, and give a
loose upper bound.

First, we pick the edge {(xs, βys + (1 − β)ŷ) : β ∈ [0, 1]}. The values on the vertices are:
fR(xs, ys) = a, fC(xs, ys) = b, fR(xs, ŷ) = n, fC(xs, ŷ) = b

2 . From Lemma B.17,we have n ≥ a ≥ b ≥
b
2 . Thus, by relation 3 of Proposition B.10, the upper bound is given by a. Besides, from relation 4
of Lemma B.17, we have a ≤ ρ(c − g), b ≤ (1 − ρ)(f − h), a ≤ ρj + (1 − ρ)(l − k). Therefore, the
upper bound given by this edge is {ρ(c − g), (1 − ρ)(f − h), ρj + (1 − ρ)(l − k)}.

Second, consider the edge {(w, βys + (1 − β)z) : β ∈ [0, 1]}. The values on the vertices are:
fR(w, ys) = e, fR(w, z) = g, fC(w, ys) = f, fC(w, z) = h. From the condition g ≥ h and relation 1
of Lemma B.17 that e = 0, the upper bound on this edge is fg

f+g−h .
Finally, we discuss the relationship between i and k.

1. If i > k, consider the edge {(ŵ, βŷ + (1 − β)z) : β ∈ [0, 1]}. From relation 5 and 7 of
Lemma B.17, we have fR(ŵ, ŷ) = 0, fR(ŵ, z) = i, fC(ŵ, ŷ) = 1

2 (k + l), fC(ŵ, z) = k. The
upper bound given by Proposition B.10 is i(k+l)

2i+l−k .

2. Otherwise, consider the edge {(αŵ + (1 − α)w, z) : α ∈ [0, 1]}, similarly, the upper bound is
given by gk−ih

g+k−i−h .

Then, we prove the following proposition to assist the proof.

Proposition C.13 (Min-max Properties). Consider continuous functions f : Rn → R, g : Rm → R,
h1, h2 : Rn × Rm → R, f1, f2 : R → R and set C ⊆ Rn × Rm. The following properties hold.

1. sup
(a,b)∈C

min {h1(a, b), h2(a, b)} ≤ sup
{a:∃b (a,b)∈C}

min

{
sup

{b:(a,b)∈C}
h1(a, b), sup

{b:(a,b)∈C}
h2(a, b)

}
.
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2. If C = A × B for some A ∈ Rn and B ∈ Rm, then

sup
(a,b)∈C

min { f (a), g(b)} = min

{
sup
a∈A

f (a), sup
b∈B

g(b)

}
.

3. If C = A × B for some A ∈ Rn and B ∈ Rm, then

sup
(a,b)∈C

min{ f (a), g(b), h1(a, b)} = sup
a∈A

min

{
f (a), sup

b∈B
min {g(b), h1(a, b)}

}
.

4. Suppose f1 is non-decreasing on [u, v] and f2 is non-increasing on [u, v]. Then

max
a∈[u,v]

min{ f1(a), f2(a)} =


f1(v), f1(v) < f2(v),
f2(u), f1(u) > f2(u),
f1(a∗), otherwise.

Here, a∗ is the solution of f1(a∗) = f2(a∗).

5. Suppose f1 is non-decreasing on [u, v] and f2 is non-increasing on [u, v]. Suppose further that the
solution of equation f1(a∗) = f2(a∗), denoted by a∗, is in [u, v]. Consider interval [u0, v0] ⊆ [u, v].
Then maxa∈[u0,v0] min{ f1(a), f2(a)} ≤ f1(a∗).

Proof. For convenience, we write abbreviations LHS and RHS for the words “left-hand side”
and “right-hand side”, respectively. They are used to represent two sides of an equation in the
proposition.

1. Since LHS = sup{a:∃b (a,b)∈C} sup{b:(a,b)∈C} min {h1(a, b), h2(a, b)}, it suffices to prove the ex-
change between the second sup and min makes a greater value. Equivalently, we prove that for
any functions F1, F2,

sup
x

min{F1(x), F2(x)} ≤ min
{

sup
x

F1(x), sup
x

F2(x)
}

.

Clearly, for i = 1, 2, min{F1(x), F2(x)} ≤ Fi(x). Thus supx min{F1(x), F2(x)} ≤ supx Fi(x). By
taking the minimum, the desired inequality then follows.

2. By the same argument of statement 1, LHS ≤ RHS. To show the reverse inequality, pick any
ϵ > 0. Let a∗ ∈ A such that f (a∗) > supa∈A f (a)− ϵ and b∗ ∈ B such that g(b∗) > supb∈B g(b)− ϵ.
Then RHS < min{ f (a∗), g(b∗)}+ ϵ ≤ LHS + ϵ. Since ϵ is arbitrary, RHS ≤ LHS.

3. By statement 1, LHS ≤ RHS. The reverse inequality follows by the same argument in the proof
of statement 2.

4. The proof is the same as that of Proposition B.10. We here omit it.

5. It is a direct corollary of statement 4.

57



Finally, we prove that under the relations given by Lemma B.17,

min
{

ρ(c − g), (1 − ρ)(f − h), ρj + (1 − ρ)(l − k),
fg

f + g − h
, D
}

≤ 1
3

,

which finishes the proof.
We first give a simple lemma which helps to deal with some details in our proof.

Lemma C.14. For any real numbers a, b, u, v satisfying u ≥ 0, v ≥ u, and u + b ≥ 0, we have u+a
u+b ≤ v+a

v+b
holds if only if a ≤ b.

Proof. Since v + b ≥ u + b ≥ 0, u+a
u+b ≤ v+a

v+b ⇐⇒ (u − v)(a − b) ≥ 0 ⇐⇒ a − b ≤ 0.

Now we give the proof of the main theorem.
Due to symmetry, we can assume without loss of generality that g ≥ h.
We divide the proof into two cases. The main idea of upper bound estimation is to gradually

eliminate parameters by properly relaxing inequalities. The main structure of our discussion is as
follows. 

Case 1. i > k

{
Case 1.a i ≤ 2g − 1,
Case 1.b i > 2g − 1.

Case 2. i ≤ k


Case 2.a Term 3 = Term 4,
Case 2.b Term 2 = Term 4,
Case 2.c Term 1 = Term 2.

Case 1. i > k. By Lemma C.12, we have

f ∗A ≤ min
{

ρ(c − g), (1 − ρ)(f − h), ρj + (1 − ρ)(l − k),
fg

f + g − h
,

i(k + l)
2i + l − k

}
.

We first eliminate c and f. By relation 2 in Lemma B.17, c ≤ 1 and f ≤ 1. Thus

(1 − ρ)(f − h) ≤ (1 − ρ)(1 − h) and ρ(c − g) ≤ ρ(1 − g).

Since g − h ≥ 0 and f ≤ 1, by Lemma C.14,

f · g
f + g − h

≤ 1 · g
1 + g − h

.

Now we eliminate j. By relation 6 in Lemma B.17, j ≤ g − i. Hence

ρj + (1 − ρ)(l − k) ≤ ρ(g − i) + (1 − ρ)(l − k).

After these eliminations, our goal is then to prove

max
ρ,g,h,i,l,k

min
{

ρ(1 − g), (1 − ρ)(1 − h), ρ(g − i) + (1 − ρ)(l − k),
g

1 + g − h
,

i(k + l)
2i + l − k

}
≤ 1/3.

We further divide the discussion into two cases.
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(a) i ≤ 2g − 1.
We continue to eliminate parameters. First, we eliminate i, k and l. For term ρ(g − i) + (1 −

ρ)(l − k), we simply throw it. Since i > k, we have k+l
2i+l−k ≤ 1. Therefore,

i(k + l)
2i + l − k

≤ i ≤ 2g − 1.

Then we eliminate ρ. By statement 4 in Proposition C.13,

max
ρ

min{ρ(1 − g), (1 − ρ)(1 − h)} =
(1 − g)(1 − h)

2 − g − h
.

Next, we eliminate h. Since 1 − g ≥ 0, we have (1−h)
2−g−h ≤ 1, so

(1 − g)(1 − h)
2 − g − h

≤ 1 − g.

Now, by statement 3 and 4 in Proposition C.13, f ∗A is bounded by

max
ρ,g,h

min{ρ(1 − g), (1 − ρ)(1 − h), 2g − 1}

=max
g,h

min{max
ρ

{ρ(1 − g), (1 − ρ)(1 − h)}, 2g − 1}

=max
g,h

min
{
(1 − g)(1 − h)

2 − g − h
, 2g − 1

}
≤max

g
min{1 − g, 2g − 1}

≤2
3
(1 − g) +

1
3
(2g − 1) = 1/3.

The last equality holds when g = 2/3.

(b) i > 2g − 1.
We first eliminate l. By relation 2 in Lemma B.17, l ≤ 1. By Lemma C.14, we have

i(k + l)
2i + l − k

≤ i(k + 1)
2i + 1 − k

and ρ(g − i) + (1 − ρ)(l − k) ≤ ρ(g − i) + (1 − ρ)(1 − k).

Then we eliminate h. For term (1 − ρ)(1 − h), we simply throw it. Since g ≥ h, we have

g
1 + g − h

≤ g.

Now our upper bound becomes

max
ρ,g,i,k

min
{

ρ(1 − g), ρ(g − i) + (1 − ρ)(1 − k), g,
i(k + 1)

2i + 1 − k

}
.

Then we eliminate ρ, which only occurs in the first two terms. By assumption, i > 2g − 1, so
g − i < 1 − g. Since i > k by assumption and g ≤ 1 by Relation 2 in Lemma B.17, g − i < 1 − k.
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When other parameters are fixed, the range of the first and the second terms are [0, 1 − g] and
[g − i, 1 − k], which intersect. So by statement 3 and 4 in Proposition C.13, the bound of f ∗A
becomes

max
g,i,k

min
{

max
ρ∈[0,1]

{ρ(1 − g), ρ(g − i) + (1 − ρ)(1 − k)}, g,
i(k + 1)

2i + 1 − k

}
=max

g,i,k
min

{
(1 − k)(1 − g)
2 − k + i − 2g

, g,
i(k + 1)

2i + 1 − k

}
.

Note that none of the cases k = 1, g = 1, g = 0 and i = 0 can attain the maximum. So below
we suppose without loss of generality that k ∈ [0, 1), g ∈ (0, 1) and i ∈ (0, 1]. In the following
discussion, this will avoid the discussion of corner cases.

Next, we eliminate g. By statement 1 in Proposition C.13, the bound of f ∗A becomes

max
i,k

min
{

max
g

min
{
(1 − k)(1 − g)
2 − k + i − 2g

, g
}

,
i(k + 1)

2i + 1 − k

}
.

We complete the elimination by calculating the maximum over g on

G(g) := min
{
(1 − k)(1 − g)
2 − k + i − 2g

, g
}

.

Note that g is increasing on [0, 1] and (1−k)(1−g)
2−k+i−2g is decreasing in g on [0, 1]. We then apply

statement 4 in Proposition C.13. To do so, we solve the following equation of g∗ under constraint
i > 2g∗ − 1 and g∗ ∈ [0, 1], or equivalently, g∗ ∈ (0, (1 + i)/2).

(1 − k)(1 − g∗)
2 − k + i − 2g∗ = g∗.

The equation is equivalent to a quadratic equation

2(g∗)2 − (3 − 2k + i)g∗ + 1 − k = 0.

The solution candidates are

g∗ =
3 − 2k + i ±

√
(3 − 2k + i)2 − 8(1 − k)

4
.

To verify the candidates are real, we have the following lower bound on the discriminant.

(3 − 2k + i)2 − 8(1 − k) ≥ (3 − 2k)2 − 8(1 − k)

= 9 − 12k + 4k2 − 8 + 8k

= 4k2 − 4k + 1 = (2k − 1)2 ≥ 0.

Now we pick the proper solution of g∗. Note that

3 − 2k + i +
√
(3 − 2k + i)2 − 8(1 − k)

4
<

1 + i
2

=⇒ (3 − 2k + i)2 − 8(1 − k) < (i + 2k − 1)2

⇐⇒ 0 < 8(k − 1)i.
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However, k − 1 < 0 and i > 0, so that is not a solution. For the other candidate, we have

3 − 2k + i −
√
(3 − 2k + i)2 − 8(1 − k)

4
<

1 + i
2

⇐⇒
√
(3 − 2k + i)2 − 8(1 − k) > 1 − i − 2k.

If i + 2k − 1 ≥ 0, the inequality is trivially true. Suppose i + 2k − 1 < 0, then√
(3 − 2k + i)2 − 8(1 − k) > 1 − i − 2k

⇐⇒ (3 − 2k + i)2 − 8(1 − k) > (1 − 2k − i)2

⇐⇒ 4(1 − k)i > 0.

The last inequality holds since k < 1 and i > 0. Clearly, this solution candidate is greater than
zero. Thus the valid solution is

g∗ =
3 − 2k + i −

√
(3 − 2k + i)2 − 8(1 − k)

4
.

So we now obtain a new upper bound

max
k,i

min

{
3 − 2k + i −

√
(3 − 2k + i)2 − 8(1 − k)

4
,

i(k + 1)
2i + 1 − k

}
.

If k + i ≥ 2/3, then we have

k + i ≥ 2/3

⇐⇒
(

5
3
− 2k + i

)2

≤ (3 − 2k + i)2 − 8(1 − k)

=⇒ 3 − 2k + i −
√
(3 − 2k + i)2 − 8(1 − k)

4
≤ 1

3
.

Otherwise, k + i < 2/3. We also have

k + i < 2/3
=⇒ 3ik + i + k < 1

⇐⇒ i(k + 1)
2i + 1 − k

<
1
3

.

Therefore, we have finished the proof of this case.

Case 2. k ≥ i. In this case, by Lemma C.12, we have

f ∗A ≤ min
{

ρ(1 − g), (1 − ρ)(1 − h), ρj + (1 − ρ)(l − k),
fg

f + g − h
,

kg − ih
k + g − i − h

}
.

First, we eliminate l and j. By relation 2 and 6 in Lemma B.17, l ≤ 1 and j ≤ g − i. Thus

ρj + (1 − ρ)(l − k) ≤ ρ(g − i) + (1 − ρ)(1 − k).
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Similarly, by relation 2 in Lemma B.17, f ≤ 1 and c ≤ 1. So we can eliminate c and f as follows.

(1 − ρ)(f − h) ≤ (1 − ρ)(1 − h) and ρ(c − g) ≤ ρ(1 − g).

For term fg
f+g−h , we simply throw it. It suffices to prove

max
ρ,g,h,i,j,k

min
{

ρ(1 − g), (1 − ρ)(1 − h), ρ(g − i) + (1 − ρ)(1 − k),
kg − ih

k + g − i − h

}
≤ 1/3.

In this case, we prove that, to bound f ∗A by 1/3, it is feasible to assume that the max-min value
is attained when the four terms in the minimum are equal. We discuss them case by case.

(a) Term 3 = Term 4.
Since the only nontrivial constraints on k, i are k ≥ i and i ≤ g, we can present our eliminations

in a two-stage form. In the first stage, we gradually increase i and k by the same incremental until
i = g or k = 1. Then, at least one of two parameters i and k attain its maximum. In the second
stage, we solely increase the other parameter which has not reached its maximum until it also
reaches i = g or k = 1.

During such a two-stage operation, Term 3 is decreasing since its coefficients on i and k are
negative. On the other hand, Term 4 is increasing. To verify this fact, note that in the first stage,
the denominator does not change, while the numerator increases. In the second stage, when
i = g, by Lemma C.14, Term 4 is increasing in k; when k = 1, by the assumption that g ≥ h, the
derivative of i is (h−k)(h−g)

(k+g−i−h)2 ≥ 0, so Term 4 is increasing in i.

Now we use this operation to show that in the final elimination form, we must have Term 3 =
Term 4. Suppose Term 3 > Term 4, then Term 3 > 0. However, when the two-stage operation is
no longer possible, we must have i = g and k = 1, which makes Term 3 = 0, a contradiction.

We then show that Term 3 < Term 4 is also not possible. Similarly, we can do the procedure of
decreasing i and k with the same value until i = 0 or k = 0, and then making possible decreasing
on the left non-zero parameter to 0. This will make Term 3 increase and Term 4 decrease as the
discussion above. So if Term 3 < Term 4, we can again adjust the value of i and k to ensure that
they are equal and the result will not get worse.

(b) Term 2 = Term 4.
Term 2 is decreasing in h since h has a negative coefficient. On the other hand, Term 4 is

increasing in h. To see this, note that by assumption, i ≤ k and by Relation 6 in Lemma B.17,
i ≤ g − j ≤ g. Then derivative in h is (i−k)(i−g)

(k+g−i−h)2 ≥ 0, so Term 4 is increasing in h.

The valid value of h ranges in [0, g]. Thus the range of Term 2 is [(1 − ρ)(1 − g), 1 − ρ] and the
range of Term 4 is

[
kg

k+g−i , g
]
. By statement 4 in Proposition C.13, Term 2 = Term 4 if and only if

the ranges intersect, or equivalently, g ≥ (1 − ρ)(1 − g) and 1 − ρ ≥ kg
k+g−i .

62



Let us suppose otherwise. If g < (1 − ρ)(1 − g), then by Proposition C.13,

f ∗A ≤ max
ρ,g

min{ρ(1 − g), g}

= max
ρ,g

min{ρ(1 − g), (1 − ρ)(1 − g), g}

= max
g

min
{

max
ρ

min{ρ(1 − g), (1 − ρ)(1 − g)}, g
}

= max
g

min
{

1 − g
2

, g
}

= 1/3.

If 1 − ρ < kg
k+g−i , then since Term 2 = (1 − ρ)(1 − h) ≤ 1 − ρ, we may assume ρ < 2/3. Since

Term 1 = ρ(1 − g) < 2/3(1 − g), we may assume g < 1/2. Therefore,

f ∗A ≤ max
ρ,g,i,k

min{1 − ρ, ρ(g − i) + (1 − ρ)(1 − k)}

≤ max
ρ,i,k

min{1 − ρ, ρ(k − i − 1/2) + 1 − k}.

Also, by Lemma C.14, 1 − ρ < kg
k+g−i ≤

k·(1/2)
k+(1/2)−i =

k
2k−2i+1 . We divide the discussion into two

cases:

i. If k ≥ i + 1/2, then since the term 1 − ρ is decreasing with ρ while the term ρ(k − i − 1/2) +
1 − k is non-decreasing with ρ. By statement 5 in Proposition C.13, we can ignore the range
of ρ constrained by other parameters, and the max-min value is no more than the case the
two terms are equal. Solving the equation, we have ρ = 2k

2k−2i+1 ≥ 2(1 − ρ), so ρ ≥ 2/3, a
contradiction! So this case cannot happen.

ii. If k < i + 1/2, then both terms in the max-min form is decreasing in ρ, so it suffices to
consider the case ρ obtains its minimum, which is defined by 1 − ρ ≤ k

2k−2i+1 . Substituting
k − i with t, we have 0 < t < 1/2, and

f ∗A ≤ max
k,t

min
{

k
2t + 1

,
2t(t − 1/2) + (1 − k)(3t + 1/2)

2t + 1

}
.

Since the first term is increasing in k and the second term is decreasing in k, the max-min
value is not larger than the case the two terms are equal. Solving the equation about k, we
have k = 1+2t

3 , or equivalently, k
2t+1 = 1/3, which is the desired result.

With the discussion above, we can suppose Term 2 = Term 4 as well.

(c) Term 1 = Term 2.
For Term 1, since we have verified the feasibility of the assumption that the three other terms

are equal, if Term 1 is not equal to these terms, then it must be greater or less than other terms.
However, Term 1 is decreasing with ρ and Term 2 with increasing in ρ. The fact that their range
must intersect at 0 suggests that Term 1 cannot be smaller or larger than Term 2; otherwise, we
can increase or decrease the value of ρ to make Term 1 = Term 2 but do not make the bound
larger.

After all the above discussions, now we finally proved that we can suppose the four terms in
the minimum to be equal when the max-min value is attained.
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Now we solve the equation when the four terms are equal.

Solving ρ(1 − g) = (1 − ρ)(1 − h), we have ρ = 1−h
2−g−h . Substituting this expression into the

equation Term 1 = Term 3, we have

(1 − g)(1 − h)
2 − g − h

=
(1 − g)(1 − k) + (1 − h)(g − i)

2 − g − h
,

namely
(k − h)(1 − g) = (1 − h)(g − i). (12)

Substituting this into Term 4, we have

Term 4 =
kg − ih

k + g − i − h
=

(kg − ih)(1 − g)
(2 − g − h)(g − i)

.

And by Term 1 = Term 4, we have

(1 − h)(g − i) = kg − ih. (13)

Combining (12) and (13), we have

k =
g − gh − i + 2hi

g
=

−g − h + 2gh + i − hi
−1 + g

,

which can be simplified to (g − i)(3gh + 1 − 2g − 2h) = 0.

If g = i, we have

f ∗A ≤ max
ρ,g,h,k

min{ρ(1 − g), (1 − ρ)(1 − h), (1 − ρ)(1 − k), g}.

Since g = i ≤ k, the right-hand side is bounded by

max
ρ,g

min{ρ(1 − g), (1 − ρ)(1 − g), g} = max
g

min
{

1 − g
2

, g
}

= 1/3.

If 3gh+ 1− 2g− 2h = 0, we have g = (−1+ 2h)/(−2+ 3h). Plugging this into the expression
of Term 1,

(x∗, y∗) ≤ max
ρ,g

Term 1 =
(1 − g)(1 − h)

2 − g − h
= 1/3.

Now we finish our discussion and show that f ∗A ≤ 1/3 in all cases.

C.11 Proof of the tightness result in Example B.16

Now we show that (11) is a tight instance for Example B.16. We need the following proposition to
verify the validity of a stationary point and its dual solution.

Proposition C.15 (Proposition 3 in [9]). strategy pair (xs, ys) is a stationary point with dual solution
(ρ, w, z) if and only if

supp(xs) ⊆ suppmin {−ρRys + (1 − ρ)C(z − ys)} and

supp(ys) ⊆ suppmin
{

ρRT(w − xs)− (1 − ρ)CTxs

}
.
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Now we begin to prove the tightness. We verify the following three facts.

1. (xs, ys) is a stationary point and its dual solution is (ρ, w, z).

We verify this by Proposition C.15. One can check that

supp(xs) = supp(ys) = {1},
suppmin {−ρRys + (1 − ρ)C(z − ys)} = suppmin(1/6, 1/6, 1/6) = {1, 2, 3},

suppmin
{

ρRT(w − xs)− (1 − ρ)CTxs

}
= suppmin(1/6, 1/6, 1/6) = {1, 2, 3}.

2. ŵ ∈ brR(ŷ).

Since suppmax{Rŷ} = suppmax(0, 1/2, 1/2) = {2, 3}, supp{w} ⊆ suppmax{Rŷ}, namely
ŵ ∈ brR(ŷ).

3. The minimum of f on A is 1/3.

Due to our construction, it suffices to minimize f over

A := {(αxs + (1 − α)w, βys + (1 − β)z) : α, β ∈ [0, 1]}.

We have

min
α∈[0,1],β∈[0,1]

{ f (αxs + (1 − α)w, βys + (1 − β)z)}

=min
{

max
{

1 − β,
2 − β

3

}
− (2 − β)(1 − α)

3
, 1 − 2α

3
− (1 − β)(2 − α)

3

}
.

To prove the lower bound of 1/3, we suppose on the contrary that

max
{

1 − β,
2 − β

3

}
− (2 − β)(1 − α)

3
<

1
3

and 1 − 2α

3
− (1 − β)(2 − α)

3
<

1
3

.

Therefore, we have αβ > 2α − 2β, αβ > 2α − 1 and αβ > 2β − α. Simplifying them on α, we have

α ∈
(

2β

β + 1
, min

{
1

2 − β
,

2β

2 − β

})
.

If β < 1/2, then such α exists if and only if 2 − β < β + 1, namely β > 1/2, a contradiction. If
β ≥ 1/2, then such α exists if and only if 2β

β+1 < 1
2−β ⇐⇒ (β − 1)(2β − 1) > 0 =⇒ β < 1/2,

also a contradiction.
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D Automatic approximation analysis for algorithms in Table 1

In this section, we provide details regarding the automatic approximation analysis for algorithms in
Table 3, including experiment setup and formalization of approximation bounds for all algorithms
in Table 3, which we utilize to derive the results presented in Table 1.

D.1 Experiment setup

We run the programs on MacBook Pro, 13-inch, 2020. The CPU configuration is Intel(R) Core(TM)
i5-1038NG7 CPU @ 2.00GHz. The memory is 16 GB 3733 MHz LPDDR4X. The macOS version is
13.5.2 (22G91). The power supply is using battery.19

We implement codes in Wolfram Mathematica, version 13.3.0.0. The codes are presented in
notebook and run in local kernel.

All optimizers are using built-in function NMaximize. In the second case of BBM-0.36 [4], it
uses parameters as follows:

• method -> "RandomSearch", WorkingPrecision -> 10, MaxIterations -> 1000.

In the case of TS-0.3393 [48] and DFM-1/3 [20], they use parameters as follows:

• AccuracyGoal -> 10, WorkingPrecision -> 20, Method -> "DifferentialEvolution".

For all other cases, we use default parameters.

D.2 The KPS algorithm in [32]

• Search phase.

– Row strategy: ei1 , ei2 ∈ ∆m.
– Column strategy: ej1 , ej2 ∈ ∆n.

The mixing region is denoted by A = {(αei1 + (1 − α)ei2 , βej1 + (1 − β)ej2) : α ∈ [0, 1], β ∈ [0, 1]}.

• Variables.

Denote u1 = fR(ei1 , ej1), v1 = fR(ei1 , ej2), h1 = fR(ei2 , ej1), g1 = fR(ei2 , ej2), u2 = fC(ei1 , ej1),
v2 = fC(ei1 , ej2), h2 = fC(ei2 , ej1), g2 = fC(ei2 , ej2).

• Relations.

In the KPS algorithm, Ri1 j1 = maxi,j Rij = 1 and Ci2 j2 = maxi,j Cij = 1. Thus, u1 = g2 = 0.

• Upper bound.

By taking v = w = 2 in Proposition B.6, the global minimum of f over A is upper bounded by:

min
α,β

h

s.t. h ≥ αβu1 + α(1 − β)v1 + (1 − α)βh1 + (1 − α)(1 − β)g1,
h ≥ αβu2 + α(1 − β)v2 + (1 − α)βh2 + (1 − α)(1 − β)g2,
0 ≤ α, β ≤ 1.

19Actually, the performance of Mac OS is not affected by which power supply is used.
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Thus, the approximation upper bound of the algorithm is given by:

max
u1,v1,h1,g1,u2,v2,h2,g2

min
α,β

h

s.t. h ≥ αβu1 + α(1 − β)v1 + (1 − α)βh1 + (1 − α)(1 − β)g1,
h ≥ αβu2 + α(1 − β)v2 + (1 − α)βh2 + (1 − α)(1 − β)g2,
0 ≤ α, β ≤ 1,
u1 = 0, g2 = 0,
0 ≤ v1, h1, g1, u2, v2, h2 ≤ 1.

Remark D.1. It uses the strong (2, 2)-constructor. Thus, it actually follows the extension framework
as stated in Remark 5.3.

D.3 The DMP algorithm in [17]

Similar to the notation in Example 1.1, denote a = fR(i, j), b = fR(k, j), c = fC(i, j), d = fC(k, j).
From Example 1.1, the expression of the approximation bound is given by:

max
a,b,c,d

min
α

h

s.t. h ≥ αa + (1 − α)b,
h ≥ αc + (1 − α)d,
0 ≤ α ≤ 1,
b = 0, c = 0,
0 ≤ a, d ≤ 1.

D.4 The DMP algorithm in [16]

• Search phase.

– Row strategy: α, x ∈ ∆m.

– Column strategy: β, y ∈ ∆n.

The mixing region is denoted by A = {(δ1α + (1 − δ1)x, δ2β + (1 − δ2)y) : δ1 ∈ [0, 1], δ2 ∈ [0, 1]}.

• Variables.

Denote u1 = fR(α, β), v1 = fR(α, y), h1 = fR(x, β), g1 = fR(x, y), u2 = fC(α, β), v2 = fC(α, y),
h2 = fC(x, β), g2 = fC(x, y).

• Relations.

According to the DMP algorithm, there exists vR, vC such that 0 ≤ u1 ≤ 1+ 3ϵ/2− vR, 0 ≤ v1 ≤ 2ϵ,
0 ≤ h1 ≤ 1 + 3ϵ/2 − vR, 0 ≤ g1 ≤ vR + ϵ/2, 0 ≤ u2 ≤ 1 + 3ϵ/2 − vC, 0 ≤ v2 ≤ 1 + 3ϵ/2 − vC,
0 ≤ h2 ≤ 2ϵ, 0 ≤ g2 ≤ vC + ϵ/2.
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• Upper bound.

By taking v = w = 2 in Proposition B.6, the approximation upper bound of the algorithm is given
by:

max
vR,vC

max
u1,v1,h1,g1,u2,v2,h2,g2

min
δ1,δ2

h

s.t. h ≥ δ1δ2u1 + δ1(1 − δ2)v1 + (1 − δ1)δ2h1 + (1 − δ1)(1 − δ2)g1,
h ≥ δ1δ2u2 + δ1(1 − δ2)v2 + (1 − δ1)δ2h2 + (1 − δ1)(1 − δ2)g2,
0 ≤ δ1, δ2 ≤ 1,
0 ≤ u1 ≤ 1 + 3ϵ/2 − vR, 0 ≤ v1 ≤ 2ϵ, 0 ≤ h1 ≤ 1 + 3ϵ/2 − vR,
0 ≤ g1 ≤ vR + ϵ/2, 0 ≤ u2 ≤ 1 + 3ϵ/2 − vC, 0 ≤ v2 ≤ 1 + 3ϵ/2 − vC,
0 ≤ h2 ≤ 2ϵ, 0 ≤ g2 ≤ vC + ϵ/2,
0 ≤ vR, vC ≤ 1.

Remark D.2. We note the solution to the optimization problem above is related to vR and vC. Thus
viewing vR and vC as parameters in the search phase. Also, it uses the strong (2, 2)-constructor.
Thus, it actually follows the extension framework as stated in Remark 5.2 and Remark 5.3.

D.5 The BBM algorithm in [4] with 0.382 approximation

Similar to the notations of Example 3.1, denote g1 = fR(x∗, y∗), g2 = fC(x∗, y∗), h1 = fR(x∗, b2),
h2 = fC(x∗, b2), v1 = fR(r1, b2), v2 = fC(r1, b2), u1 = fR(r1, y∗), u2 = fC(r1, y∗).

From Example 5.1, the expression of the approximation upper bound is given by:

max
g1,g2,h1,h2,u1,u2,v1,v2

min
α1,α2,α3,α4

min{s1, s2, s3, s4}

s.t. s1 ≥ α1g1 + (1 − α1)u1, s1 ≥ α1g2 + (1 − α1)u2,
s2 ≥ α2g1 + (1 − α2)h1, s2 ≥ α2g2 + (1 − α2)h2,
s3 ≥ α3v1 + (1 − α3)h1, s3 ≥ α3v2 + (1 − α3)h2,
s4 ≥ α4v1 + (1 − α4)u1, s4 ≥ α4v2 + (1 − α4)u2,
0 ≤ α1, α2, α3, α4 ≤ 1,
u1 = v2 = 0, 0 ≤ g1, g2, h1, h2, u2, v1 ≤ 1, g1 ≥ g2, u2 ≤ 1 − g1.

D.6 The CDFFJS algorithm in [13]

• Search phase.

– Row strategy: x∗, x̂, r ∈ ∆m.

– Column strategy: y∗, j ∈ ∆n.

The mixing region is denoted by A = {(αx̂ + (1 − α)x∗, βŷ + (1 − β)y∗ : α ∈ [0, 1], β ∈ [0, 1]}.

• Variables.

Denote u1 = fR(x̂, j), v1 = fR(x̂, y∗), h1 = fR(x∗, j), g1 = fR(x∗, y∗), s1 = fR(r, j), t1 = fR(r, y∗),
u2 = fC(x̂, j), v2 = fC(x̂, y∗), h2 = fC(x∗, j), g2 = fC(x∗, y∗), s2 = fC(r, j), t2 = fC(r, y∗).
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• Relations.

According to the CDFFJS algorithm, denote vC = x̂TCŷ and vR = (x∗)TRy∗. Assume vR ≥ vC.
From [13], we have 0 ≤ v1 ≤ vR, 0 ≤ v2 ≤ vC, g1 = h2 = s1 = 0, 0 ≤ h1 ≤ 1 − vR. Besides, we have
0 ≤ u1, g1, t1, u2, g2, s2, t2 ≤ 1.

• Upper bound.

By applying Proposition B.4, the approximation upper bound of the algorithm is given by:

max
vR,vC

max
v1,u1,g1,h1,t1,s1,v2,u2,g2,h2,t2,s2

min
α1,α2,α3,α4,α5,α6,α7,α8,α9

min{b1, b2, b3, b4, b5, b6, b7, b8, b9}

s.t. b1 ≥ α1u1 + (1 − α1)v1, b1 ≥ α1u2 + (1 − α1)v2,
b2 ≥ α2h1 + (1 − α2)g1, b2 ≥ α2h2 + (1 − α2)g2,
b3 ≥ α3s1 + (1 − α3)t1, b3 ≥ α3s2 + (1 − α3)t2,
b4 ≥ α4g1 + (1 − α4)v1, b4 ≥ α4g2 + (1 − α4)v2,
b5 ≥ α5t1 + (1 − α5)v1, b5 ≥ α5t2 + (1 − α5)v2,
b6 ≥ α6t1 + (1 − α6)g1, b6 ≥ α6t2 + (1 − α6)g2,
b7 ≥ α7h1 + (1 − α7)u1, b7 ≥ α7h2 + (1 − α7)u2,
b8 ≥ α8s1 + (1 − α8)u1, b8 ≥ α8s2 + (1 − α8)u2,
b9 ≥ α9s1 + (1 − α9)h1, b9 ≥ α9s2 + (1 − α9)h2,
0 ≤ α1, α2, α3, α4, α5, α6, α7, α8, α9 ≤ 1,
0 ≤ v1 ≤ vR, 0 ≤ v2 ≤ vC, g1 = h2 = s1 = 0,
0 ≤ h1 ≤ 1 − vR, 0 ≤ u1, t1, u2, g2, s2, t2 ≤ 1,
0 ≤ vC ≤ vR ≤ 1.

Remark D.3. We note the solution to the optimization problem above is related to vR, vC. Thus, it
actually follows the extension framework as stated in Remark 5.2.

D.7 The BBM algorithm in [4] with 0.36 approximation

• Search phase.

– Row strategy: x̂ = (1 − δ1)x∗ + δ1r1 ∈ ∆m.

– Column strategy: y∗, b2 ∈ ∆n.

The mixing region is denoted by A = {(x̂, δ2y∗ + (1 − δ2)b2 : δ2 ∈ [0, 1]}.

• Variables.

Denote a = fR(x̂, y∗), b = fR(x̂, b2), c = fC(x̂, y∗), d = fC(x̂, b2).

• Relations.
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According to the BBM algorithm, denote g1 = fR(x∗, y∗), g2 = fC(x∗, y∗), h2 = fC(x∗, b2). For
symmetry, we suppose g1 ≥ g2, and

δ1 =


0, if g1 ∈ [0, 1/3],

(1 − g1)
(
−1 +

√
1 + 1

1−2g1
− 1

g1

)
, if g1 ∈ (1/3, β],

1, otherwise.

where β is the root of the polynomial x3 − x2 − 2x + 1 in [1/3, 1/2]. From [4], we have 0 ≤ a ≤
(1 − δ1)g1, 0 ≤ b ≤ 1 − (1 − δ1)h2, c ≤ (1 − δ1)h2 + δ1(1 − g1), d = 0. Moreover, we have{

a = g1, c = g2, if g1 ∈ (1/3, β],
h2 = g2, if g1 ∈ [β, 1].

• Upper bound.

By taking w = 2 in Proposition B.2, the approximation upper bound of the algorithm is given by:

max
g1,h2,δ1

max
a,b,c,d

min
δ2

h

s.t. h ≥ δ2a + (1 − δ2)b,
h ≥ δ2c + (1 − δ2)d,
0 ≤ δ2 ≤ 1,
0 ≤ a ≤ 1 − (1 − δ1)h2, 0 ≤ b ≤ (1 − δ1)g1,
c = 0, d ≤ (1 − δ1)h2 + δ1(1 − g1),
0 ≤ g1, h2 ≤ 1, g1 ≥ g2, g2 ≥ h2,

δ1 = 0, if g1 ∈ [0, 1/3],

δ1 = (1 − g1)
(
−1 +

√
1 + 1

1−2g1
− 1

g1

)
, a = g1, c = g2, if g1 ∈ (1/3, β],

δ1 = 1, h2 = g2, otherwise.

Remark D.4. We note the solution to the optimization problem above is related to g1, h2. Thus, it
actually follows the extension framework as stated in Remark 5.2.

D.8 The TS algorithm in [48]

Similar to the notation in Example B.11, denote a = fR(xs, ys), b = fC(xs, ys), c = fR(xs, z),
d = fC(xs, z), e = fR(w, ys), f = fC(w, ys), g = fR(w, z), h = fC(w, z).

From Example B.11, the expression of the approximation upper bound is given by:

max
a,b,c,d,e,f,g,h,ρ

min
α1,α2,α3,α4

min{b1, b2, b3, b4}

s.t. b1 ≥ α1a + (1 − α1)e, b1 ≥ α1b + (1 − α1)f,
b2 ≥ α2a + (1 − α2)c, b2 ≥ α2b + (1 − α2)d,
b3 ≥ α3g + (1 − α3)c, b3 ≥ α3h + (1 − α3)d,
b4 ≥ α4g + (1 − α4)e, b4 ≥ α4h + (1 − α4)f,
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0 ≤ α1, α2, α3, α4 ≤ 1,
a = b, d = e = 0, c ≥ g, c ≥ a, f ≥ h, f ≥ b, g ≥ h, a ≤ ρ(c − g), a ≤ (1 − ρ)(f − h),
0 ≤ a, b, c, d, e, f, g, h, ρ ≤ 1.

D.9 The DFM algorithm in [20]

Due to Example B.16, the expression of the approximation upper bound is given by:

max
a,b,c,f,g,h,i,j,k,l,n,m

min
α1,α2,α3,α4,α5,α6,α7,α8,α9,α10,α11,α12,α13,α14,α15

min{bi}15
i=1

s.t. b1 ≥ α1a + (1 − α1)n, b1 ≥ α1b + (1 − α1)b/2,
b2 ≥ α2n + (1 − α2)c, b2 ≥ α2b/2 + (1 − α2)d,
b3 ≥ α3e + (1 − α3)m, b3 ≥ α3f + (1 − α3)(f + h)/2,
b4 ≥ α4m + (1 − α4)g, b4 ≥ α4(f + h)/2 + (1 − α4)h,
b5 ≥ α5j, b5 ≥ α5l + (1 − α5)(k + l)/2,
b6 ≥ (1 − α6)i, b6 ≥ α6(k + l)/2 + (1 − α6)k,
b7 ≥ α7a + (1 − α7)e, b7 ≥ α7b + (1 − α7)f,
b8 ≥ α8e + (1 − α8)j, b8 ≥ α8f + (1 − α8)l,
b9 ≥ α9a + (1 − α9)j, b9 ≥ α9b + (1 − α9)l,
b10 ≥ α10n + (1 − α10)m, b10 ≥ α10b/2 + (1 − α10)(f + h)/2,
b11 ≥ α11m, b11 ≥ α11(f + h)/2 + (1 − α11)(k + l)/2,
b12 ≥ α12n, b12 ≥ α12b/2 + (1 − α12)(k + l)/2,
b13 ≥ α13c + (1 − α13)g, b13 ≥ α13d + (1 − α13)h,
b14 ≥ α14g + (1 − α14)i, b14 ≥ α14h + (1 − α14)k,
b15 ≥ α15c + (1 − α15)i, b15 ≥ α15d + (1 − α15)k,
0 ≤ α1, α2, α3, α4, α5, α6, α7, α8, α9, α10, α11, α12, α13, α14, α15 ≤ 1,
g ≥ h, d = e = 0, a = b,
0 ≤ a, b, c, f, g, h, i, j, k, l, n, m ≤ 1,
c ≥ g, g ≥ m, c ≥ n ≥ a, f ≥ h, f ≥ b,
a ≤ ρ(c − g), b ≤ (1 − ρ)(f − h), a ≤ ρj + (1 − ρ)(l − k), g ≥ i + j.
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E Definitions in discrete geometry

Below are the definitions of several concepts in discrete geometry:

Definition E.1. The concepts below are either from [37] or basic concepts in linear algebra. We
append the location of the concepts from [37] for further interests.

1. (Affine Space, P1, Section 1.1) An affine space is a displacement of a vector space. It has the
form of v + V = {v + x : x ∈ V}, where v is a vector and V is a vector space. Equivalently, an
affine space can be expressed as

{
x ∈ Rn : uT

i x = vi, i ∈ [m]
}

for some ui ∈ Rn \ {0} and vi ∈ R,
i ∈ [m]. The dimension of an affine space V + v is defined to be the dimension of V.

2. (Affine Hull, P1, Section 1.1) The affine hull of a set S ∈ Rn, denoted by aff(S), is the minimal
affine space containing it.

3. (Dimension, P83, Section 5.2) The dimension of a set S ∈ Rn, denoted by dim(S), is given by
the dimension of its affine hull.

4. (Hyperplane, P3, Section 1.1) In any linear space H, a hyperplane is an affine subspace whose
dimension is one less than that of H.

5. (Half-space, P3, Section 1.1) In Rn, a half-space is the set {x ∈ Rn : aTx ≤ b} or {x ∈ Rn :
aTx < b}, where a is a nonzero vector in Rn and b ∈ R.

6. (Polytope, P82, Section 5.2) A convex polytope S is defined as a bounded set that is the
intersection of finitely many half-spaces, namely S = {x ∈ Rn : Ax ≤ b}, where A ∈ Rk×n has no
zero rows and b ∈ Rk.

7. (Face, P86, Section 5.3) A face of a polytope S is defined by the set {x ∈ S : ∀y ∈ S, aTx ≤ aTy}
for a certain a ∈ Rn. Note that by setting a = 0, we have S itself as a face. By definition, every face
of a polytope is also a polytope.

8. (Facet, P87, Section 5.3) A facet of polytope S is a face of dimension exactly dim(S)− 1.

9. (Boundary) The boundary of a face S is defined as the set of points x ∈ S such that for any
ϵ > 0, there exists y ∈ aff(S) \ S satisfying ∥y − x∥ < ϵ. We denote the boundary of S as ∂S. The
interior of S, denoted as S◦, is defined as S \ ∂S.

10. (Line and segment) In Rn, a line (segment) is a set of the form {y ∈ Rn : y = td + b, t ∈ I},
where d ∈ Rn is a nonzero vector, b ∈ Rn, and I = R (I = [u, v]). It represents a one-dimensional
affine space. The vector d is called the direction of the line.

11. (Parallel lines) Two lines (segments) are said to be parallel if their directions d1 and d2 satisfy
d1 = kd2 for some nonzero real number k. The relation of being parallel is an equivalence class,
and two lines are equivalent if and only if they share a proportional direction. Hence, we can also
represent a line (segment) using its direction vector, which we will use directly in reference to a
line below.

12. (Parallel between lines and polytopes) For an affine space A ⊆ Rn, we say that a vector d is
parallel to A if A contains a line parallel to d. Equivalently, if A =

{
x ∈ Rn : uT

i x = vi, i ∈ [m]
}

,
then d ∥ A if and only if uT

i d = 0 holds for each i ∈ [m]. For a vector d and a polytope P ⊆ Rn,
we say that d is parallel to P if d ∥ aff(P).
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